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Libre de Bruxelles, Brussels, Belgium

THOMAS P. RUSSELL, Department of Polymer Science, University of Massachusetts,
Amherst, Massachusetts, U.S.A.

DONALD G. TRUHLAR, Department of Chemistry, University of Minnesota,
Minneapolis, Minnesota, U.S.A.

JOHN D. WEEKS, Institute for Physical Science and Technology and Department
of Chemistry, University of Maryland, College Park, Maryland, U.S.A.

PETER G. WOLYNES, Department of Chemistry, University of California, San Diego,
California, U.S.A.



Advances in
CHEMICAL PHYSICS

Edited by

STUART A. RICE

Department of Chemistry

and

The James Franck Institute

The University of Chicago

Chicago, Illinois

VOLUME 128

AN INTERSCIENCE PUBLICATION

JOHN WILEY & SONS, INC.



Copyright # 2004 by John Wiley & Sons, Inc. All rights reserved.

Published by John Wiley & Sons, Inc., Hoboken, New Jersey.

Published simultaneously in Canada.

No part of this publication may be reproduced, stored in a retrieval system, or transmitted in any

form or by any means, electronic, mechanical, photocopying, recording, scanning, or otherwise,

except as permitted under Section 107 or 108 of the 1976 United States Copyright Act, without

either the prior written permission of the Publisher, or authorization through payment of the

appropriate per-copy fee to the Copyright Clearance Center, Inc., 222 Rosewood Drive, Danvers,

Publisher for permission should be addressed to the Permissions Department, John Wiley & Sons,

Inc., 111 River Street, Hoboken, NJ 07030, (201) 748-6011, fax (201) 748-6008.

Limit of Liability/Disclaimer of Warranty: While the publisher and author have used their best

efforts in preparing this book, they make no representations or warranties with respect to the

accuracy or completeness of the contents of this book and specifically disclaim any implied

warranties of merchantability or fitness for a particular purpose. No warranty may be created or

extended by sales representatives or written sales materials. The advice and strategies contained

herein may not be suitable for your situation. You should consult with a professional where

appropriate. Neither the publisher nor author shall be liable for any loss of profit or any other

commercial damages, including but not limited to special, incidental, consequential, or other

damages.

For general information on our other products and services please contact our Customer Care

Department within the U.S. at 877-762-2974, outside the U.S. at 317-572-3993 or fax 317-572-4002.

Wiley also publishes its books in a variety of electronic formats. Some content that appears in print,

however, may not be available in electronic format.

Library of Congress Catalog Number: 58:9935

ISBN 0-471-44528-2

Printed in the United States of America

10 9 8 7 6 5 4 3 2 1

MA 01923, 978-750-8400, fax 978-646-8600, or on the web at www.copyright.com. Requests to the



ILYA PRIGOGINE

January 25, 1917–May 28, 2003

Ilya Prigogine, the founding editor of Advances in Chemical Physics, died May
25, 2003. He was born in Moscow, fled Russia with his family in 1921, and, after
brief periods in Lithuania and Germany, settled in Belgium, which was his home for
80 years. His many profound contributions to the theory of irreversible processes
included extensions of both macroscopic thermodynamic analysis and statistical
mechanical analysis of time-dependent processes and the approach to equilibrium.
While sometimes controversial, these contributions were uniformly of outstanding
intellectual merit and always addressed to the most fundamental issues; they earned
him international repute and the Nobel Prize in Chemistry in 1977. Arguably equally
important was his creation of a school of theoretical chemical physics centered at the
University of Brussels, as well as the mentoring of numerous creative and productive
scientists.

I met Ilya in 1955 while I was still a graduate student. He became a good friend,
helpful and loyal, critical and encouraging, and above all personally warm. His
extraordinarily broad interests in all intellectual matters, ranging from prehistoric art
to philosophy, affected me deeply. I will miss him, as will the entire scientific
community. The greatest tribute to his memory will be the continuation of the
Advances in Chemical Physics series as a leading carrier of state-of-the-art science.
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INTRODUCTION

Few of us can any longer keep up with the flood of scientific literature, even
in specialized subfields. Any attempt to do more and be broadly educated
with respect to a large domain of science has the appearance of tilting at
windmills. Yet the synthesis of ideas drawn from different subjects into new,
powerful, general concepts is as valuable as ever, and the desire to remain
educated persists in all scientists. This series, Advances in Chemical
Physics, is devoted to helping the reader obtain general information about a
wide variety of topics in chemical physics, a field that we interpret very
broadly. Our intent is to have experts present comprehensive analyses of
subjects of interest and to encourage the expression of individual points of
view. We hope that this approach to the presentation of an overview of a
subject will both stimulate new research and serve as a personalized learning
text for beginners in a field.

STUART A. RICE
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I. INTRODUCTION

When a metastable liquid of small molecules undergoes a phase transition into a

crystal, the mechanism of this ordering process [1] is recognized to be

nucleation and growth. As sketched in Figure 1.1(a), nuclei of crystalline phase

with linear dimension larger than a critical value rc are formed by thermal

fluctuations that then offer surfaces for further growth into full-fledged

crystalline phase. The rate of nucleation of viable nuclei and the system-

dependent value of rc are determined by the extent of metastability [1].

Now, what happens to the nucleation and growth process if the small

molecules are tethered together to form polymer chains, as sketched in

Figure 1.1(b)? Clearly the ability of different portions of a long polymer chain

to participate in different initial nuclei inevitably prohibits a polymer melt from

forming a perfect polymer crystal. This results in a semicrystalline state.

Starting from the original declaration [2] by Storks in 1938 that chains must fold

back and forth in the formation of crystals, there has been a cultivation of rich

phenomenology [3–9].

The modern availability of sensitive experimental techniques using

synchrotron radiation and atomic force microscopy, and fast computers for

molecular modeling, has spurred recent intense interest in following the

mechanism of polymer crystallization. In spite of the heroic efforts by the

2 m. muthukumar



polymer community since the early 1940s, the fundamental mechanism

of polymer crystallization is still not understood. From a conceptual point of

view, polymer crystallization requires an understanding of the free-energy

landscape with many metastable states frustrated by entropic barriers separating

them.

Among the numerous challenges faced in understanding polymer crystal-

lization, the present review focuses only on the following issues, which are

directly pertinent to the phenomenon of nucleation in polymer crystals.

A. Spontaneous Selection of Lamellar Thickness

Independent of crystallization conditions, whether from solutions or melt, the

polymer molecules crystallize into thin lamellae. The lamellar thickness is

about 10 nm, about two orders of magnitude smaller than values allowed by

existing equilibrium considerations. This is in contrast to the case of crystallized

short alkanes, where the lamellar thickness is proportional to the length of the

molecules. Clearly the chains in the case of polymers should fold back and forth

in the lamellae to support the experimentally observed lamellar thickness. It is

believed in the literature [3–9] that the lamellar thickness is kinetically selected

and that if enough time is permissible, the lamella would thicken to extended

chain crystal dimension. What determines the spontaneous selection of lamellar

thickness?

(b)

(a)

Figure 1.1. Effect of chain connectivity on nucleation.

nucleation in polymer crystallization 3



B. Nucleation in the Very Early Stage

There is considerable experimental evidence [9–15] for density fluctuations at

very early times of crystallization before the full crystallographic features can

be detected. What are the molecular origins of structural development in the

primordial stage of polymer crystallization?

C. Kinetics at Growth Front

The problem of how a sufficiently large lamella grows further has attracted most

of the theoretical effort [16–22] in the past and a vast amount of experimental

data is available. In the analytically tractable model [4,8,16] of Lauritzen and

Hoffman (LH) and further generalizations [17,19], the growth occurs via

crossing another nucleation barrier associated with the formation of one stem of

the polymer (of contour length comparable to lamellar thickness) followed by

an essentially downhill process of lateral spreading by other stems. What are the

molecular details of the barrier for the attachment of a stem at the growth front

and what constitutes the stems?

D. Flow Effects

When polymers are crystallized under flow (stirring, extensional, etc.), the

ubiquitous morphology [23] is the ‘‘shish-kebab’’ structure, consisting of central

core (shish) surrounded by lamellae (kebabs) attached along the shish. What is

the underlying mechanism behind the formation of ‘‘shish-kebab’’ structure?

Before addressing these fundamental questions, we present a brief review on

phenomenology, classical thermodynamics, and kinetic models of polymer

crystallization. Advances made recently (as of 2003) using molecular modeling

are reviewed next.

II. PHENOMENOLOGY

Polymer crystals exhibit a myriad of morphologies with rich hierarchies of

molecular organization, in distinct contrast to nonpolymeric systems. The chain

connectivity plays a dramatic role in controlling the ordering process and the

resulting semicrystalline morphologies, and has historically led to the

emergence of the polymer age. Heroic efforts by the polymer community with

exquisite structural elucidations since the early 1940s have resulted in rich

phenomenology. Here we present only the very basic facts which are pertinent

to the concept of nucleation.

A. Lamellae

When polyethylene is crystallized from its solutions in p-xylene at suitable

temperatures (around 70�C), single crystals of polyethylene are formed as

4 m. muthukumar



lamellae. These are roughly 10-nm-thick platelets with regular facets, as

sketched in Figure 1.2. As more molecules accumulate at the growth front, the

lateral dimensions increase, by keeping the lamellar thickness (L) at 10–20 nm.

Further, the small spontaneously selected lamellar thickness is essentially

independent of molecular weight, for medium and high molecular weights.

The small ratio of lamellar thickness to the contour length of a polymer

molecule clearly implies that chains must fold back and forth into stems with

chain direction essentially perpendicular to the lamellar surface, as originally

declared by Storks. The large surfaces of the lamellae containing the chain folds

are called fold surfaces, and the thin surfaces are called lateral surfaces.

Crystallographic investigations showed that the polyethylene lamellae have

growth sectors with orthorhombic crystal symmetry. For example, in the case of

lamellae crystallized from 0:01% polyethylene in p-xylene at 70�C, there are

four growth sectors, each with f110g planes [Fig. 1.2(b)]. If crystallization is

carried out at higher temperatures, new growth sectors with f100g planes form.

Different growth sectors have different thermal stability and growth rates.

Further careful examination revealed that, for polyethylene lamellae, the chain

axis is tilted at about 30� with respect to layer normal. This chain tilt results in a

pyramid shape for the single-crystal lamella.

If crystallization is carried out from concentrated solutions, multilamellar

aggregates are formed. In particular, melt crystallization of polyethylene gives

bunched-up lamellae with an overall spherical symmetry. The space between the

lamellae contains uncrystallized amorphous polymer. These objects are called

spherulites, and their radii grow linearly with time, in spite of their intricate

morphological features [9]. Another remarkable feature of spherulites formed

by linear polyethylene is that they are gigantically chiral, although the molecules

are achiral.

B. Lamellar Thickness

The initial lamellar thickness (L) depends on the degree of supercooling �T

(¼ T0
m � Tc, where T0

m is the equilibrium melting temperature and Tc is the

fold surface

10 nm

5 µm

{100}

{110}

{100}

{110}

Figure 1.2. Sketch of a lamella and growth sectors.
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crystallization temperature) according to [24]

L ¼ C1

�T
þ C2 ð1:1Þ

where C1 and C2 are system-dependent constants.

When the lamellae are annealed at a given temperature, they thicken with

time. The thickening is usually continuous and L increases logarithmically with

time. However, there are several examples, where the lamellar thickness

increases in a stepwise manner. For example, the initial lamella may contain

chains each with four folds (five stems). As thickening process continues, the

lamellar thickness jumps discontinuously to three folds, and so on. This

phenomenon is referred to as quantized thickening [25].

C. Crystallization Kinetics

As an example, we consider crystallization of polyethylene from a melt. As

mentioned above, crystallization proceeds with the initial formation of isolated

spherulites, which then grow until their mutual impingement with further slow

crystallization. Time (t)-dependent measurements [26] of the density of the

crystallizing melt at different temperatures are given in Figure 1.3 as a plot of

degree of crystallinity versus logarithm of time.

100
0.0

0.2

0.4

0.6

0.8

1.0

101 102 103 104 105

t [min]

cφ

−125.1 °C
−126.1
−127.1
−128.1
−129.1
−130.1
−131.1
−132.1

Figure 1.3. Degree of crystallinity fc versus time for linear polyethylene (molecular weight ¼
284,000) [26].
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A decrease in the crystallization temperature results in a rapid increase in

crystallization rate. All curves have similar sigmoidal shape. There is an initial

induction time required for the formation of spherulitic nuclei, followed by a

period of accelerated crystallization during which spherulites grow in radius.

When the spherulites begin to touch each other, crystallization rates slow down

again. Eventually, same degree of crystallinity is achieved, essentially

independent of crystallization temperature. Complete crystallinity is almost

never achieved, and the final degree of crystallinity is molecular-weight-

dependent.

During the growth stage of spherulites, radial growth rate is a constant. This

growth rate constant depends on temperature nonmonotonically, as illustrated in

Figure 1.4 for spherulites of isotactic polystyrene [27]. As the supercooling is

increased, growth rate increases first and then decreases after reaching a

140

lo
g 1

0
G

0

Isotactic
polystyrene

∆T (K)

−10

−9

−8

−7

−6

Figure 1.4. Dependence of spherulitic growth rate (cm/s) on supercooling (�T) for isotactic

polystyrene [27].
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maximum value. As we will see below, the increase in rate with supercooling is

due to nucleation processes and the decrease in rate with supercooling (i.e.,

decrease in temperature) is due to slowing down of diffusion of polymer chains.

At very early times of crystallization, there is considerable experimental

evidence [9–15] for density fluctuations before the full crystallographic features

can be detected. The major evidence is the appearance of a peak (at qmax) in

intensity, Iðq; tÞ, of the small-angle X-ray scattering versus scattering

wavevector q at an early time t, before any signal in the wide-angle X-ray

scattering, for a wide variety of polymers. In the early stage, the integrated

intensity grows exponentially with time, and qmax is proportional to ð�TÞ1=2
(where �T is the supercooling). The rate (�q) of growth of Iðq; tÞ divided
by q2 decreases linearly with q2 for intermediate values of q, as shown in

Figure 1.5.

These observations are analogous to those of phase-separating mixtures by

spinodal decomposition mechanism, leading several researchers to invoke the

idea that the early stage of polymer crystallization is spinodal decomposition.

D. Effect of Flow

In general, if the chains are oriented by external forces, the melting temperature

is increased [28]. Further, it has been known for a long time that complex,

‘‘row-nucleated’’ structures occur if polymer solutions or melts are crystallized

in the presence of flow [29,30]. These so-called shish-kebabs (sketched in

Fig. 1.6), consist of a central fiber core, shish, surrounded by lamellar crystalline

structures, kebabs, periodically attached along the shish.

The fiberlike crystalline structures (shish) are highly stable to the point that

they can be superheated [31]. Therefore, it is believed that the core of the shish

is formed by crystallization of completely stretched polymer chains. The kebabs

are believed to be folded-chain lamellar structures. The direction of growth of

the kebabs is normal to the shish. The chain alignment in the kebabs is believed

to be parallel to the shish. Similar structures are obtained by crystallization in

polymer melt films exposed to orientational deformation [32,33]. These ‘‘two-

dimensional’’ shish-kebabs also consist of a central fiber, shish, and periodically

attached ‘‘linear’’ kebabs, with growth direction normal to the shish.

III. THERMODYNAMICS

A. Melting Temperature and Supercooling

Consider a polymeric liquid where each polymer chain contains N repeat units.

The chemical potential per repeat unit m0u in the liquid phase is

m0u ¼ hl � Tsl ð1:2Þ

nucleation in polymer crystallization 9



where hl and sl respectively are the corresponding enthalpy and entropy per

repeat unit at the temperature T . Analogously, the chemical potential per repeat

unit in the crystalline phase is

mcu ¼ hc � Tsc ð1:3Þ

In writing these equations, effects of chain ends are not explicitly taken into

account. At the equilibrium melting temperature T0
m, we obtain

mcu ¼ m0u ð1:4Þ

which results in

T0
m ¼

�h

�s
ð1:5Þ

Here,�hð� hl � hcÞ is the latent heat of fusion and�sð� sl � scÞ is the entropy
of fusion, both per repeat unit.

This simple result for the equilibrium melting temperature offers a guidance

in the chemical design of elastomers (low T0
m) and engineering plastics (high

T0
m). For example, if the chain backbone is more flexible, then the change in

Figure 1.6. Sketch of shish-kebab morphology.
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entropy associated with the transformation of more flexible conformations to

rigid chain conformations in the crystal is large and consequently leads to lower

values of T0
m. Another example is polymer crystallization under elongational

flows. In the presence of such flows, the polymer chains are already stretched

(with lower conformational entropy) so that �s accompanying crystallization is

small. This is directly responsible for higher T0
m. Consequently, the crystal-

lization temperature of a polymeric liquid in elongational flows is higher than

that in the quiescent state. For temperatures greater than T0
m, m

0
u is lower than mcu

and the liquid phase is the stable phase. For T < T0
m, the crystalline phase

is more stable and the thermodynamic force for its formation is m0u � mcu,
given by

mcu � m0u ¼ �ð�h� T�sÞ ð1:6Þ

Substituting �s from Eq. (1.5), we obtain

mcu � m0u ¼ ��h 1� T

T0
m

� �
¼ ��h

�T

T0
m

ð1:7Þ

where �Tð� T0
m � TÞ, is the supercooling. Therefore, the free energy of the

crystalline phase is increasingly lowered as the supercooling increases (i.e., as T

decreases). We define the ‘‘gain in free energy’’ associated with the formation of

the crystalline phase as

mcu � m0u ¼ ��m

�m ¼ �h
�T

T0
m

ð1:8Þ

B. Depression of Melting Point

When a polymeric liquid contains a noncrystallizable component such as

another polymer or impurity, the equilibrium melting temperature Tm is

substantially different from T0
m and can be readily expected from thermo-

dynamic arguments. As a specific example, consider a blend of n1 chains of N1

segments and n2 chains of N2 segments. According to the classical Flory–

Huggins theory [34], the free energy of mixing is given by

�G

RT
¼ n1 lnf1 þ n2 lnf2 þ wn1N1f2 ð1:9Þ

nucleation in polymer crystallization 11



where w is the chemical mismatch parameter, R is the gas constant, and

f1 ¼
n1N1

n1N1 þ n2N2

f2 ¼
n2N2

n1N1 þ n2N2

ð1:10Þ

For simplicity, we have taken the volume of each segment to be the same for

both types of polymers, so that f1 and f2 are volume fractions. The case of

polymer solutions is the special case of N1 ¼ 1. It follows from Eq. (1.9) that

the chemical potential of the second component (assumed to be crystallizable) is

given by

m2 � m02
RT

¼ qð�G=RTÞ
qn2

� �
n1;T

¼ lnf2 þ 1� N2

N1

� �
ð1� f2Þ þ wN2ð1� f2Þ2

ð1:11Þ

where m02 is the chemical potential per chain in the pure liquid state. The

chemical potential per mole of repeat units of the crystallizable polymer in the

liquid phase of the blend is

mlu � m0u ¼
m2

N2ðv1=vuÞ ¼ RT
vu

v1

� �
lnf2

N2

þ 1

N2

� 1

N1

� �
ð1� f2Þ þ wð1� f2Þ2

� �
ð1:12Þ

Here, vu and v1 are the molar volumes of the repeating unit and a segment of the

noncrystallizable first component, respectively. At the melting temperature Tm
of the second polymer component in the blend

mcu ¼ mlu ð1:13Þ

Note that at T0
m, m

c
u ¼ m0u. Subtracting m0u from both sides of this equation and

substituting the results of Eqs. (1.8) and (1.12) at Tm, we get

1

Tm
� 1

T0
m

¼ � R

�h

vu

v1

1

N2

lnf2 þ
1

N2

� 1

N1

� �
ð1� f2Þ þ wð1� f2Þ2

� �
ð1:14Þ

In the case of polymer solutions, N1 ¼ 1 and N2 � 1, we obtain

1

Tm
� 1

T0
m

¼ R

�h

vu

v1
ðf1 � wf2

1Þ ð1:15Þ

12 m. muthukumar



For ideal solutions ðw ¼ 0Þ, the melting temperature of the crystallizable

polymer from solutions follows as

1

Tm
� 1

T0
m

¼ R

�h

vu

v1
f1 ð1:16Þ

where f1 is the volume fraction of the solvent. Therefore the melting

temperature is depressed by the presence of the diluent. Equation (1.15) has

been used in earlier studies to determine the w parameter and the equilibrium

melting temperature T0
m.

In the case of blends, N1 � 1 and N2 � 1, Eq. (1.14) gives

1

Tm
� 1

T0
m

¼ � R

�h

vu

v1
wf2

1 ð1:17Þ

For homogeneous blends, w < 0 and consequently the presence of another

noncrystallizable polymer depresses the melting point of a polymer.

Equation (1.14) is of general utility, where the first component can be any

impurity instead of a solvent. As an example, even for the case of a pure

polymer, the chain ends do not readily get incorporated into the crystal

structure. Therefore the chain ends can be treated as impurities. Taking

f1 ¼ 2=N and v1 to be the molar volume of the end group, the melting

temperature increases with the molecular weight of the polymer according to

1

Tm
� 1

T0
m

¼ R

�h

vu

v1

2

N
ð1:18Þ

in qualitative agreement with experimental observations [35]. Similarly, if the

polymer chain contains branch points, then Tm is lowered in qualitative

agreement with Eq. (1.16), where f1 is the volume fraction of the branch

points. Another example is the class of copolymers consisting of crystallizable

and noncrystallizable monomers. In this context, Eq. (1.16) leads to

1

Tm
� 1

T0
m

¼ � R

�h
ln p ð1:19Þ

where p, called the sequence propagation probability, is the probability that a

crystallizable unit is succeeded by another such unit. For random copolymers,

p ¼ x2, where x2 is the mole fraction of crystallizing unit. For blocky

copolymers, p > x2, and for alternating copolymers, p < x2. The predictions

of Eq. (1.19) on the sequence-dependence of Tm for copolymers have been

remarkably successful [35].
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C. Equilibrium Crystal Shape

Consider a finite crystal of thickness Li along the ith axis, as sketched in Fig-

ure 1.7. Let si be the surface free energy per unit area of surfaces perpendicular

to the ith axis.

The free energy of formation of this crystal from the pure melt is

�G ¼ �V�mþ 2s1L2L3 þ 2s2L3L1 þ 2s3L1L2 ð1:20Þ

where Vð¼ L1L2L3Þ is the volume of the crystal and �m is now per unit volume.

We wish to minimize �G to determine the equilibrium shape. Because of the

volume constraint, L3 can be eliminated and then �G minimized with respect to

L1 and L2. Eliminating L3ð¼ V=L1L2Þ, Eq. (1.20) gives

�G ¼ �V�mþ 2s1V

L1
þ 2s2V

L2
þ 2s3L1L2 ð1:21Þ

Minimizing �G with respect to L1 and L2 for fixed V gives

q�G

qL1
¼ � 2s1V

L21
þ 2s3L2 ¼ 0

q�G

qL2
¼ � 2s2V

L22
þ 2s3L1 ¼ 0

ð1:22Þ

which simplifies to

s1

L1
¼ s2

L2
ð1:23Þ

Figure 1.7. Sketch of a finite crystal.
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By repeating the above procedure, but now eliminating L2 instead of L3, we

obtain s1

L1
¼ s3

L3
. Therefore, based on only thermodynamic arguments, the dimen-

sions of an equilibrium crystal in different orthogonal directions are proportional

to the surface free energies of the perpendicular surfaces:

L1

s1

¼ L2

s2

¼ L3

s3

ð1:24Þ

For the specific case of a lamella (with thickness L ¼ L3, and lateral

dimension L1 ¼ L2)

L

L1
¼ s3

s1

¼ sf

sl

ð1:25Þ

The estimated value of the free energy of the fold surface ðs3 � sf Þ is 90 mJ=m2

for polyethylene, whereas that of the lateral surface ðs1 � slÞ is 15 mJ=m2
.

Therefore we expect the lamellar thickness to be 6 times larger than the lateral

dimension, specifically, a cylinder shape, instead of a disklike shape. This is in

stark contrast to the facts described in Section II. The thermodynamic estimate

of lamellar thickness is about two orders of magnitude larger than the observed

values for polyethylene and other polymers. In view of this discrepancy, we are

led to the conclusion that lamellae are not in equilibrium.

D. Dependence of Tm on Lamellar Thickness

(Gibbs–Thompson Equation)

The free energy of a lamella, where the fold surface area Að¼ L1L2Þ is taken to

be much larger than lateral surface area (L3L1 þ L2L3), follows from Eq. (1.20)

as

�G ¼ �AL�mþ 2Asf ð1:26Þ

where L is the lamellar thickness (L3) and sf is fold surface free energy.

Substituting Eq. (1.8) for �m, we obtain

�G ¼ �AL�h
�T

T0
m

þ 2Asf ð1:27Þ

where �h is expressed per unit volume. At the melting temperature (Tm) of a

lamella of thickness L, �G of Eq. (1.27) is zero, yielding

Tm ¼ T0
m 1� 2sf

L�h

� �
ð1:28Þ
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Therefore a plot of Tm versus 1=L is expected to be linear with the intercept

and slope given by T0
m and �2sf T

0
m=�h, respectively. This allows us to obtain

the equilibrium melting temperature (T0
m) for infinitely large lamellar thickness

by extrapolation, and the fold surface free energy.

E. Minimum Lamellar Thickness

Let Tc be the crystallization temperature and �T � T0
m � Tc be the super-

cooling. For the lamellar shape, and �T > 0, it follows from Eq. (1.26) that

�G < 0 if

L >
2sf

�m
ð1:29Þ

The lower limit of this inequality is the minimum possible lamellar thickness

L0:

L0 ¼ 2sf

�m
ð1:30Þ

For L > L0, �G is negative and the most stable lamella is with infinite

thickness. Thus, according to the argument presented above, we expect the

formation of a ‘‘virgin lamella’’ with an initial thickness L0 for a given

supercooling, and then the lamella to thicken with time. Therefore, for a given

supercooling, L is given by

L ¼ L0 þ dL ð1:31Þ

where dL is L� L0. Substituting Eq. (1.8) for �m in Eq. (1.30), we get

L0 ¼ 2sf T
0
m

�h �T
ð1:32Þ

Thus, the initial lamellar thickness is inversely proportional to supercooling.

Combining Eqs. (1.31) and (1.32), the dependence of lamellar thickness on the

crystallization temperature Tc is given by

L ¼ 2sf T
0
m

�hðT0
m � TcÞ þ dL

¼ c

�T
þ dL ð1:33Þ

This form is often observed experimentally.
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F. Thickening (Hoffman–Weeks Plot)

If dL=L0 is small, as observed experimentally, perhaps due to very slow kinetics

of chain rearrangements, then the relationship between L0 and Tc is the same as

the Gibbs–Thompson equation:

Tc ¼ T0
m 1� 2sf

L�h

� �
ð1:34Þ

This implies that for a given lamellar thickness, the melting temperature and the

crystallization temperature should be the same. In practice, this is not observed.

We now consider the role of lamellar thickening on the relation between Tc
and Tm. At Tc, the initial thickness of the virgin lamella is given by Eq. (1.32) as

L0 ¼ 2sT0
m

�hðT0
m � TcÞ ð1:35Þ

After certain duration of time, let the lamella have thickened by a factor of b so

that L ¼ L0b. According to the Gibbs–Thompson equation, Eq. (1.28), the

melting temperature of the thickened lamella is

Tm ¼ T0
m 1� 2s

�hL0b

� �
ð1:36Þ

Substituting Eq. (1.35) in Eq. (1.36) for L0, we obtain

Tm ¼ 1

b
Tc þ 1� 1

b

� �
T0
m ð1:37Þ

A plot (called the Hoffman–Weeks plot [36]) of Tm versus Tc is linear for a

constant thickening factor, and the extrapolated intersection of Tm with Tc is

taken to be the equilibrium melting temperature T0
m. While this procedure has

been improved [37], the whole concept is also contested [38].

IV. NUCLEATION

When a liquid is quenched to a temperature below its melting temperature,

small nuclei of different sizes and shapes are initially born as a result of

fluctuations in the density of the liquid. These nuclei are stabilized by lowering

of the free energy associated with the formation of the more stable crystalline

phase, but destabilized by the increase in free energy associated with the

creation of interfaces. As is well known, sub-critical-size nuclei dissolve back

nucleation in polymer crystallization 17



into the liquid phase. Those nuclei larger than the critical nucleus grow and

eventually complete the phase transition. In this section, we give a brief review

of the classical approach without any discussion of the topological connectivity

of the polymer. The polymer specificity will be discussed in Section V.

Although the nuclei can have irregular shapes in the initial stages of

crystallization, we restrict ourselves to spherical and cylindrical nuclei.

A. Spherical Nucleus

For a spherical nucleus of radius r, the free energy of formation of a crystal from

the liquid phase, follows analogous to Eq. (1.20) as

�G ¼ � 4

3
pr3�mþ 4pr2s ð1:38Þ

where s is the interfacial tension at the spherical surface of the nucleus. �m is

expressed per unit volume as given by Eq. (1.8)

�m ¼ �h
�T

T0
m

ð1:39Þ

and is positive for �T ¼ T0
m � T > 0. A sketch of �G versus r is given in

Figure 1.8.

The critical radius rc is obtained from

q�G

qr

� �
r¼rc
¼ 0 ð1:40Þ

Figure 1.8. Nucleation barrier.
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to be

rc ¼ 2s
�m
¼ 2sT0

m

�h �T
ð1:41Þ

The critical radius diverges inversely with supercooling. Substitution of this

result for rc into Eq. (1.38) leads to the free energy of formation of critical

spherical nucleus as

F� ¼ 16p
3

s3

ð�mÞ2 ¼
16p
3

s3ðT0
mÞ2

ð�hÞ2ð�TÞ2 ð1:42Þ

diverging as ð�TÞ�2 with the supercooling. The global free energy minimum

corresponds to the infinitely large sphere of the crystalline phase.

B. Cylindrical Nucleus

Consider the cylinder sketched in Figure 1.9 with radius R and length L, where

sf and sl are the fold and lateral surface free energies per unit area.

The free energy of formation of this nucleus is

�G ¼ �pR2L�mþ 2pRLsl þ 2pR2sf ð1:43Þ

Defining R and L in units of the typical length l of a repeat unit

pR2 � ml2

L � ml
ð1:44Þ

σ l

σ f

L

R

Figure 1.9. Cylindrical nucleus.
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�G follows as

�G ¼ �mmEþ m
ffiffiffi
m
p

s0l þ 2ms0f ð1:45Þ

where

E ¼ l3�m ¼ l3�h�T

T0
m

s0l ¼ 2
ffiffiffi
p
p

l2sl ð1:46Þ
s0f ¼ l2sfand

Minimizing �G with respect to m and m, q�G
qm ¼ 0 ¼ q�G

qm , gives the dimensions

of the critical nucleus as

mc ¼
4s0f
E
¼ 4sf T

0
m

l�h�T

mc ¼
s0l
E

� �2

¼ 4ps2
l ðT0

mÞ2
l2ð�hÞ2ð�TÞ2

ð1:47Þ

The free energy of formation ðF�Þ of the critical nucleus is

F� ¼ Emcmc
2
¼ 8psfs2

l ðT0
mÞ2

ð�hÞ2ð�TÞ2 ð1:48Þ

Defining �m ¼ m=mc, �m ¼ m=mc and �G ¼ �G=F�, the free energy of formation

of the cylindrical nucleus is given by

�G ¼ �2�m�mþ 2�m
ffiffiffi
�m
p þ ffiffiffi

�m
p ð1:49Þ

The dependence of �G on �m (proportional to lamellar length) and �m
(proportional to lateral dimension) is given in Figure 1.10 as a contour plot.

The critical nucleus corresponds to �m ¼ 1 ¼ �m, and the global free-energy

minimum corresponds to infinitely large dimensions of the cylinder in both

length and radius.

Independent of the anisotropy of the shape of the crystal, it is to be

recognized that the free-energy barrier required for the formation of the critical

nucleus is inversely proportional to the square of supercooling

F� � 1

ð�TÞ2 ð1:50Þ
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where the prefactor depends on the geometry of the nucleus. In view of this

general feature, we consider only the spherical nucleus in the following

consideration of distribution of nuclei of different sizes and the rate of their

formation.

C. Equilibrium Distribution of Nuclei

Expanding the free energy of formation of a spherical nucleus of radius r [given

by Eq. (1.38)] around that (F�) for a critical nucleus, we get

�G ¼ F� þ 1

2

q2�G

qr2

�����
r¼rc
ðr � rcÞ2 þ � � � ð1:51Þ

where the coefficient of the quadratic term follows from Eq. (1.38) as

1

2

q2�G

qr2

�����
r¼rc
¼ �4pðrc�m� sÞ ð1:52Þ

3

2

1.5
1.28

0.94

1.19

0.59

1.24

0.83
1.11

1.0
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2 32.5
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µ

Figure 1.10. Free-energy landscape for a cylindrical nucleus.
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Replacing �m by 2s=rc, due to Eq. (1.41), in Eqs. (1.51) and (1.52), we obtain

�G ¼ 4

3
psr2c � 4psðr � rcÞ2 þ � � � ð1:53Þ

The number of nuclei of radius r (close to rc) in equilibrium is given by the

Boltzmann distribution

n0ðrÞ ¼Ne�ð�G=kTÞ ¼Ne�ð4p=3kTÞsr
2
cþð4ps=kTÞðr�rcÞ2 ð1:54Þ

where k is the Boltzmann constant, N is the normalization factor, and �G is

r-dependent as given by Eq. (1.38). As a specific example, the number of

critical nuclei is given by

n0ðrcÞ ¼Ne�ð16p=3Þðs
3=kTÞfðT0

mÞ2=½ð�hÞ2ð�TÞ2�g ð1:55Þ

and is strongly dependent on the supercooling. It also follows from Eqs. (1.53)

and (1.54) that the mean-square fluctuation of the radius of the nucleus around

rc is inversely proportional to s:

hðr � rcÞ2i � kT

s
ð1:56Þ

D. Nucleation Rate

In this section we give a brief summary of the classical Becker–Döring theory of

nucleation [39] and then implement the results for the polymer crystallization.

Let a crystalline nucleus of radius r contain N repeat units such that

4

3
pr3 ¼ Nl3 ð1:57Þ

In terms of N, �G of Eqs. (1.38) and (1.46) yield

FN � �G ¼ �NEþ 32=3ð4pÞ1=3sl2N2=3 ð1:58Þ

so that the critical number of repeat units for the formation of crystalline phase

is

Nc ¼ 4p
3

2sl2

E

� �3

¼ 4

3
p

rc

l

� �3
ð1:59Þ

Let the average number of nuclei of size N at time t be nNðtÞ. We assume that

the nuclei change their sizes only by the evaporation–condensation mechanism,
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that is, in an elementary process only one repeat unit is either added or removed.

This is sketched in Figure 1.11.

Let kN represent the rate at which one repeat unit is added to a nucleus of size

N. Let k0N represent the rate at which one repeat unit is removed from a nucleus

of size N. The rate of change of the number of nuclei of size N is dictated by

four elementary steps (where N � 1 becomes N, N shrinks to N � 1, N is

depleted to become N þ 1, and N þ 1 loses one repeat unit to become N) as

given by

qnNðtÞ
qt
¼ kN�1nN�1 � k0NnN � kNnN þ k0Nþ1nNþ1

¼ JN�1 � JN ð1:60Þ

where

JN ¼ kNnNðtÞ � k0Nþ1nNþ1 ð1:61Þ

is the rate per volume at which nuclei grow from size N to N þ 1.

The rate constants kN and k0N are phenomenological constants. If we assume

that there is a local equilibrium between nuclei of different sizes, kN and k0N
are related by the ‘‘detailed balance,’’ that is, the ratio of the forward rate to the

reverse rate is the equilibrium constant given by the exponential of the negative

change in the free energy in units of kT :

kN

k0Nþ1
¼ e�½ðFNþ1�FN Þ=kT � ð1:62Þ

Substituting the expression for k0Nþ1 from Eq. (1.62) into Eq. (1.61), JN is given

by

JN ¼ kNnNðtÞ � kNe
ðFNþ1�FN Þ=kTnNþ1ðtÞ ð1:63Þ

Since N is usually very large, it can be taken as a continuous variable. Writing

FNþ1 as FN þ qFN

qN þ � � �, and nNþ1 as nN þ qnN
qN þ � � � and expanding the

k ′N

N

kN −1 kN

N −1 N +1

k ′N +1

Figure 1.11. Elementary steps of growth of nuclei.
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exponential, JN follows as

JN ¼ kNnNðtÞ � kN 1þ 1

kT
ðFNþ1 � FNÞ þ � � �

� �
nNþ1ðtÞ

¼ �kNðnNþ1ðtÞ � nNðtÞÞ � kN

kT
ðFNþ1 � FNÞnNþ1ðtÞ

¼ �kN qnN
qN
� kN

kT

qFN

qN
nNðtÞ þ � � � ð1:64Þ

Within the same continuous notation for N, Eqs. (1.60) and (1.64) yield

qnNðtÞ
qt
¼ � qJN

qN

¼ q
qN

kN

kT

qFN

qN
nNðtÞ þ kN

qnNðtÞ
qN

� �
ð1:65Þ

This equation is the familiar Fokker–Planck equation for the time evolution

of the distribution function for the number density of the nuclei with different

sizes N.

In equilibrium, the flux in the ‘‘size space’’ JN is zero (i.e., the square-bracket

term in Eq. (1.65) vanishes). The solution of this condition is given by Eqs.

(1.54) and (1.65) as

n0N ¼Ne�ðFN=kTÞ ð1:66Þ

In the steady state, the flux JN is a constant, J, independent of N. Rearranging

Eq. (1.63), we obtain

JN ¼ kNe
�FN

kT
nNðtÞ

e�ðFN=kTÞ �
nNþ1ðtÞ

e�ðFNþ1=kTÞ

� �
ð1:67Þ

Using the result for the equilibrium distribution [Eq. (1.66)], we get

JN

kNn
0
N

¼ nNðtÞ
n0N
� nNþ1ðtÞ

n0Nþ1
ð1:68Þ

Summing this equation over N from 1 to a large number, say, �, we get in the

steady state (JN ¼ J)

J
X�
N¼1

1

kNn
0
N

¼ n1ðtÞ
n01
� n�þ1ðtÞ

n0�þ1
ð1:69Þ
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If we take the steady-state distribution function nNðtÞ to be close to n01 for

N ! 1 and to be zero for N !1, the right-hand side of Eq. (1.69) is unity so

that the flux in the steady state, called the nucleation rate, is given by

J ¼ 1P�
N¼1

1
kNn

0
N

� �
ffiN

ð1
0

dN
1

kN
eFN=kT

� ��1
ð1:70Þ

Substituting the result of Eq. (1.54) for n0ðrÞ, we get

J ¼Ne�ð4ps=3kTÞr
2
c

ð1
0

dr
e�ð4ps=kTÞðr�rcÞ

2

kðrÞ

" #�1
ð1:71Þ

Since the integrand of the integral inside the square brackets is sharply peaked

around rc, the integral can be performed by the ‘‘saddle point approximation,’’

and the result is

J ¼Ne�ð4ps=3kTÞr
2
c

4s
kT

� �1=2

kðrcÞ

¼ 2kðrcÞ s
kT

� �1=2
n0ðrcÞ

� J0e
�ð4p=3Þðs=kTÞr2c

¼ J0 exp � 16p
3

s3

kT

ðT0
mÞ2

ð�hÞ2ð�TÞ2
( )

¼ J0 exp
�F�
kT

ð1:72Þ

J0 is called the nucleation rate prefactor.

In general, the rate at which critical nuclei are formed, called the

homogeneous nucleation rate, is given by the form

J ¼ CkðrcÞ ��G00ðrcÞ
kT

� �1=2

e�F
�=kT ð1:73Þ

as a product of three factors where C is a prefactor reflecting the geometry of

nucleus. kðrcÞ is the frequency of arrival of repeat units to the critical nucleus, F�
is the nucleation barrier associated with the formation of critical nucleus, and

�G00ðrcÞ is the curvature of �G around rc. As discussed in Section IV.B,

F� � ð�TÞ�2. The nucleation rate is very low for weak supercooling, and it
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increases exponentially with an increase in the extent of supercooling.

Therefore, a plot of log J versus ðT0
mÞ2=Tð�TÞ2 should be linear, in agreement

with experimental data [28,40] on poly(decamethylene sebacate) as shown in

Figure 1.12.

It is remarkable that the predictions of classical nucleation theory without

any consideration of polymer connectivity are borne out in experiments. At

higher supercooling, deviations are expected because of temperature depen-

dence of the nucleation rate prefactor.

V. GROWTH, SECONDARY NUCLEATION, AND

LAURITZEN–HOFFMAN THEORY

We now consider the growth of an already formed crystal at a given supercool-

ing. The attachment of polymer molecules at the growth front is a very complex

1
0

1

2

3

4

5

2 3 4 5

(Tm
1/T )(1/∆T )2

lo
g

N.

Figure 1.12. Dependence of nucleation rate on supercooling.
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process involving polymer diffusion, entanglement effects, competitive

adsorption/desorption at the growth front, and other factors. The simplest

approach to treat these features is to invoke a nucleation barrier for attachment

of every polymer molecule at the growth front. Thus lamellar growth is assumed

to occur by a nucleation process, called secondary nucleation. This is the basic

premise of the very successful theory [4,5,16] of Lauritzen and Hoffman (LH).

Although there have been several generalizations of the LH theory, we outline

only the basic assumptions of the nucleation theory of LH.

A. Model

The basic model of LH theory is sketched in Figure 1.13, where polymer

molecules are assumed to attach at the growth front in terms of stems, each of

length comparable to the lamellar thickness L.

For each polymer molecule, the first step is to place its first stem at the

growth surface, whose lateral dimension is taken as Lp. This step is assumed to

be associated with a nucleation. After this step, the secondary nucleus spreads

out laterally with the rate g. The thickness of the stem is a along the lateral

direction and b along the growth direction with growth rate G.

Consider the attachment of the fist stem, the free-energy change accompany-

ing this step is

�G1 ¼ �abL �mþ 2bLsl ð1:74Þ

Two new lateral surfaces, each of area bL, are created in this step. Since the first

stem does not generate any chain folds on the fold surfaces, the free-energy cost

L
G

g

b
a

Lp

Figure 1.13. Model of growth front.
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associated with fold surface areas (2ab) is ignored for the first stem. The initial

and final states of this step are assumed to be separated by a free-energy barrier,

which is taken to be the lateral surface free energy (2bLsl) reduced by an

arbitrary fraction of the free energy of crystallization (abL�m)

�G�1 ¼ �cabL �mþ 2bLsl ð1:75Þ

for the forward process. For the reverse process the barrier is ð1� cÞabL�m.
c is called an ‘‘apportioning’’ parameter. The free-energy change associated

with the second stem (i.e., first fold) is

�G2 ¼ �abL �mþ 2absf ð1:76Þ

The initial and final stages of the deposition of the second stem are assumed to

be separated by a barrier

�G�2 ¼ �cabL �mþ 2absf ð1:77Þ

in the forward direction. We have assumed the apportioning parameter to be

the same for both steps, for convenience. The barrier for the reverse direction of

the second step is ð1� cÞabL�m. The free-energy changes associated with the

lateral attachment of subsequent stems are the same as for the second stem. The

free-energy landscape of the process is illustrated in Figure 1.14.
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Figure 1.14. Free-energy landscape of the Lauritzen–Hoffman model.
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In drawing the cartoon of Figure 1.14, we have assumed that 2sL=a > �m,
2sf =�m < L, and 0 < c < 1. It is to be noted that the case of c ¼ 1

corresponds to no barriers and that of c ¼ 0 to the maximum barriers.

The rate of deposition of the first stem is proportional to expð��G�1=kTÞ and
is defined through

A0 ¼ b exp � 2bLsl � cabL �m
kT

� �
ð1:78Þ

where b accounts for the approach rate of polymer segments at the growth front.

The most familiar form of b is the same as that for low-molecular-weight

supercooled liquids

b ¼ CTe�½U
�=kðT�T0Þ� ð1:79Þ

where C is a constant prefactor, U� is the free-energy barrier for local dynamics

of repeat units, and T0 is the temperature at which diffusion of polymer chains is

essentially stopped. Other phenomenological expressions for b can be written,

reflecting the dynamics of supercooled polymer melts. This, in itself, is not well

understood, and it is presently sufficient to be content with Eq. (1.79).

The rate of removal of the first stem is given by

B ¼ b exp �ð1� cÞabL �m
kT

� �
ð1:80Þ

For the particular choice of the apportioning used in the definition of barriers,

B is the rate of removal of any stem (either the first or any of the subsequent

stems). The rate of deposition of the second or any of the subsequent stems is

given by

A ¼ b exp � 2absf � cabL �m
kT

� �
ð1:81Þ

B. Steady State

In the steady state, the flux of stems is a constant (S) and is given by the balance

equation

S ¼ n0A0 � n1B ¼ n1A� n2B ¼ n2A� n3B ¼ � � � ð1:82Þ
where ni is the number density of systems with i stems in the growth layer. From

the equality between S and the third term (n1A� n2B), we obtain

n1 ¼ 1

A
ðSþ n2BÞ ð1:83Þ
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Substituting this result in the first identity of Eq. (1.82), we obtain

S 1þ B

A

� �
¼ n0A0 � B2

A
n2 ð1:84Þ

Now eliminating n2 in terms of S and n3 (using the fourth term) and repeating

this iteratively, we obtain

S 1þ B

A
þ B2

A2
þ � � �

� �
¼ n0A0 ð1:85Þ

so that the steady-state flux is given by

S ¼ n0A0 1� B

A

� �
ð1:86Þ

Substituting the expressions for A0, A and B from Eqs. (1.78)–(1.81), we obtain

the steady-state flux of stems as an explicit function of the lamellar thickness (L)

SðLÞ ¼ n0b exp � 2bLsl � cabL �m
kT

� �
1� exp

2absf � abL �m
kT

� �� �
ð1:87Þ

where SðLÞ is the nucleation rate for noninteracting nuclei and for the lamellar

thickness L at a given supercooling. It is also the probability distribution for a

crystal to have thickness L. The total flux ST , in a collection of crystals, is

calculated by summing SðLÞ over all possible values of L. It is to be noted that

the square bracket term becomes negative (i.e., the flux is unphysically

negative) if L < 2sf =�m (� L0, obtained from the thermodynamic considera-

tions of Section III.E). Therefore ST follows as

ST ¼
X1
L0

SðLÞ ffi 1

lu

ð1
2sf =�m

dL SðLÞ ð1:88Þ

where lu is the length of the monomer repeat unit. Substituting Eq. (1.87) for

SðLÞ into the above equation, we get

ST ¼ bn0P
lu

exp
2abcsf

kT
� 4bslsf

kT �m

� �
ð1:89Þ

with

P ¼ kT
1

ð2bsl � abc �mÞ �
1

ð2bsl þ ð1� cÞab �mÞ
� �

ð1:90Þ
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The lateral spreading rate g is given by

g ¼ aðA� BÞ ð1:91Þ
Substituting A and B from Eqs. (1.80) and (1.81), g becomes

g ¼ abQ exp � 2absf ð1� cÞ
kT

� �
ð1:92Þ

with

Q ¼ exp
cab �mðL� 2sf

�mÞ
kT

" #
1� exp �

ab�mðL� 2sf

�mÞ
kT

" #( )
ð1:93Þ

Using the expressions for SðLÞ, ST , and g, average lamellar thickness and growth

rates can be calculated. For small values of�m, P and Q approach approximately

lu and unity, respectively. It is therefore obvious from Eqs. (1.89) and (1.92) that

ST is a strongly increasing function of �m, whereas g is negligibly dependent on
temperature. Thus as the supercooling increases, ST=g increases, with significant
consequences discussed in the next section.

The thermodynamic arguments of Section III show that the minimum

lamellar thickness L0 is 2sf =�m. The average lamellar thickness L� follows

from Eq. (1.87) as its first moment

L� ¼
Ð1
L0

dL LSðLÞÐ1
L0

dL SðLÞ

¼ L0 þ kT

2bsl

2þ ð1� 2cÞ a�m
2sl

h i
1� ac�m

2sl

h i
1þ að1�cÞ�m

2sl

h i
¼ L0 þ dL ð1:94Þ

where L0 ¼ 2sf =�m and dL is independent of sf but depends on T ,�m, a, b, c,
and sl.

One of the successes of the LH theory is its ability to provide an explicit

result for the lamellar thickness, based on kinetic considerations of secondary

nucleation. In the LH theory, dL is a natural result of the steady state and not

due to any subsequent thickening. The form of Eq. (1.94) is exactly the same as

Eq. (1.1), observed experimentally. However, one of the serious difficulties

posed by Eq. (1.94) is that it predicts a divergence in dL at

2sl

a
¼ c� m ð1:95Þ
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Since �m is proportional to the supercooling, the LH theory predicts that as the

crystallization temperature is lowered to a value when Eq. (1.95) is satisfied, the

lamellar thickness would diverge. This is referred to as the ‘‘dL catastrophe.’’

By taking reasonable experimental values for the various parameters and

assuming c ¼ 1 (no barriers for attachment of each stem), the necessary

supercooling for the appearance of this catastrophe is 55 K for polyethylene.

This is not observed experimentally. To fix this discrepancy, c is taken to be

zero so that

dL ¼ kT

2bsl

4sl

a
þ�m

	 

2sl

a
þ�m

	 
 ð1:96Þ

However, this choice of c implies that surfaces of stems need to be formed first

before any gain in the bulk free energy of the stems.

In general, in the LH model, there are two key processes: nucleation of the

first stem (with a rate i per unit substrate length per unit time), and the lateral

growth rate (g) for the deposition of second and subsequent stems. Depending

on the relative magnitudes of i and g, three regimes can be identified. Let the

dark areas in Figure 1.15 represent the growth front and each square correspond

to the cross section of a stem. In regime I [Fig. 1.15(b)] secondary nucleation

controls the linear growth rate Gðg� iÞ. In regime III [Fig. 1.15(d)], prolific

multiple nucleation controls G.

Sanchez and DiMarzio identified [41] a crossover regime II [Fig. 1.15(c)],

where g is more rapid than in I and less than in III. On the basis of the LH

model, crystallization kinetics in these three regimes are obtained as follows.

C. Regime I

In this regime, the lateral growth rate (g) is significantly greater than the

secondary nucleation rate (i), so that the latter is rate-determining for the growth

rate (G). For g� i, the whole substrate is covered by stems as soon as the first

stem is nucleated. Thus, monolayers are added one by one. If Lp is the substrate

Figure 1.15. Lauritzen–Hoffman model.
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length, iLp is the rate of formation of secondary nuclei on the substrate. In

regime I, each secondary nucleation leads to the formation of a monolayer of

thickness b. Therefore, the linear growth rate GI in regime I is given by

GI ¼ biLp ð1:97Þ

The nucleation rate i is the total flux ST per available sites (n0). Substituting
Eq. (1.89), for ST, we get

GI ¼ bbLp
lu

P exp
2abcsf

kT
� 4bslsf

kT �m

� �
ð1:98Þ

For small values of supercooling, P is comparable to lu. Substituting the

expression for b from Eq. (1.79), GI becomes

GI ¼ GI;0 e�½U
�=kðT�T0Þ�e�ð4bslsf =kT�mÞ ð1:99Þ

where the prefactor is

GI;0 ¼ CbLpT exp
2abcsf

kT

� �
ð1:100Þ

Substituting the expression for �m in term of the supercooling, we obtain

GI ¼ GI;0 exp � U�

kðT � T0Þ �
4bslsf T

0
m

kT �hðT0
m � TÞ

� �
� GI;0GI;DGI;n ð1:101Þ

where the nucleation part (GI;n) of the growth rate is given by

GI;n � e�ðKg=T �TÞ ð1:102Þ

with

Kg � 4bslsf T
0
m

k�h
ð1:103Þ

The expression for GI nicely shows its nonmonotonic dependence on the

crystallization temperature. Close to the equilibrium melting temperature,

the growth is nucleation-dominated and is given essentially by GI;n. For

temperatures far below T0
m, but closer to T0, the GI;D term dominates and the

growth rate precipitously decreases with supercooling.
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D. Regime II

If the lateral growth rate g is comparable or smaller than the nucleation rate i,

then further layers are deposited before the first layer is fully formed [as

sketched in Fig. 1.15(c)]. Under these circumstances (regime II), the linear

growth rate is given by

GII ¼ b
ffiffiffiffi
ig

p
ð1:104Þ

where i ¼ ST=n0 and g are given in Eqs. (1.89) and (1.92). The above result

emerges from the following scaling argument [41] of Sanchez and Dimarzio.

Let an isolated stem undergo nucleation at time t ¼ 0. As time progresses,

the layer grows laterally in two opposite directions so that 2gt is the length of

the substrate covered by the new monolayer at time t. While this patch of the

monolayer tends to grow laterally, it also offers sites for nucleation of another

layer. The rate at which new nuclei form on this patch is 2gti. The total number

of nuclei formed during a time t isðt
0

2gti dt ¼ git2 ð1:105Þ

assuming that g and i are independent of time. Therefore, the average time hti
required for the formation of a new nucleus on the growing patch is

hti � 1ffiffiffiffi
gi
p ð1:106Þ

The rate at which new layers are formed is b=hti so that

GII ¼ b
ffiffiffiffi
ig

p
ð1:107Þ

Substituting the results of Eqs. (1.89) and (1.92) into the above equation, we get

GII ¼ G0
IIe
�½U�=kðT�T0Þ�e�ð2bslsf =kT �mÞ

¼ G0
IIGI;D

ffiffiffiffiffiffiffiffi
GI;n

p ð1:108Þ

where

G0
II ¼ CbT exp

ð2c� 1Þabsf

kT

� �
ð1:109Þ

In writing this result, we have approximated Q of Eq. (1.93) to be unity, valid

for low supercoolings.
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The nucleation part of the linear growth rate is

GII;n ¼
ffiffiffiffiffiffiffiffi
GI;n

p ¼ e�ðK
0
g=T �TÞ ð1:110Þ

where K 0g is half of Kg:

K 0g ¼
2bslsf T

0
m

k�h
ð1:111Þ

E. Regime III

In this regime the multiple nucleation of stems is so prolific [Fig. 1.15(d)] that

the lateral spreading rate is irrelevant, i� g. Now the growth rate is exactly of

the same form as in regime I

GIII ¼ biLp

¼ G0
IIIe
�½U�=kðT�T0Þ��ðKg=T�TÞ ð1:112Þ

with

G0
III ¼ CTbLp exp

2absfc
kT

� �
Kg ¼ 4bslsf T

0
m

k�h

ð1:113Þ

Equations (1.101), (1.108), and (1.112) suggest that three regimes would be

manifest in a plot of ðlogGÞ þ U�=kðT � T0Þ versus 1=T�T , as sketched in

Figure 1.16.

1
T T∆

III

II

I

lo
g

G
 +

k
(T

−T
0)

u
*

Figure 1.16. Three regimes in the LH model.
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The slope of the line in regime II is predicted to be exactly half of that for

regimes I and III. There is considerable experimental evidence [7] for the

existence of regimes I and II and for the result, Kg ¼ 2K 0g.

F. Extensions and Criticisms

The major extensions of the LH model are the following. For details, the

original references should be consulted.

1. The deposition of each stem of m repeat units can be treated [8,41] as a

set of m equilibria. While this generalization appears to account for more

local details, the general conclusions are the same as in the LH theory. In

realistic situations, we expect nonsequential deposition of repeat units

into various stems. These partially formed stems will then sort out through

entropic barriers to attain the lamellar thickness. We return to this issue in

Section VII.

2. The kinetic factor b in Eq. (1.79) should reflect the contour length of the

polymer (instead of only the monomer friction), as the polymer chains must

diffuse from an entangled melt or a concentrated solution to a growth front.

Based on the reptation model of polymer dynamics, an expression for b has

been derived. According to this argument [22], the linear growth rate in melts is

inversely proportional to the average molecular weight of the polymer,

independent of the regime.

3. The LH theory has been extended [22] to account for the curvature of the

growth front by incorporating the consequences of lattice strain behind the

growth front.

4. When a melt of broad polydispersity in molecular weight is crystallized,

lower molecular weights are rejected from growing crystals, although the

temperature is below their respective melting points. This molecular fractiona-

tion has been explained [42] by the LH model, by adopting to individual

molecules. This is termed molecular nucleation. Considering the free energy of

formation of a molecular crystallite consisting of stems and surfaces (lateral and

fold), the critical size of the crystalline nucleus is calculated in terms of

supercooling and contour length. Nuclei smaller than the critical size will

dissolve back. This leads to a critical molecular weight (below which chains do

not crystallize) as an increasing function of the crystallization temperature, in

good agreement with experimental data.

5. In the LH model, the stems are deposited such that the lamellar thickness

is uniform throughout the growth. This restriction is partially removed by

allowing the stems to diffuse by one repeat unit in the direction of layer normal,

accompanied by a penalty in free energy. This model [43] is referred to as the

‘‘sliding diffusion model’’ and averts the ‘‘dL catastrophe.’’
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6. In the case of crystallization of small molecules, there exists a critical

temperature called the ‘‘roughening temperature [8]’’ TR. For T > TR, the

crystalline surfaces are microscopically rough and macroscopically rounded.

For T < TR, the crystals are faceted. At temperatures higher than TR, the free-

energy barriers for fluctuations of density of molecules are weak, and the growth

rate is proportional to the supercooling. Observation [8] of such a dependence of

G for polyethylene oxide at weak supercoolings prompted Sadler to dispute the

claim that nucleation is always the rate-determining factor in kinetic theories

of polymer crystallization. On the other hand, for polyethylene samples, log G

is proportional to 1=T�T . To explain these observations, Sadler and Gilmer

proposed a model [21] for polymer crystallization by generalizing the surface

roughening model for small molecules. This model is implemented by

Monte Carlo simulations where repeat units at the growth front are allowed

to rearrange with certain prescribed probabilities. Although the simulation

results are in qualitative agreement with experimental observations, analytical

expressions are not available.

7. There are many serious criticisms of the LH theory at all levels of the

model and agreements with experiments. The review by Armitstead and

Goldbeck-Wood [8] gives a fair and comprehensive review of this criticism. We

mention only the most serious discrepancy. The value of the substrate length Lp
fitted as a parameter to agree with kinetics data is unrealistically different from

the experimental value measured directly by Point and collaborators [20]. They

suggested that the change in Kg across the regimes I–II transition may arise

from temperature dependence of interfacial energies, transport coefficients and

molecular segregation, instead of validity of the LH theory.

VI. SPINODAL MODE IN POLYMER CRYSTALLIZATION

As discussed in Section II, measured excess scattering intensity, after a melt is

cooled below its melting point, increases exponentially with time at all

scattering wavevectors and the inverse of qmax (at which intensity is a

maximum) diverges as ð�TÞ�1=2. These observations are similar to those

observed in mixtures undergoing phase separation by the spinodal decomposi-

tion mechanism [39], as described below. This similarity has led to the proposal

of spinodal decomposition, instead of nucleation, as the primary mechanism of

the very early stages of polymer crystallization. There has been extensive

interest in establishing an understanding of nucleation versus spinodal

decomposition in polymer crystallization. In view of this, we give below the

salient features of the spinodal decomposition mechanism.

As a specific example, consider a blend (discussed in Section III.B) of

n1 chains of N1 segments and n2 chains of N2 segments. The free-energy density
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of mixing for this blend is obtained by dividing �G of Eq. (1.9) by

ðn1N1 þ n2N2Þ
F

kT
¼ f

N1

lnfþ ð1� fÞ
N2

lnð1� fÞ þ wfð1� fÞ ð1:114Þ

where f � f1 and f2 ¼ ð1� fÞ. Typically, w is inversely proportional to T .

Using the standard procedures to calculate the critical point for liquid–liquid

demixing, Eq. (1.114) yields the critical point to be

fc ¼
ffiffiffiffiffiffi
N2

pffiffiffiffiffiffi
N1

p þ ffiffiffiffiffiffi
N2

p wc ¼
ð ffiffiffiffiffiffiN1

p þ ffiffiffiffiffiffi
N2

p Þ2
2N1N2

ð1:115Þ

Defining an order parameter ~f to be f� fc, and expanding F as a Taylor series

in ~f, we get

F

kT
¼ F0

kT
þ A

2
~f2 þ B

4
~f4 þ � � � ð1:116Þ

where

A ¼ 1

N1fc

þ 1

N2ð1� fcÞ
� �

T � Tc

Tc
� �a0 �T

B ¼ 1

3

1

N1f
3
c

þ 1

N2ð1� fcÞ3
" # ð1:117Þ

where �T ¼ Tc � T > 0 is now the quench depth for phase separation. In

obtaining the expression for A, w is assumed to be strictly proportional to 1=T .
F0 is independent of ~f.

When fluctuations are present, the system is inhomogeneous in space and
~fðrÞ is a function of the spatial coordinate r. Also any local gradients r~fðrÞ
cost in free energy. Now, the change in free energy to excite a fluctuation

c ¼ ~f� ~f0 (where ~f0 is the equilibrium value) is given by the Landau–

Ginzburg form

�F

kT
¼
ð
d3r

V

A

2
c2 þ � � � þ k

2
ðrcÞ2 þ � � �

� �
ð1:118Þ

where k is a positive quantity proportional to interfacial tension and V is the

volume of the system. Decomposition of c in terms of its Fourier components

gives

�F

kT
¼ 1

2

X
q

ðAþ kq2Þc2
q ð1:119Þ
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The time evolution of the fluctuation cðrÞ obeys the conservation law

qcðr; tÞ
qt

¼ r � �0r d�F=kT

dc

� �
ð1:120Þ

so that

qcqðtÞ
qt

¼ ��0q
2ðAþ kq2ÞcqðtÞ ð1:121Þ

where �0 is the Onsager coefficient reflecting the relative diffusivity of polymer

chains, and nonlinear terms of c in Eq. (1.118) are ignored. The scattered

intensity Iðq; tÞ is proportional to hc2
qðtÞi and follows from Eq. (1.121) as

Iðq; tÞ ¼ Iðq; 0Þe2�qt ð1:122Þ

where

�q ¼ ��0q
2ðAþ kq2Þ ð1:123Þ

Writing A in terms of the quench depth �T , given by Eq. (1.117), we get

�q ¼ �0q
2ða0 �T � kq2Þ ð1:124Þ

This result is sketched in Figure 1.17(a) for �T > 0. For scattering

wavevectors less than q0 ¼ a0 �T
k

	 
1=2
scattered intensity grows exponentially

with time and the maximum growth occurs at q ¼ qmax ¼ a0 �T
2k

	 
1=2
. The same

qq
max

−

q
0

0

Ω
q

+

q2

2Ω
q

q

Figure 1.17. Predictions of spinodal decomposition mechanism.
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result can be more conveniently written as

�q

q2
¼ �0a0 �T � �kq2 ð1:125Þ

which is sketched in Figure 1.17(b).

The intercept of the ð�q=q
2Þ=q2 plot is proportional to �T and the slope is

independent of �T . Further, there is a cutoff wavevector q0 delineating growing

modes and decaying modes and q0 is proportional to
ffiffiffiffiffiffiffi
�T
p

. Therefore, if

spinodal decomposition occurs, all of the following features must be

simultaneously observed:

1. Scattered intensity grows exponentially with time for q < q0.

2. qmax is proportional to ð�TÞ1=2.
3. The ordinate intercept of �q=q

2 � q2 plot is proportional to �T .

4. The slope of �q=q
2 � q2 plot is independent of �T .

5. The abscissa intercept of �q=q
2 � q2 plot is proportional to �T .

If any of these features is not observed in the early stages of crystallization, the

spinodal decomposition mechanism commonly encountered in phase-separating

mixtures cannot be associated with polymer crystallization.

VII. RECENT ADVANCES

Availability of sensitive synchrotron radiation and atomic force microscopy

(AFM) techniques have spurred recent (as of 2003) advances in following the

mechanism of polymer crystallization in its early stages. Stimulated by the

results of these investigations, complementary molecular modeling [44–59] of

crystallization has been extensively carried out using molecular dynamics,

Langevin dynamics, and Monte Carlo methods. All of these simulation methods

provide converging viewpoint regarding the nature of initial stages of polymer

crystallization. We review only the Langevin dynamics methodology.

Among the numerous challenges faced in understanding the formation and

evolution of hierarchical structures in polymer crystallization, we restrict

ourselves to explain the essential basic features of folded lamellae. Specifically,

we consider (1) molecular origin of enhanced scattered intensity before any

crystallographic features are apparent, (2) spontaneous selection of small

lamellar thickness, (3) molecular details of growth front, and (4) formation of

shish-kebab structures in the presence of a flow.

A. Molecular Modeling

In the Langevin dynamics simulations, the polymer crystallization is modeled

by following the competition between the attraction among nonbonded
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monomers and the torsional energies along the chain backbone. The simulation

model attempts to incorporate just enough detail to observe chain folding

without impeding the efficiency of the simulation. As a result, the united-atom

model for polyethylene is chosen for a polymer chain, in which each methylene

unit is treated as a bead in a bead–spring model of N beads. The motion of each

bead is given by the Langevin equation consisting of inertial term, force field,

frictional drag, and noise. The force fields include chain connectivity, bond

angle, torsion angle, and nonbonded bead–bead interactions (Lennard-Jones of

strength E0 and range s0). The force field parameters and details are given in

Refs. 49, 57, and 58. The Langevin dynamics method simulates the effect of

solvent through the noise, which is prescribed in accordance with the

fluctuation–dissipation theorem. All simulation results given below are in

reduced units (united-atom mass m of 1, equilibrium bond length ‘0 of 1, and

Lennard-Jones E0 of 1). The reduced temperature T� is equal to kT=E0 (with kT

the Boltzmann constant times the absolute temperature), the reduced free energy

is F=E0 and the reduced time is t
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E0=ms2

0

p
. The protocol of a typical simulation

is as follows. The first step is the determination of the melting temperature T�m
for the model chains (for chosen values of N and force field parameters). An

initially created random configuration is equilibrated at T� ¼ 15:0. The chain is

then quenched to T� ¼ 9:0 and crystallization is allowed to take place. Once a

single chain-folded structure is obtained, several runs are performed at heating

rates ranging from 0:0001 to 0:002T�/time units. Discontinuities are observed in

the slopes of both the total potential energy and global orientational order

parameter at the onset and ending of melting. The equilibrium melting

temperature is estimated by extrapolation of the observed melting temperatures

to zero heating rate. This temperature is approximately T� ¼ 11:0
 0:2. After
T�m is determined, a collection of chains (or an individual chain) is quenched to a

prescribed T� below T�m and the chain configurations are followed. Attempts

were made to include all hydrogen atoms explicitly in the simulations. This

computationally demanding explicit-atom model shows (Fig. 1.18) that the

crystal symmetry is orthorhombic, in agreement with the well-known

experimental result for polyethylene single crystals, instead of the hexagonal

symmetry seen in united-atom model simulations.

However, the essential mechanisms of lamellar formation and growth

are found to be the same in both the united-atom and explicit-atom

models. Only the united-atom model simulation results are therefore discussed

below.

B. Nucleation in the Very Early Stage

We first summarize the salient features of the Langevin dynamics simulation

results from the literature, and then we give a theoretical analysis.
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1. Simulations

As reported in Refs. 49 and 57, Figure 1.19 shows a typical sequence of images

depicting nucleation of a lamella by a single chain of N ¼ 700 beads. The chain

is quenched to T� ¼ 9:0 after equilibration at T� ¼ 12:0. Another example of

N ¼ 2000 (quenched to T� ¼ 9:0 from 20:0) is given in Figure 1.20. The

timesteps shown in the sequence are selected from representative configurations

during the course of crystallization.

As seen in these figures, several ‘‘baby nuclei’’ are formed, connected by the

same single chain. The strands connecting these baby nuclei are flexible with

Figure 1.18. Explicit-atom model simulation.

Figure 1.19. Snapshots of nucleation by a single chain (N ¼ 700) [49].
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considerable configurational entropy. As time progresses, the monomers in the

flexible strands are reeled into the baby nuclei while the orientational order in

each nuclei increases, making them ‘‘smectic pearls.’’ Simultaneously, the

competition between nuclei for further growth dissolves some nuclei.

Eventually, folded-chain structure emerges. Thus, the description is essentially

the same as nucleation and growth encountered in small molecular systems,

except that the polymer now is long enough to participate in several nuclei.

Immediately after the quench (t < 500 in Fig. 1.20), we observe that the

average distance between baby nuclei does not change with time. But the

number of monomers in the connectors is reduced, accompanied by an

increase in segmental orientation inside the nuclei as time increases.

To quantify this result, the structure factor Sðq; tÞ at time t and the initial

structure factor Sðq; 0Þ were computed. As seen in experiments, a scattering

peak at qmax was observed. In these simulations, qmax was found to correspond

to the spacing between baby nuclei and the peak position is essentially

independent of time in the very early stages.

Figure 1.21 contains a plot of �q=q
2 versus q2, where �q is the rate of

growth of monomer density fluctuations with wave vector q. According to the

linearized theory of spinodal decomposition for mixtures (Section VI),

Sðq; tÞ / expð2�qtÞ, where �q / q2ð1� kq2Þ, where k is a positive constant.

Therefore, a plot of �q=q
2 versus q2 must be linear with a negative slope if

spinodal decomposition is present. Some experimentalists have used this

criterion to claim that spinodal decomposition is the mechanism of polymer

crystallization at the early stage. As in experiments, we also observe that �q=q
2

versus q2 is linear with a negative slope. However, this is not evidence for

spinodal decomposition because this behavior is observed for only intermediate

Figure 1.20. Growth of smectic pearls by reeling in the connector (N ¼ 2000).
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values of q. Our results show that for small q, �q / q4, in agreement with

experiments but in disagreement with the predictions of spinodal decomposition.

To get more insight into the further growth of smectic pearls, typical

configurations at various times are presented in Figure 1.22 (t ¼ 500; 1550;
7400; 10;300; 12;850; 13;350).
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Figure 1.21. Dependence of growth rate of density fluctuations on the square of the wave-

vector [57].
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Figure 1.22. Merger of smectic pearls [57].
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For the sake of clarity, we have used two shades for the polymer, although

the chain is a homopolymer. As pointed out already, monomers in the connectors

are transferred into the growing nuclei in the very early stage.

This process continues until the connector is essentially stretched out while

keeping the average internuclei distance the same. Then, the connector is pulled

into the nuclei to varying degrees until the nuclei impinge against each other.

This is followed by a cooperative reorganization by which nuclei merge to form

a single lamella. The mechanism of the merger is not by sequentially placing

stems, but by a highly cooperative process involving all stems of the lamella.

2. Theory

We now present the simplest analytical model [60] for the origin of qmax, the

mechanism of growth of smectic pearls, and growth of density fluctuations in the

very early stages of nucleation of lamella.

a. Origin of qmax. To address why a certain average distance is maintained

between two smectic pearls at very early times, let us consider a model chain of

N beads with only two smectic pearls (containing N1 and N2 beads) connected

by a strand of m (¼ N � N1 � N2) beads (Fig. 1.23).

Let the end-to-end distance of the strand be l, which is comparable to the

average distance between the smectic pearls. Let the average energy of a bead in

either of the smectic pearls be E.
The free energy F0 of this configuration is given by

F0

kBT
¼ �ðN � mÞEþ 3

2

l2

ml2
ð1:126Þ

where the second term on the right-hand side is the entropic part from the strand

(assuming Gaussian chain statistics and l as the Kuhn length, a multiple of l0).

Minimization of F0 with respect to m gives the optimum value of m (¼ m�) for
the configuration of Figure 1.23:

m� ¼
ffiffiffiffiffi
3

2E

r
l
l

� �
ð1:127Þ

N 1

m

Λ

N 2

Figure 1.23. Model to consider connector entropy.
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Since l is roughly proportional to
ffiffiffiffiffiffi
m�
p

according to the Gaussian statistics valid

approximately before the quench, we expect

l
l
� ffiffiffiffiffiffi

m�
p � 1ffiffiffi

E
p ð1:128Þ

Thus the initial selection of average distance between the smectic pearls is

determined by E (and consequently quench depth).

b. Kinetics of Growth of Smectic Pearls. Although arguments based on

equilibrium are used above to estimate qmax, the conformation discussed above

is not in equilibrium and it evolves further by reeling in the connector. To

address how this process takes place, let us consider the time-dependent

probability WmðtÞ of finding m beads in the connector at time t. Let k1 be the

rate constant for one bead to detach from either of the smectic pearls, and k01 be
the rate constant for one bead to attach to either of the smectic pearls. Using

detailed balance to express k01 in terms of k1 and letting m be a continuous

variable, a mapping [60] with the standard arguments of the classical nucleation

theory gives the Fokker–Planck equation

qWmðtÞ
qt

¼ k1
q
qm

qðF0=kTÞ
qm

þ q2

qm2

� �
WmðtÞ ð1:129Þ

where F0 is given in Eq. (1.126). The prediction of Eq. (1.129) (solid curve) is

compared with simulation data in Figure 1.24.
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Figure 1.24. Time-dependence of average number of monomers hmi in the connector between

smectic pearls. The simulation data (filled square) are from 8 simulations corresponding to the

conditions of Figures 1.20 and 1.22; the solid line is calculated from Eq. (1.129).
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In the comparison, l is taken as an input from the simulations, E is a

parameter and the reduced time is k1t. The agreement is good, providing

qualitative support to the present theoretical model, in the initial stages. For

reduced times greater than 4000, the mechanism is not reeling in, and

consequently, simulation data deviate from the solid curve.

c. Growth of Density Fluctuations. We now generalize the model of Fig-

ure 1.23 to account [56,60] for the wavevector dependence. There are three

contributions to the free energy, F: (1) density difference c between the baby

nuclei and the amorphous background giving free-energy contribution that is

proportional to ��Tc2ð�T � T0
m � TÞ; (2) interfacial free energy given by the

square gradient of c, proportional to q2c2
q (where q is the scattering

wavevector); and (3) monomer–monomer correlation arising from the chain

connectivity of the connector participating in multiple nuclei, leading to a free-

energy contribution that is proportional to q�2c2
q (as in the Debye structure

factor for length scales shorter than Rg). Therefore the free energy of a system

with baby nuclei connected by strands is

F �
X
q

��T þ q2 þ 1

q2

� �
c2
q ð1:130Þ

where all the prefactors are left out. At this juncture of the early stage of

nucleation and growth, c evolves with time, in accordance with the relaxation of

chemical potential gradients

qcðr; tÞ
qt

’ �r � �r qF
qc

� �
ð1:131Þ

so that

qcqðtÞ
qt

¼ �q2 ��T þ q2 þ 1

q2

� �
cqðtÞ ð1:132Þ

Therefore, we expect the scattered intensity Iðq; tÞ, proportional to hc2
qðtÞi to be

exponential in time, Iðq; tÞ � expð2�qtÞ, with the rate �q ¼ q2ð�T � q2 � 1
q2
Þ

with both lower and upper cutoffs in q. If these arguments are valid,�q=q
2 should

rise sharply with q2, reach a maximum, and then decrease at higher q values.

These predictions are fully consistent with the experimental [10] and

simulation [57] observations on Iðq; tÞ and �q. If the mechanism is simply a

spinodal decomposition into two liquid phases, then �q=q
2 should show a

monotonic linear decrease from a finite positive value at q! 0 with a slope

independent of quench depth, which is not experimentally observed during
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polymer crystallization. Thus, the mechanism of polymer crystallization even in

the very early stage is nucleation and growth with an additional contribution

arising from chain connectivity. When the original baby nuclei have grown into

lamellae comparable to or larger in size than Rg, their further growth is dictated

essentially by the nature of the growth front.

C. Spontaneous Selection of Lamellar Thickness

1. Simulations

Many simulations of n chains, each with N beads, such that nN � 15;000 and the
volume fraction of the polymer f � 0:5, have been performed at different

quench depths. The key observations are summarized below.

a. Quantization of Lamellar Thickness. The initial lamella formed as

described in Section II, is typically thin and small. However, over a period of

time, it thickens.

The lamellar thickening proceeds through many metastable states, each

metastable state corresponding to a particular number of folds per chain, as

illustrated in Figure 1.25. This quantization of number of folds has been

observed in experiments [25], as already mentioned. The process by which a

state with p folds changes into a state with pþ 1 folds is highly cooperative. The

0 5000 10000 15000 20000

Time

13.0

14.0

15.0

16.0

17.0

R
g

4 folds

3 folds

2 folds

Figure 1.25. Quantized lamellar thickening, where Rg is the radius of gyration of the

lamella [49].

48 m. muthukumar



precursor ‘lives’ in a quiescent state for a substantial time and ‘‘suddenly’’ it

converts into the next state. By a succession of such processes, crystals thicken.

If the simulation is run for a reasonably long time, the lamella settles down to

the ‘‘equilibrium’’ number of folds per chain.

b. Lamellar Thickness and Quench Depth. The lamellar thickness L, after the

thickening is apparently complete, is found in the simulations to obey the law

L ¼ C1

�T�
þ C2 ð1:133Þ

where C1 and C2 are constants; for details, see Ref. 49. This relation was already

observed experimentally [24]. Although the kinetic theory of Lauritzen and

Hoffman predicts the same law as Eq. (1.133), it predicts a divergence in L at

lower undercoolings. The simulations do not show any evidence for such a

catastrophe.

c. Free-Energy Landscape. In an effort to quantify the free energies of

different quantized states and free-energy barriers separating these states, the

free-energy landscape has been calculated as a function of a measure, L, of

lamellar thickness of single chains at a given quench depth and utilizing a

histogram technique [58]. For example, the estimated free energy FðLÞ for
N ¼ 200 at a quench depth of approximately 2:0 is given in Figure 1.26(a)

exhibiting several wells. Each well corresponds to a different number of stems

in the lamella. For example, six, five, and four stem structures are observed for

chains composed of 200 united atoms. Increasing the number of united atoms

results in the addition of more wells. For example, the free-energy profile

[Fig. 1.26(b)] for N ¼ 300 displays additional wells. As N increases, the chains

increase the number of stems in the crystal to accommodate the optimum crystal

thickness.

The minimum in FðLÞ is observed to be near L=‘0 ’ 9 for all chain lengths

examined. It is to be noted that this minimum is the global minimum and the

barrier between this state and other thicker lamellae increases prohibitively as

the thickness increases. These simulations strongly suggest that a lamellar

thickness that is much smaller than the extended chain thickness is actually an

equilibrium result.

2. Theory

Motivated by simulation results, we now consider a theoretical model [60] that

allows an exact calculation of the equilibrium lamellar thickness. Consider a

nucleus sketched in Figure 1.27, of thickness L ¼ ml and radius R. For each of

the n chains, let there be m stems (and m� 1 loops and two chain tails), each of

length L.
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Let E > 0 be the energy gain per segment in the nucleus (in units of kT) and

s0 be the lateral surface free energy per unit area. The free energy Fm;m per chain

in the nucleus of Figure 1.27 is given by

Fm;m

kT
¼ �mmEþ s

ffiffiffi
m
p

m� ln Zm;m ð1:134Þ
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Figure 1.26. Free-energy landscape for (a) N ¼ 200 and (b) N ¼ 300.
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where s ¼ 2
ffiffiffi
p
p

s0l2. The third term on the right-hand side is due to the entropy

associated with different ways of realizing loops and tails on the two fold

surfaces. The partition sum of a loop of p monomers in semiinfinite space with

ends at R11 and X11 (both located on the fold surface) is given by

gloopðpÞ ¼ 2
3

2ppl2

� �3=2

exp � 3ðR11 � X11Þ2
2pl2

" #
½1� ffiffiffi

p
p

�e�
2

erfcð�Þ� ð1:135Þ

with � ¼ c
ffiffiffiffiffi
6p
p

and c is the strength of the interaction pseudopotential at the

fold surface. For a tail of p segments in semiinfinite space, the partition sum is

gtailðpÞ ¼ e�
2

erfcð�Þ ð1:136Þ

Since the contour lengths of loops and tails are quite short (c
ffiffiffi
p
p

is small), as

evident in the simulations, gloop and gtail approach the limits

gloopðpÞ ! 2
3

2ppl2

� �3=2

exp � 3ðR11 � X11Þ2
2pl2

" #

and

gtailðpÞ ! 1 ð1:137Þ

By following the field-theoretic technology of Ref. 61 and choosing a cutoff of

lc for (R11 � X11), the partition sum Zm;m for distributing (N � mm) segments
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Figure 1.27. Role of loop entropy on the fold surface free energy.

nucleation in polymer crystallization 51



among (m� 1) loops and 2 tails without breaking the chain connectivity is given

by

Zm;m ¼ 4
1

vb0

� �m�1
ðN � mmÞ z2

2
þ 1

4

� �
erfcðzÞ � z

2
ffiffiffi
p
p e�z

2

� �
ð1:138Þ

where

z ¼ ðm� 1Þb0
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N � mm
p ð1:139Þ

with b0 ¼
ffiffiffi
6
p

lc=l and v ¼ pl3=3
ffiffiffi
6
p

.

Substitution of Eq. (1.138) into Eq. (1.134) gives the free-energy landscape

in terms of the lamellar thickness (�m) and width (�m) per chain for a given

choice of E, s, and lc. The remarkable consequence of the entropic part of Fm;m

is that Fm;m has a global minimum for a finite value of m.

This is illustrated in Figure 1.28, where Fm;m=kBT is plotted against m and

m for a representative set of E ¼ 1, s ¼ 5, N ¼ 1000, lc=l ¼
ffiffiffiffiffiffiffiffiffiffi
32=3

p
,

v=l3 ¼ p=3
ffiffiffi
6
p

. For the case of Figure 1.28, the global minimum (the ground

state) is at m� ¼ 14:26 and m� ¼ 45:3. This result is to be contrasted with the

standard model of Figure 1.9, where the fold surfaces are simply treated as

Figure 1.28. Chain entropy leads to thermodynamic stabilization of finite lamellar thickness.
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planar interfaces with fold surface free energy sf per unit area. In the latter

case, the free energy of the nucleus is given by

�F

kBT
¼ �mmEþ s

ffiffiffi
m
p

mþ 2msf ð1:140Þ

In terms of the critical nucleus (mc ¼ 4sf =E, mc ¼ ðs=EÞ2, �Fc=kBT ¼
Emcmc=2), �F becomes

�F ¼ �2�m�mþ 2�m
ffiffiffi
�m
p þ ffiffiffi

�m
p ð1:141Þ

where �m ¼ m=mc, �m ¼ m=mc and �F ¼ �F=�Fc. The free-energy landscape of

Eq. (1.141) is given in Figure 1.10, and the lamella grows into infinitely large

dimensions in all directions. In contrast, the exactly solved model of Figure 1.27

and Eqs. (1.126)–(1.139) show that finite lamellar thickness (much smaller than

the extended chain value) is actually the equilibrium description.

D. Kinetics at Growth Front

Very long simulations have been carried out with as many as 15,000 united

atoms with the following protocol. First, a single-chain crystal is placed at the

origin. Next, a self-avoiding random chain is placed at a random location on a

sphere whose radius is 1.5 times the radius of gyration of the crystal. The new

system is equilibrated with the Langevin dynamics algorithm for 5000 time

units. If the chain fails to add any segments to the crystal by the end of the

addition period, the run is rejected and the crystal’s coordinates are reset to their

values at the beginning of the period. A new attempt to add a chain is then

made. If the chain adds to the crystal, the process is repeated by moving the

crystal to the origin and adding a new self-avoiding random chain to the

simulation. Figure 1.29 illustrates the addition of the 40th chain to a 39 chain

crystal for kBT=E ¼ 9:0.
The crystal reels in the chain one segment at a time, and then crystallographi-

cally attaches each to the growth face. This process continues until the entire

chain is incorporated into the crystal. Once adsorbed, the chain continues to

rearrange until its fold length is commensurate with that of the growth face. The

rate-limiting step for the addition of the chain to the crystal is the diffusive

contact with the surface. Once a few segments have come into contact with

the crystal, the chain rapidly adds to the growth front. The numerical estimate of

the free energy F½s� as a function of the number of segments added to the crystal

is given in Figure 1.30.

The addition of a new chain at the growth front is not hindered by a barrier,

in contradiction with the underlying assumptions of the LH theory.

Simultaneous to the addition of new chains at the growth front, chains inside
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Figure 1.29. Adsorption of a new chain at the growth front [58].
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Figure 1.30. Absence of free-energy barrier for attachment of a new chain at the growth

front [58].

54 m. muthukumar



the lamella move cooperatively. The center of mass of the lamella diffuses in

space while the lamella thickens by a process of internal rearrangements; for

details, see Ref. 58. The mean squared displacement of a labeled monomer

varies with the elapsed time t with an effective power law of t0:74 by shuffling

back and forth between the lamellar and amorphous regions.

If the growth front is frozen, the crystallization at the growth front depends

crucially on the commensurability between the thickness of the growth front and

the length of crystallizing chains. For details, see Ref. 49. A collection of

polydisperse chains gets effectively fractionated at the growth front.

E. Crystallization in an Elongational Flow

In the Langevin dynamics simulations [62], there is an additional force Ŝri
acting on ith bead, where ri is its position and

Ŝ ¼ _E
� 1

2
0 0

0 � 1
2

0

0 0 1

0@ 1A ð1:142Þ

with the parameter _E setting the flow rate. As expected, the chains undergo coil–

stretch transition in the presence of flow and the melting temperature is elevated.

For example, at the reduced temperature of 11.0 (which is the extrapolated

melting temperature in reduced units for the united-atom model described above

in the quiescent state) folded chains are readily formed in the presence of flow.

Several simulation runs were performed for a wide range of flow rates for

chains of N ¼ 180 beads. To ensure that the system is in the state of lowest free

energy and to avoid the chain being in a metastable state, two initial

conformations of the chain were chosen. One initial conformation is a random

chain equilibrated at the given temperature without any flow. The second

initial conformation is a fully extended chain obtained by equilibrating it at

extremely high flow rate ( _E ¼ 4:0). Data were collected after the two chains

with different initial conformation are in the same state, either coil or stretched

polymer. The stagnation point at r ¼ 0 is unstable. In order to avoid the chain to

be drifted away from the coordinate origin, the center of the mass of the

polymer is fixed at r ¼ 0.

Figure 1.31 shows the square of the radius of gyration of the chain as a

function of the flow rate _E at relatively low temperature (T ¼ 9:0).
A discontinuous coil–stretch transition is evident at _Ec ¼ 0:000725. The

transition point _Ec was found by using two different initial conformations as

described above. For values lower than _Ec, the random chain will eventually coil

and form a folded-chain crystalline structure and stay in that conformation until

the end of the run for relatively long run times. On the other hand, a prestretched

chain would fluctuate and eventually form a crystallized folded chain that is

nucleation in polymer crystallization 55



stable. Similarly, for flow rates higher than _Ec, a prestretched chain will never

coil and a random chain will eventually stretch.

At a higher temperature T ¼ 11:0, for flow rates near the transition rate _Ec,
the free-energy barrier between the coiled and stretched conformation is much

lower than for T ¼ 9:0. The chain can therefore explore the phase space and

jump back and forth from the coiled to the stretched states. Similar behavior has

already been observed in Refs. 63 and 64. Figure 1.32 illustrates this feature.
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Figure 1.31. Radius of gyration squared as a function of flow rate for a chain of N ¼ 180 and

T ¼ 9:0.

Figure 1.32. Radius of gyration squared as a function of time for N ¼ 180, T ¼ 11:0, and
_E ¼ 0:00075.
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From Figure 1.32, the free energy can be calculated according to

FðRgÞ ¼ �kT ln
tðRgÞ
ttot

� �
ð1:143Þ

where tðRgÞ is the time the system spends in states with a radius of gyration

between Rg and Rg þ�Rg and ttot is the total time. �Rg is chosen to be 2r0.

Figure 1.33 shows the free energy of the chain at T ¼ 11:0 for flow rates:

(1) below, (2) very close to the transition, and (3) above the transition. It is clear

that at the transition the stretched and the folded state coexist.

Making the flow rate higher or lower will change from stable to metastable

the folded or the stretched state, respectively. The effects of hysteresis

associated with this first-order discontinuous transition play an important role in

the formation of composite crystalline structures.

When simulations were performed with many chains of uniform length,

some chains were stretched out and aggregated among themselves to form

the shish, whereas other chains formed folded structures that in turn attached

to the shish, initiating the formation of kebabs. This is attributed to the coexisting

populations of stretched and coiled states. This feature is much more

pronounced if the chains have different lengths. For a given flow rate, the

longer chain is predominantly in the stretched state and the shorter chain is
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Figure 1.33. The free energy F versus RgðN ¼ 180Þ; (a) _E ¼ 0:0006; (b) _E ¼ 0:00075; (c) _E ¼
0:0009.
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predominantly in the coiled state. Now the shish is formed by the crystallization

of stretched chains and the kebabs are mostly from the shorter chains.

To follow the crystallization of kebabs around a shish, the dynamics of 10

short chains (N ¼ 180) near a preformed shish (from seven chains of length

N ¼ 500) were followed at T ¼ 9:0, by fixing the center of mass of the shish.

The initial position of the short free chains was chosen at random in a cylinder

around the shish, with radius 30r0 and hight of 60r0. Each run started with

different initial conditions. Figure 1.34 shows one such initial state.

The flow rate is then maintained at _E ¼ 0:0001 (lower than _Ec corresponding
to N ¼ 180), and the short chains are allowed to assemble on the shish.

Figure 1.35 illustrates nine examples of the structures obtained in these

simulations. It is clear that the chains group into crystallized kebabs on the shish

surface. There are only very few areas where the chains are partially or

completely stretched under the influence of the shish template. The dominant

mode of crystal nucleation on the shish is growth of folded chains grouped into

lamellar nuclei. Also, some of the chains do not join the central structure but

drift away from it leaving a large gap on the shish between them. These

simulations show clearly that the presence of ordered template (the shish)

influences the nucleation of lamellae and formation of kebabs. Some of

the chains, when in contact with the shish, will stretch almost completely.

However, these highly stretched chains are not dominant compared to the highly

folded bundles that form crystalline kebabs around the shish. Also, none of the

Figure 1.34. An example of initial position of chains for the kebab formation simulation.

Figure 1.35. Nine examples of freely formed kebabs.
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highly stretched chains formed a structure with part of it stretched and attached

to the shish and part of it in folded crystalline lamella. The formation of kebabs

in these simulations is clearly growth of lamellae, nucleated on the shish.

Next, in order to study the stability of the kebabs the flow rate was set at
_E ¼ 0:001 and four, initially equilibrated (i.e., in a precrystallized conforma-

tion), short chains were added per t ¼ 2000 with initial position of 20r0 length

units away from the stagnation point in the x and y directions. They form a

kebab around the shish that was preformed. This procedure was repeated up to

44 short chains in the kebab as shown in Figure 1.36.

The kebab is stable even though _E is larger than _Ec for a single short chain.

The kebab has uniform thickness and does not seem to resemble the flow

contour. It must be stressed that the thickness of the kebabs formed this way is

determined independent of the presence of the shish. The short chains are

precrystallized before they are incorporated in the kebab. The kebab formed this

way is influenced very little by the shish, except for the fact that it was

nucleated on it. The presence of already formed kebabs clearly modifies the

flow, a feature that is not present in these simulations. The flow, however, is

modified in a way that it must be zero in the already formed shish and kebabs.

This will result in greater stability of the structures that are observed and

therefore only emphasize the results in this section. Finally, when the rate of

addition of the chains was lowered to one per t ¼ 5000, most of the short chains

stretched completely as shown on Figure 1.37.

Thus kinetics of the process clearly plays an important role in the kebab

formation.

Figure 1.36. A stable shish (7 chains) and kebab (44 chains).
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VIII. CONCLUSIONS

The main results derived from Langevin dynamics simulations and theoretical

considerations are as follows.

A. Initial Crystals

The mechanism of polymer crystallization at very early stages is nucleation and

growth, although the computed scattering intensity can be superficially fitted, as

in the synchrotron measurements of crystallizing polymers, to a spinodal

decomposition description at intermediate wavevectors. The key feature that

distinguishes polymers from small molecules at early stages of crystallization is

that in the case of polymers, a single chain can participate in several nuclei. This

is responsible for the spontaneous selection of a particular scattering wavevector

at which the scattered intensity is a maximum.

B. Spontaneous Selection of Finite Lamellar Thickness

Historically, it had been believed that the finite lamellar thickness observed in

experiments is completely due to kinetic control and that, if sufficient time is

granted for the lamellae, the thickness would progressively grow to the extended

chain value. The exact enumeration calculations and an exactly solvable model

Figure 1.37. An example of completely stretched kebab grown with very slow rate.
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discussed above show that this longstanding view might not be correct in

general. The equilibrium thickness can be finite and much smaller than the

extended-chain value. Before attaining the equilibrium thickness, the crystal

evolves through several metastable ‘‘quantized’’ states with smaller lamellar

thickness.

C. Kinetics at Growth Front

The growth at the crystalline interface is chain adsorption followed by

crystallographic registry. This step is not hindered by a barrier. The newly

added, folded chains undergo a rearrangement on the growth front to form stems

that are commensurate with the crystal thickness at the growth front.

Meanwhile, all chains in the growing lamella undergo significant dynamics,

such that the center of mass of a labeled chain can be significantly displaced.

These results challenge the conventional Lauritzen–Hoffman theory and its

generalizations. More systematic modeling work is necessary to monitor the

onset of entropic barriers at the growth front when many polymer chains are

adsorbing at the growth front.

D. Molecular Origins of Shish-Kebab Morphology

Emergence of shish-kebabs in polymer crystallization under extensional flow is

intimately related to the discontinuous coil–stretch transition of isolated chains.

The computed free-energy landscape shows that there are in general two

populations of stretched and coiled conformations at a given flow rate, even for

monodisperse chains. While the stretched chains crystallize into shish, the

coiled chains first form single-chain lamellae and then adsorb to the shish

constituting the kebabs. Any local inhomogeneity in polymer concentration

dramatically alters the population of stretched and coiled conformations, thus

significantly influencing the onset of shish-kebab morphology. The propensity

of kebabs is reduced by lowering the rate of crystallization and/or increasing the

flow rate.

Although these results illustrate the inadequacies of the underlying

assumptions of the classical theories, alternate analytically tractable theories

accounting for newly discovered features have not yet emerged. The primary

focus of this review is isolated lamellae. We have not discussed the fundamental

issues behind the formation of hierarchy of morphological features starting from

packing of monomers in unit cells at atomic length scales to packing of

spherulites at macroscopic length scales. Specifically, how do lamellae branch

out and form spherulites? What is the structure of the core of a spherulite, and

why does the spherulite grow radially and linearly with time? Under what

conditions are spherulites unstable? Why do the lamellae inside spherulites

helically twist, although the lamellae are made up of achiral molecules? These

are only a few of the intriguing puzzles in polymer crystallization.
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I. INTRODUCTION

The internal dynamics of polymers and other molecules in solution are often

well described by mechanical models in which the relative positions and/or

orientations of parts of a molecule are subject to geometric constraints. In

atomistically detailed treatments, constrained classical mechanical models may

be used to mimic the constraints imposed on bond lengths and/or bond angles

by quantum chemistry. More phenomenological models of polymer molecules

as rigid rods, rigid dumbbells, freely jointed chains, freely rotating chains, and

inextensible wormlike chains also have a long history, both as illuminating toys

(such as the freely jointed chain model) and as realistic but coarse-grained

descriptions of certain classes of molecule (such as the rigid-rod and wormlike

chain models).
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Constraints may be introduced either into the classical mechanical equations

of motion (i.e., Newton’s or Hamilton’s equations, or the corresponding inertial

Langevin equations), which attempt to resolve the ballistic motion observed

over short time scales, or into a theory of Brownian motion, which describes

only the diffusive motion observed over longer time scales. We focus here on

the latter case, in which constraints are introduced directly into the theory of

Brownian motion, as described by either a diffusion equation or an inertialess

stochastic differential equation. Although the analysis given here is phrased in

quite general terms, it is motivated primarily by the use of constrained

mechanical models to describe the dynamics of polymers in solution, for which

the slowest internal motions are accurately described by a purely diffusive

dynamical model.

The theory of Brownian motion for a constrained system is more subtle

than that for an unconstrained system of pointlike particles, and has given rise to

a substantial, and sometimes confusing, literature. Some aspects of the problem,

involving equilibrium statistical mechanics and the diffusion equation,

have been understood for decades [1–8]. Other aspects, particularly those

involving the relationships among various possible interpretations of the

corresponding stochastic differential equations [9–13], remain less thoroughly

understood. This chapter attempts to provide a self-contained account of the

entire theory.

The chapter is organized as follows. Section II presents most of the notation

that is used here to describe constrained systems. Section III reviews the

equilibrium statistical mechanics of constrained systems. There, we review the

differences between the results obtained for ‘‘rigid’’ mechanical models, in

which rigorous geometric constraints are introduced into the inertial equations

of motion, and ‘‘stiff’’ models, in which constraints are approximately imposed

by a stiff potential energy. Sections IV and V both discuss the diffusion equation

for constrained systems. In Section IV, a generic diffusion equation is obtained

by simple phenomenological arguments. In Section V diffusion equations for

both rigid and stiff systems are instead derived from a slight extension of the

phase space kinetic theory given for rigid systems by Bird, Curtiss, Armstrong,

and Hassager [3,4]. Both the equilibrium distribution and diffusion equation are

presented Sections III–V in generalized coordinates. Section VI introduces

some of the machinery necessary to instead describe the motion of a constrained

system in terms of Cartesian particle positions. Sections VII establishes a link

between language of diffusion equations and the language of stochastic

processes, by defining drift velocity vectors and diffusivity tensors for random

diffusion process, in both generalized and Cartesian coordinates, and by giving

expressions for the values required for a random process to generate a

probability distribution that obeys the desired diffusion equation. Section VIII

introduces the mathematical notions of generalized projection tensors and
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generalized reciprocal vectors, which prove useful in the analysis of Cartesian

Langevin equations for constrained systems. Section IX is a self-contained

discussion of the use of nonlinear stochastic differential equations to describe

Brownian motion, the relationships between several different possible ways of

formulating and interpreting such equations, and their application to constrained

Brownian motion, in both generalized and Cartesian coordinates. Section X

discusses several algorithms for simulating constrained systems of point

particles in Cartesian coordinates. Section XI presents analytic expressions for

the stress tensor of a constrained system of point particles, and Section XII

discusses two related methods of using the forces generated in a stochastic

simulation to evaluate this stress.

II. GEOMETRY AND NOTATION

This section presents the notation for generalized coordinates, constraints, basis

vectors, and tensors that is used throughout the paper. We consider a system

consisting of N pointlike particles (beads) with positions R1, . . . , RN with

masses m1, . . . , mN . The positions of the beads are subject to K holonomic

constraints, of the form

ciðR1; . . . ;RNÞ ¼ const ð2:1Þ

with i ¼ 1, . . . , K. The subspace within which these constraints are satisfied

forms an f ¼ 3N � K dimensional hypersurface within the unconstrained 3N

dimensional space, which we will refer to as the ‘‘constraint surface.’’ In what

follows, we will consider both ‘‘rigid’’ systems, in which the system is

rigorously confined to the constraint surface; and ‘‘stiff’’ systems, in which the

system is forced to remain very near the constraint surface by a potential

function with a very steep ‘‘valley’’ along this surface. Bead positions

in mechanical states that satisfy the constraints may be parameterized as

functions

Rm ¼ Rmðq1; . . . ; q f Þ ð2:2Þ

of some set of f ¼ 3N � K generalized coordinates q1; . . . ; q f , where m ¼
1; . . . ;N. We also define an extended set of 3N generalized coordinates

Q ¼ fQ1; . . . ;Q3Ng consisting of both the ‘‘soft’’ coordinates q1; . . . ; q f

68 david c. morse



introduced in Eq. (2.2) and K ‘‘hard’’ coordinates given by the constrained

quantities c1; . . . ; cK , such that

Qa � qa for a ¼ 1; . . . ; f
ca�f for a ¼ f þ 1; . . . ; 3N

�
ð2:3Þ

where a ¼ 1; . . . ; 3N. The following conventions will be used throughout for

indices of bead positions, soft coordinates, constraints, and generalized

coordinates:

m; n; . . . ¼ 1; . . . ;N beads

i; j; . . . ¼ i; . . . ;K constraints

a; b; . . . ¼ 1; . . . ; f soft coordinates

a; b; . . . ¼ 1; . . . ; 3N all coordinates

ð2:4Þ

The symbol qa will thus be used to indicate a soft coordinate and Qa to indicate a

coordinate that could be either soft or hard. The ranges of summation for each

type of index will be those indicated above, and summation over repeated indices

will be implicit, unless stated otherwise.

Placement of indices as superscripts or subscripts follows the conventions of

tensor analysis. Contravariant variables, which transform like coordinates, are

indexed by superscripts, and coavariant quantities, which transform like

derivatives, are indexed by subscripts. Cartesian and generalized velocities _RRm

and _QQa are thus contravariant, while Cartesian and generalized forces, which

transform like derivatives of a scalar potential energy, are covariant.

A. Basis Vectors

For each coordinate Qa in the full space, we may define a covariant basis vector

qRm=qQa and a contravariant basis vector qQa=qRm, which obey orthogonality

and completeness relations

qRm

qQa �
qQb

qRm ¼ dba ð2:5Þ

qQa

qRm
qRn

qQa ¼ Inm ð2:6Þ
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in the 3N-dimensional Euclidean space of all N bead positions. Here, and in what

follows

Inm ¼ Idnm ð2:7Þ

denotes the Euclidean identity tensor, which may be labeled with either

subscripted or superscripted bead indices, depending on context, so that

Inm ¼ Imn ¼ Imn.

Any 3N-dimensional Cartesian vector that is associated with a point on the

constraint surface may be divided into a ‘‘soft’’ component, which is locally

tangent to the constraint surface; and a ‘‘hard’’ component, which is per-

pendicular to this surface. The soft subspace is the f -dimensional vector space

that contains all 3N dimensional Cartesian vectors that are locally tangent to the

constraint surface. It is spanned by f covariant tangent basis vectors

ama �
qRm

qqa
ð2:8Þ

with a ¼ 1; . . . ; f . Cartesian bead velocities of a constrained system must, for

example, lie within this soft subspace. The hard subspace is the K-dimensional

space of 3N vectors that are perpendicular to a particular point on the constraint

surface. This space is spanned by the K contravariant normal basis vectors

nim �
qci

qRm ð2:9Þ

with i ¼ 1; . . . ;K. Constraint forces, by d’Alembert’s principle, must lie within

the hard subspace.

B. Mobility, Mass, and Metric Tensors

Hydrodynamic and frictional effects may be described by a Cartesian mobility

tensor Hmn, which is generally a function of all of the system coordinates. In

models of systems of beads (i.e., localized centers of hydrodynamic resistance)

with hydrodynamic interactions, Hmn is normally taken to be of the form

Hmn ¼ ��1Imn þXðRm � RnÞ ð2:10Þ
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where � is a phenomenological friction coefficient, andX is the Oseen or Rotne-

Prager-Yamakawa tensor [14,15] for m 6¼ n. The Cartesian friction tensor fmn is
the inverse of Hmn, so that

flm �Hmn ¼ Inl ð2:11Þ

It will be assumed throughout that Hmn and fmn are symmetric positive-definite

tensors. We write the mobility as a contravariant tensor, with raised bead indices,

to reflect its function; the mobility Hmn may be contracted with a covariant force

vector Fn (e.g., the derivative of a potential energy) to produce a resulting

contravariant velocity Hmn � Fn.

To describe inertial effects, we introduce a Cartesian mass tensor

mmn ¼ mm Imn ð2:12Þ

with no summation over m, where the diagonal element mm is the mass of bead m.
The corresponding inverse mass tensor is given by ðm�1Þmn ¼ m�1m Imn, with

no summation over m. We write the mass as a covariant tensor because it may

be contracted with two contravariant velocities to produce a scalar kinetic

energy

K ¼ 1

2
_RRm �mmn � _RRn ð2:13Þ

or contracted with a single velocity to produce a covariant momentum Pm ¼
mmn � _RRn, whose time derivative is given by a covariant force _PPm ¼ Fm.

Representations of these and other tensors in an arbitrary system of

coordinates may be constructed as follows. For each contravariant rank 2

Cartesian tensor Tmn (such as Hmn) or covariant tensor Smn (such as mmn), we

define corresponding Riemannian representations

Tab � qQa

qRm � Tmn � qQ
b

qRn ð2:14Þ

Sab � qRm

qQa � Smn �
qRn

qQb ð2:15Þ
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A Riemannian mobility tensor Hab and friction tensor �ab, for example, are thus

defined by taking Tmn ¼ Hmn in Eq. (2.14) and Smn ¼ fmn in Eq. (2.15),

respectively. When (as in this example) Tmn and Smn are Cartesian inverses of

one another, so that Tlm � Smn ¼ Iln , then the corresponding Riemannian tensors

Tab and Sab are also inverses, so that TabSbg ¼ dag .
A covariant metric tensor gab and contravariant inverse metric tensor Gab in

the full space are given by

gab � qRm

qQa �
qRm

qQb ð2:16Þ

Gab � qQa

qRm �
qQb

qRm ð2:17Þ

These are covariant and contravariant representations of the Cartesian identity

tensor, and inverses of each other.

The determinant of a tensor will be denoted in what follows by the symbol

for the tensor, without indices. The determinant of the 3N � 3N matrix gab is

given by

g ¼ det
qR
qQ

� �� �2

ð2:18Þ

Note that
ffiffiffi
g
p � det qR

qQ

h i
is the determinant of the 3N � 3N transformation matrix

qRm=qQa, which gives the Jacobian for the transformation from generalized to

Cartesian coordinates. This follows from the fact that the right-hand side (RHS)

of Eq. (2.16) for gab is a matrix product of this transformation matrix with its

transpose, and that the determinant of a matrix product is a product of

determinants. By similar reasoning, we find that

m ¼ ðm1m2 � � �mNÞ3g ð2:19Þ

where the product of bead masses is the determinant of the Cartesian mass matrix

mmn. This is shown by noting that the RHS of Eq. (2.15) for mab, with Smn ¼ mmn,

is a matrix product of the transformation matrix, the Cartesian representation of

the mass tensor mmn as a diagonal 3N � 3N matrix, and the transposed

transformation matrix.
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C. Projected Tensors

For each covariant rank 2 tensor Smn (with two subscripted indices) we define a

projection onto the soft subspace

~SSab ¼ ama � Smn � anb ð2:20Þ

which is denoted by the use of a tilde over the generic symbol for the tensor. The

elements of this projected tensor are the same as those of the full tensor Sab for

subscripts a; b ¼ 1; . . . ; f . Specificially, we define projected metric, mass, and

friction tensors

~ggab � ama � amb ð2:21Þ
~mmab � ama �mmn � anb ð2:22Þ
~��ab � ama � fmn � anb ð2:23Þ

for a; b ¼ 1; . . . ; f .
For each rank 2 contravariant Riemannian tensors Tmn (with two raised

indices) we define a K � K projection onto the hard subspace

T̂T ij � nim � Tmn � njn ð2:24Þ

indicated by a caret over the symbol for the full tensor, whose elements are equal

to those of the full tensor Tab for subscript values a ¼ iþ f and b ¼ jþ f

corresponding to the hard coordinates. Specifically, we define projected inverse

metric, inverse mass, and mobility tensors

ĜG ij � nim � njm ð2:25Þ
ðdm�1m�1Þij � nim � ðm�1Þmn � njn ð2:26Þ

ĤH ij � nim �Hmn � njn ð2:27Þ

for indices i; j ¼ 1; . . . ;K.
Fixman has shown [2] that, for any covariant symmetric tensor Sab defined in

the full space, with an inverse Tab ¼ ðS�1Þab in the full space, the determinants
~SS and T̂T of the projections of S and T onto the soft and hard subspaces,

respectively, are related by

~SS ¼ ST̂T ð2:28Þ
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Specifically, this implies that ~gg ¼ gĜG, ~mm ¼ mdm�1m�1, and ~�� ¼ �ĤH. A proof of this

theorem is given in the Appendix, Section B.

III. THERMAL EQUILIBRIUM

Here, we review the equilibrium statistical mechanics of constrained systems.

Constrained models of Brownian motion may be derived from either ‘‘rigid’’ or

‘‘stiff’’ mechanical models. In a rigid model, geometric constraints are

rigorously imposed at the level of the underlying inertial equations of motion.

In a stiff model, values some set of ‘‘hard’’ variables (e.g., bond lengths, or

relative bond angles) are approximately constrained by a stiff potential energy.

Seemingly equivalent rigid and stiff classical mechanical models, with the same

potential energy function within the constraint surface, have long been known

[1–8] to yield different thermal equilibrium probability distributions for ‘‘soft’’

coordinates, such as the bond orientations of a linear polymer.

A. Rigid Classical Systems

The equilibrium phase space distribution rðq; pÞ for a rigid system of f

coordinates is given by the Boltzmann distribution

reqðq; pÞ / e�Hðq;pÞ=kT ð2:29Þ

where Hðq; pÞ is the system Hamiltonian, and where q and p are shorthand for

lists of soft coordinates q � fq1; . . . ; q f g and canonical Hamiltonian momenta

p � fp1; . . . ; p f g. To define Hamiltonian momenta, we first expand the velocity

as _RRm ¼ ama _qqa in order to rewrite kinetic energy (2.13) in terms of generalized

coordinates and velocities, as

Kðq; _qqÞ ¼ 1

2
~mmab _qq

a _qqb ð2:30Þ

where ~mmab is as defined in Eq. (2.22). The canonical Hamiltonian momenta are

pa � qKðq; _qqÞ
q _qqa

¼ ~mmab _qq
b ð2:31Þ

The Hamiltonian for a system with potential energy U is then

H ¼ 1

2
ð~mm�1Þabpapb þ UðqÞ ð2:32Þ

where ð~mm�1Þab is the matrix inverse of the f � f matrix ~mmab.
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The reduced distribution of values for the coordinates alone (e.g., of bond

orientations for a linear polymer with constrained bond lengths) is given by the

integral

cðqÞ ¼
ð
dp rðq; pÞ ð2:33Þ

in which
Ð
dp � Ð dp1 � � � Ð dpf denotes an integral over all f momenta. The

equilibrium reduced distribution is obtained by substituting Eq. (2.29) for r in

Eq. (33). Evaluating the resulting f -dimensional Gaussian momentum integral

yields

ceqðqÞ /
ffiffiffiffi
~mm
p

e�U=kT ð2:34Þ

where ~mm ¼ ~mmðqÞ is the determinant of the matrix ~mmabðqÞ.
The corresponding analysis for an unconstrained system in Cartesian

coordinates, in which all 3N coordinates are treated as ‘‘soft,’’ yields a constantffiffiffiffi
m
p ¼ ðm1 � � �mNÞ3=2 for the determinant of the mass matrix, which affects only

the constant of proportionality, and thus yields a naive Boltzmann distribution

ceqðRÞ / e�UðRÞ=kT . Analysis of an unconstrained system in generalized

coordinates yields a value for
ffiffiffiffi
m
p

that depends on the system coordinates,

but that, by Eq. (2.19), is simply proportional to the Jacobian
ffiffiffi
g
p

for the

transformation between generalized and Cartesian coordinates. The result for a

rigid system may be related to that for an unconstrained system by noting that

~mm ¼ mdm�1m�1, by Eq. (2.28), and that m / g in the full space, to obtain

ceqðqÞ /
ffiffiffiffiffiffiffiffiffiffiffi
gdm�1m�1

q
e�U=kT ð2:35Þ

where dm�1m�1 is the determinant of the projected tensor defined in Eq (2.26).

B. Stiff Classical Systems

In a stiff system, no variables are constrained, but the total potential energy of

the system, which will be denoted by VðQÞ, has a sharp minimum (i.e., an f -

dimensional valley) along the constraint surface. To describe slight deviations

from the constraint surface, we may Taylor expand VðQÞ to harmonic order

around its value on the constraint surface, which will be denoted by UðqÞ. This
yields

VðQÞ ’ UðqÞ þ 1

2
DijðqÞdcidc j ð2:36Þ

where dci is the deviation of a hard variable ci from its constrained value and

DijðqÞ is a matrix of second derivatives of V with respect to the hard variables,
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i.e., a matrix of generalized spring constants. The constraint surface is

implicitly defined here as the surface along which qVðQÞ=qci ¼ 0 for all

i ¼ 1; . . . ;K.
The distribution of generalized coordinates in the full space of both soft and

hard coordinates may be described by a probability distribution YðQÞ. The
equilibrium distribution in the full space is obtained by integrating over the

momenta, as for the rigid model, while treating all of the coordinates for this

purpose as soft. This yields an equilibrium distribution

YeqðQÞ /
ffiffiffiffi
m
p

e�VðQÞ=kT ð2:37Þ

where
ffiffiffiffi
m
p

is the determinant of the mass matrix mab in the full space.

The desired reduced distribution cðqÞ for the soft coordinates alone is given
by the integral

cðqÞ �
ð
dcYðQÞ ð2:38Þ

where
Ð
dc � Ð dc1 � � � Ð dcK denotes an integral over all of the hard coordinates.

By using the equilibrium distribution YeqðQÞ in Eq. (2.38), while using

approximation Eq. (2.36) for VðQÞ, and evaluating the resulting K-dimensional

Gaussian integral over the hard variables, we obtain an equilibrium reduced

distribution

ceqðqÞ /
ffiffiffiffiffiffiffiffiffiffiffi
gD�1

p
e�U=kT ð2:39Þ

in which D�1 is the inverse of the determinant of Dij in the hard subspace, and in

which we have used the fact that m / g in the full space to replace m by g. In

general, the equilibrium distribution for a stiff system thus depends on how the

matrix Dij of spring constants varies over the constraint surface, which controls

the width of the potential energy valley to which the system is constrained. We

show in the next section, however, that in the special case of a bead–spring

polymer with nearest-neighbor springs, for which the determinant D is

independent of the bond orientations, this prescription leads to the naive

distribution of bond orientations, and to statistically independent bond

orientations in the freely jointed limit U ¼ 0.

C. Stiff Quantum Systems

There is a well-known precedent for the difference in the results predicted by

stiff and rigid models. The constant-volume heat capacity of a diatomic ideal

gas is predicted to be 7
2
kT per molecule for a stiff classical model and 5

2
kT for a

classical rigid rotor. A quantum mechanical analysis of a diatomic gas yields the
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classical result in the limit of high temperatures or slow vibrations, and the rigid

rotor result for lower temperature or more rapid vibrations, and explains why

the rigid-rotor result agrees well with experimental results for the most common

diatomic molecules near room temperature. Questions about the realism of

approximate classical models of more complicated molecules can also, in

principle, be resolved by recourse to quantum mechanics, but the results are

generally not so simple.

Here, we summarize a quantum mechanical analysis given by Go and

Scheraga [6], in which in an effective classical model for the soft coordinates is

obtained by an adiabatic (or Born–Oppenheimer) approximation for vibrations

of the hard coordinates. Details of this analysis are given in the Appendix,

Section D. In this approximation, one first calculates a constrained free energy

from a quantum mechanical treatment of the coupled harmonic vibrations of the

hard coordinates, assuming local equilibration of the vibrational modes, while

treating the soft coordinates and momenta for this purpose as constant

parameters. The resulting constrained free energy is then used as a classical

potential for the more slowly evolving soft coordinates and momenta, which are

treated classically. This analysis is found to yield an an effective classical rigid

model for the remaining soft coordinates and momenta, with a Hamiltonian

Hðq; pÞ ¼ 1

2
ð~mm�1Þabpapb þ Ueffðq; TÞ ð2:40Þ

containing an effective classical potential energy

Ueffðq; TÞ ¼ UðqÞ � kT lnZvibðq; TÞ ð2:41Þ

given by the sum of the classical potential energy UðqÞ on the constraint surface

and a q-dependent vibrational free energy �kT ln Zvib, in which

Zvibðq; TÞ ¼
YK
k¼1

2 sinh
�hokðqÞ
2kT

� �� ��1
ð2:42Þ

is the vibrational partition function for a system of K coupled oscillators with

eigenfrequencies o1ðqÞ; . . . ;oKðqÞ that generally depend on the values of the

soft coordinates. Classical integration over the soft momenta then yields a

reduced distribution

ceqðqÞ /
ffiffiffiffi
~mm
p

e�Ueffðq;TÞ=kT ð2:43Þ

At very high temperatures, for which kT � �hokðqÞ for all K vibrational

eigenmodes, Eq. (2.43) is shown in the Appendix, Section D to reproduce the
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results of a classical analysis of the underlying stiff model, recovering Eq. (2.39),

as required by the correspondence principle. At low temperatures, for which

kT 
 �hokðqÞ for all the vibrational eigenmodes, Eq. (2.41) instead yields an

effective potential

lim
T!0

Ueffðq; TÞ ¼ UðqÞ þ 1

2

X
l

�holðqÞ ð2:44Þ

given by the sum of the classical potential energy UðqÞ and the vibrational

ground-state energy. If UðqÞ is small or vanishing, as in a freely jointed model,

the q dependence of the ground-state vibrational energy can drastically affect

ceqðqÞ. The classical rigid result of Eq. (2.34) is recovered if and only if we

approximate Ueff ¼ U, and thus ignore the vibrational contribution to UeffðqÞ.
As an example, Rallison [8] has applied this analysis to a freely jointed

‘‘trumbbell’’ model of three beads of equal mass connected by two stiff springs

with natural vibrational frequencies o0, for which UðqÞ ¼ 0. In the classical

limit kT � �ho0, this model yields uncorrelated bond orientations, in agreement

with the stiff classical model. In the quantum limit kT 
 �ho0, the model yields

an equilibrium distribution for the cosine of the angle y between the two bonds

that becomes increasingly sharply peaked around both the parallel y ¼ 0 and

antiparallel y ¼ p configurations as the ratio kT=�ho decreases, because these

configurations are both found to minimize the vibrational ground state energy

of this molecule. The classical rigid trumbbell model [3,4], which ignores

the ground state energy, instead yields an athermal distribution Pðcos yÞ /ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� cos2 y
p

that has a rather weak maximum in the perpendicular y ¼ p=2
configuration, because this configuration maximizes the entropy arising from

fluctuations of the bond angular momenta.

The analysis above might lead one to conclude that stiff classical models are

less wrong than rigid classical models, because only a stiff classical model can

be obtained as a well-defined limit of a quantum mechanical model with the

same potential energy. One should keep in mind, however, that the same

equilibrium distribution can be obtained from any of the above three types of

model by appropriate adjustments of the potential energy used as an input to

each type of model. The procedure outlined above for deriving an effective

classical model from a quantum mechanical treatment of molecular vibrations is

conceptually straightforward, but requires as an input an interatomic potential

that must be accurate to within a small fraction of kT to resolve the rather subtle

differences between stiff and rigid classical models. If trying to describe real

molecules at this level of accuracy, there is little reason to require that the same

potential energy be used in classical and quantum treatments of the same

molecule, or to restrict the form of the interatomic potentials used in either

type of treatment to arbitrarily simplified forms, such the freely joined or freely
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rotating chain models, that have thus far been studied as examples. A

meaningful discussion of the realism of different simplified classical models

thus seems to require a degree of chemical realism greater than that that has thus

far typified the study of polymer dynamics. The present discussion is thus

intended only as a review of the mathematical relationships between well-

defined models.

D. Linear Polymers

We now consider the example of a linear polymer of beads connected by rigid

rods or stiff springs. We explicitly consider only the classical rigid bead–rod and

stiff bead–spring models, since the stiff quantum model may be treated as a

rigid classical model with an appropriately modified potential energy. Consider

a chain of N beads numbered consecutively m ¼ 1; . . . ;N, and bonds of fixed or

nearly fixed length a between neighboring beads. To describe such a chain, we

introduce a set of N vectors Q1; . . . ;QN , consisting of N � 1 bond vectors

Qi � Riþ1 � Ri ð2:45Þ
for i ¼ 1; . . . ;N � 1, and a single center-of-mass position

QN � 1

N

XN
m¼1

Rm ð2:46Þ

These definitions may be given more compactly as a linear transformation

Qi ¼
X
m

Ai
mR

m ð2:47Þ

where Ai
m is an N � N matrix with elements

Ai
m � diþ1m � dim i ¼ 1; . . . ;N � 1

1=N i ¼ N

�
ð2:48Þ

It is straightforward to show by applying Cramer’s rule recursively to chains of

increasing N that the determinant of matrix ½A� is 
1, with det½A� ¼ �1 for N

even and det½A� ¼ þ1 for N odd.

To introduce scalar coordinates, each bond vector is expressed as a product

Qi ¼ ciuiðyi;fiÞ ð2:49Þ

of a bond length ci � jQij and a unit vector ui that is parameterized by a polar

angle yi and an azimuthal angle fi. The chain conformation is thereby

parameterized by K ¼ N � 1 hard coordinates, given by the bond lengths, and

f ¼ 2N þ 1 soft coordinates, given by the 2ðN � 1Þ bond angles and the three
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Cartesian components of QN . We will also indicate the three scalar coordinates

associated with each Q vector by the notation Qis, where i ¼ 1; . . . ;N and

s ¼ 1; . . . ; 3. For the N � 1 bond vectors we define

Qi1 ¼ yi Qi2 ¼ fi Qi3 ¼ ci ð2:50Þ
while for the center of mass, we take QN1; . . . ;QN3 to be the three Cartesian

components of QN . In this notation, the partial derivatives may be written

qQis

qRm ¼ Ai
m
qQis

qQi
ð2:51Þ

qRm

qQis
¼ ðA�1Þmi

qQi

qQis
ð2:52Þ

where ðA�1Þmi is the matrix inverse of Ai
m, and where there is no sum over i. These

expressions follow from the chain rule for differentation combined with linear

transformation (2.47). The contravariant normal basis vectors for the hard bond

length coordinates are thus

nim ¼
qci

qRm ¼ Ai
mui ð2:53Þ

for i ¼ 1; . . . ;N � 1, with no sum over i on the RHS. Because of the sparse

structure of ½A�, the contravariant normal vector nim has nonzero values for only

two neighboring beads. Because the inverse matrix ½A�1� is dense, however, each
covariant tangent basis vector ama has nonzero values for all of the beads. This is a
general feature of models involving constrained quantities, such as bond lengths

or relative bond angles, that depend on the positions of only a few nearby beads,

and provides one important motivation for formulating simulation algorithms in

terms of Cartesian positions and constraints rather than generalized coordinates.

The Jacobian
ffiffiffiffiffiffijgjp ¼ jdet qR

qQ

h i
j for the transformation from generalized to

Cartesian coordinates is a product of N � 1 Jacobians for the local

transformations from polar to Cartesian components for each bond vector Qi

for i � N � 1, times the Jacobian jdet½A�1�j3 ¼ 1 for the transformation of Q

vectors to R vectors, in which det½A�1� ¼ 
1 is cubed because each Cartesian

component transforms independently. The Jacobian of the local transformation

from polar to Cartesian coordinates for a single bond vector of length c is given

by the factor c2sinðyÞ that appears in the relation d3Q ¼ c2sinðyÞdg dy df
between volume elements. The overall Jacobian is thusffiffiffiffiffiffi

jgj
p

¼
YN�1
i¼1
ðciÞ2sinðyiÞ ð2:54Þ

where ci ¼ a for all i ¼ 1; . . . ;K on the constraint surface.
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The distribution of bond orientations is most conveniently characterized by a

probability distribution fðuÞ, defined such that

fðuÞdu1 � � � duN�1 ð2:55Þ

is the probability of finding the orientations of all N � 1 bonds within specified

ranges of solid angles around a specified set of values u � fu1; . . . ; uN�1g, where
dui � sinðyiÞdyidfi is an infinitesimal solid angle for bond i. In an ensemble in

which the center-of-mass positions are uniformly distributed throughout a

volume V , the distribution cðqÞ is related to fðuÞ by

cðqÞ ¼ 1

V

YN�1
i¼1

sinðyiÞ
 !

fðuÞ ð2:56Þ

where the soft coordinates q1; . . . ; q f include the bond angles and the

components of the center of mass. By comparing Eqs. (2.56) and (2.54), we

see that on the constraint surface, where ci ¼ a, we have

fðuÞ / cðqÞffiffiffi
g
p ð2:57Þ

to within a prefactor that is independent of the soft coordinates.

1. Rigid Bonds

Consider first the case of a linear polymer with rigorously constrained bond

lengths and a potential energy

UðqÞ ¼ Uðu1; . . . ; uN�1Þ ð2:58Þ

that may depend on the relative bond orientations (as in a wormlike chain), but

not on the center of mass. The Kramers chain is a special case obtained by setting

UðqÞ ¼ 0. The equilibrium distribution of bond orientations feqðuÞ may be

obtained by combining Eq. (2.57) with Eq. (2.35) for ceqðqÞ. This yields

feqðuÞ /
ffiffiffiffiffiffiffiffidm�1m�1

q
e�UðuÞ=kT ð2:59Þ

where dm�1m�1 is the determinant of the ðN � 1Þ � ðN � 1Þ matrix

ðdm�1m�1Þij ¼
X
m

1

mm
Ai
mA

j
mui � uj ð2:60Þ
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that is obtained by combining definition (2.26) for dm�1m�1 with Eq. (2.53) for nim.

Carrying out the sum over m yields a symmetric tridiagonal matrix

ðdm�1m�1Þij ¼

m�1iþ1 þ m�1i i ¼ j

�m�1i ui � uj i ¼ jþ 1

�m�1j ui � uj j ¼ iþ 1

0 otherwise

8>>><>>>: ð2:61Þ

where i; j ¼ 1; . . . ;N � 1. In the case of beads with equal mass m, we have

ðdm�1m�1Þij ¼ ĜG ij=m, where

ĜGij ¼
2 i ¼ j

�ui � uj i ¼ j
 1

0 otherwise

8<: ð2:62Þ

is the projected contravariant (or inverse) metric. In the simple case of a freely

jointed trumbell with three beads of equal mass, this yields a statistical weightffiffiffiffiffiffiffiffidm�1m�1
p

/
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4� cos2 y
p

, with cos y � u1 � u2. Fixman [2] has given a recursion

equation for the efficient calculation of the determinant dm�1m�1 or ĜG for chains of

arbitrary length.

2. Stiff Bonds

We next consider the case of a linear polymer with stiff bonds of length

c1; . . . ; cN�1 that are constrained to remain near a preferred value a by strong

springs, giving a potential energy

V ¼ UðuÞ þ 1

2
D0ðci � aÞ2 ð2:63Þ

where D0 is a spring constant and UðuÞ is an unspecified function of the bond

orientations, which vanishes for a freely jointed chain. The distribution of bond

orientations is obtained by combining Eq. (2.57) with Eq. (2.39) for ceqðqÞ,
which yields

feqðuÞ /
ffiffiffiffiffiffiffiffi
D�1
p

e�UðuÞ=kT ð2:64Þ

The model with stiff nearest-neighbor springs is special in that the matrix

Dij � q2V
qciqcj

¼ dijD0 ð2:65Þ

is both diagonal and independent of the values of the soft variables, that is,

independent of the bond orientations and center-of-mass position. This leads to a
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constant value for the determinant of D�1 in Eq. (2.39), and thus to a simple

Boltzmann distribution

feqðuÞ / e�UðuÞ=kT ð2:66Þ

for the distribution of bond orientations, which become statistically independent

in the case of a freely jointed chain, withU ¼ 0. It is interesting to note, however,

that the simplicity of this result is a consequence of the simple form assumed for

the constraining potential in this particular model.

E. Summary

The equilibrium distribution of soft generalized coordinates for both stiff and

rigid classical mechanical systems of point particles may be written in the

generic form

ceqðqÞ /
ffiffiffiffiffiffiffi
gW

p
e�UðqÞ=kT ð2:67Þ

where g is a metric tensor for the full 3N-dimensional space, and WðqÞ is a

statistical weight given by

WðqÞ ¼ dm�1m�1 rigid

D�1 stiff

�
ð2:68Þ

for rigid and stiff systems, respectively. A quantum mechanical treatment of the

vibrations of the hard coordinates yields an effective classical rigid model in

which the effective potential energy UðqÞ is modified so as to include the

resulting q-dependent vibrational free energy. The corresponding distribution for

an unconstrained system of point particles, for which all the variables must be

treated as soft, is recovered by neglecting the factor ofW . The simple Boltzmann

distribution with c / e�U=kT is obtained only for an unconstrained classical

model in Cartesian coordinates, for which g ¼ 1.

IV. DIFFUSION EQUATION

In this section, we use simple phenomenological arguments to construct a

diffusion equation for constrained systems, in a notation that is common to both

theory of constrained brownian motion 83



rigid and stiff models. The diffusion equation is a continuity equation for the

probability distribution cðq; tÞ on the constraint surface, of the form

qc
qt
¼ � q

qqa
Ja ð2:69Þ

where Ja is a probability flux within the constraint surface. We define a

corresponding generalized velocity Ua and (for systems of point particles) a

Cartesian bead velocity Um

UaðqÞ � JaðqÞ
cðqÞ ð2:70Þ

UmðqÞ � amaðqÞUaðqÞ ð2:71Þ
which will hereafter be referred to as generalized and Cartesian ‘‘flux

velocities,’’ respectively.

The probability flux is determined by a balance of generalized mechanical

and Brownian forces, of the form

0 ¼ FðeÞa þ FðhÞa ð2:72Þ

in which F
ðeÞ
a is a generalized ‘‘elastic’’ force, which is induced by deviations of

the probability distribution cðqÞ from its equilibrium form, and F
ðhÞ
a is a

dissipative hydrodynamic drag force.

The elastic force F
ðeÞ
a is given by the sum of a mechanical force �qU=qqa

and a corresponding Brownian force. The form of the Brownian force may be

inferred by requiring that F
ðeÞ
a vanish when cðqÞ ¼ ceqðqÞ, in order to guarantee

that the probability flux Ja vanishes in thermal equilibrium. This requirement

yields an elastic force

FðeÞa ¼ kT
q
qqa

ln
ceqðqÞ
cðqÞ

� �
¼ � q

qqa
U þ kT ln

cffiffiffiffiffiffiffi
gW
p
� �� �

ð2:73Þ

in which W is the statistical weight defined in Eqs. (2.67) and (2.68).

A phenomenogical expression for the hydrodynamic force F
ðhÞ
a may be

constructed by assuming that this force is linear in the flux velocities and in the

strength of any applied flow field. We consider a system that is subjected

to a macroscopic flow field vðrÞ characterized by a spatially homogeneous

macroscopic velocity gradient =v. We assume that F
ðhÞ
a vanishes for all a ¼

1; . . . ; f in the equilibrium state, where the flux velocities and the macroscopic
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velocity gradient =v vanish, and that F
ðhÞ
a may be expanded in the creeping flow

limit of interest as a linear function of the flux velocities and velocity gradient,

of the form

FðhÞa ’ �K�1ab U
b þMa : ð=vÞ ð2:74Þ

with unspecified tensor coefficients K�1ab ðqÞ and MaðqÞ that may depend on

the system coordinates. The quantity K�1ab ðqÞ is a friction tensor that characterizes
the generalized forces induced by motion of the system in the absence of

macroscopic flow. The inverse Kab of this friction tensor is a mobility tensor

for the constrained system in generalized coordinates, which will be referred to

here as a ‘‘constrained mobility.’’ The relationship between KabðqÞ and the

corresponding unconstrained Cartesian mobility Hmn of a system of point

particles is discussed in Section VI. The quantityMa is a coupling tensor, which

is a second-rank Cartesian tensor indexed by coordinate index a, that describes

the generalized forces induced by a macroscopic velocity gradient on a stationary

system. The force arising from the velocity gradient will be denoted by

FðfÞa �Ma:ð=vÞ ð2:75Þ

and referred to as a ‘‘flow’’ force.

Substituting Eq. (2.74) for F
ðhÞ
a into Eq. (2.72) and solving for Ua yields a

flux velocity

Ua ¼ KabðFðeÞb þ F
ðfÞ
b Þ ð2:76Þ

Substituting Eq. (2.76) into continuity equation (2.69) then yields a diffusion

equation

qc
qt
¼ �

q Kab F
ðeÞ
b þ F

ðfÞ
b

� �
c

h i
qqa

ð2:77Þ

or, more explicitly

qc
qt
¼ � q

qqa
Kab kT

q lnceq

qqb
þ F

ðfÞ
b

� �
c

� �
þ kT

q
qqa

Kab qc
qqb

� �
ð2:78Þ

Diffusion equation (2.78) is, of course, quite generic: The discussion of this

section has not specified either the form of the equilibrium distribution ceqðqÞ,
which may be obtained from equilibrium statistical mechanics, or the form of the
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friction tensors K�1ab and Ma, which must be determined by considering the

hydrodynamics of the system of interest.

V. PHASE SPACE KINETIC THEORY

In this section, we present a more microscopic derivation of the diffusion

equations for both rigid and stiff models, along the lines of the ‘‘phase space

kinetic theory’’ given previously for rigid and unconstrained systems by Bird,

Curtiss, Armstrong, and Hassager (BCAH) [3,4]. Section V.A presents a

streamlined version of the BCAH phase space theory for rigid systems. In the

BCAH approach, one begins by using the underlying instantaneous equations of

motion to derive an average momentum flux balance for an arbitrary classical

mechanical system in contact with a solvent heat bath. The key step in this

analysis is the use of an explicit assumption of ‘‘equilibration in momentum

space’’ to evaluate averages over momentum fluctuations. In Section V.B, we

then extend the BCAH analysis so as to also describe diffusion of the soft

coordinates of stiff systems, by introducing an analogous local equilibrium

hypothesis for the rapidly fluctuating hard coordinates. These analyses of rigid

and stiff systems lead to coordinate space diffusion equations that both

manifestly relax towards the probability distributions predicted by equilibrium

statistical mechanics.

Because the resulting diffusion equation is the same as that obtained by

simpler arguments in Section IV, it is possible for a reader to skip this section, if

desired. The value of the analysis lies in its ability to clarify the assumptions

underlying the phenomenological derivation of the previous section, the

relationship between phenomenological flux velocities and underlying mechan-

ical velocities, and the mechanical origins of the otherwise mysterious

‘‘Brownian’’ forces that drive diffusion. The extension of the kinetic theory

to stiff systems is also presented here in the hopes of reducing any lingering

preference for rigid models solely as a result of the rigor and completeness of

the BCAH analysis.

A. Rigid Systems

We consider a rigid system of f mechanical degrees of freedom in thermal

contact with a solvent. As in the discussion of equilibria, rðq; pÞ is the phase

space density and cðqÞ is the reduced distribution for the coordinates alone.

Following BCAH, we also define a conditional average hAip of an arbitrary

dynamical variable A with respect to the rapid fluctuations of the momenta and

solvent forces, at fixed values of the coordinates q, as

hAip �
1

cðqÞ
ð
dp hAis rðq; pÞ ð2:79Þ
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The resulting conditional average is implicitly a function hAip ¼ hAipðqÞ of the
soft coordinates. Here and in what follows, h� � �is is used to indicate a conditional
average with respect to fluctuations in the state of the surrounding solvent, for

fixed values of the system’s internal coordinates q and momenta p. This average

over solvent degrees of freedom is unnecessary in Eq. (2.79) if A ¼ Aðq; pÞ is a
quantity (such as a bead velocity) that depends only on the system’s coordinates

and momenta, but is necessary if A is a quantity (such as the total force on a bead)

that depends explicitly on the forces exerted on the system by surrounding

solvent molecules.

The inertial equation of motion for such a system, in Cartesian coordinates, is

_PPm ¼ � qU
qRm � nimli þ FðsÞm ð2:80Þ

Here, Pm ¼ mm _RR
m is a Cartesian bead momentum, U is the internal potential

energy of the system of interest, l1; . . . ; lK are a set of K Lagrange multiplier

constraint fields, which must be chosen so as to satisfy the K constraints, and FðsÞm
is the rapidly fluctuating force exerted on bead m by interactions with

surrounding solvent molecules. The corresponding Hamiltonian equation of

motion is

_ppa ¼ � qH
qqa
þ FðsÞa

¼ � qU
qqa
� 1

2

qð~mm�1Þbc
qqa

pbpc þ FðsÞa ð2:81Þ

where H ¼ K þ U is the system Hamiltonian of Eq. (2.32) and F
ðsÞ
a ¼ ama � FðsÞm

is the instantaneous generalized force exerted on the system by the surrounding

solvent.

1. Evolution of Probability Densities

The phase space density rðq; pÞ evolves according to the Liouville equation

qr
qt
¼ � qð _qqbrÞ

qqb
� qðh _ppbisrÞ

qpb
ð2:82Þ

The reduced configuration space distribution cðqÞ evolves according to a

continuity equation

qc
qt
¼ � qðh _qqaipcÞ

qqa
ð2:83Þ
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as may be confirmed by using Eq. (2.82) to evaluate qc
qt ¼

Ð
dp qr

qt , and integrating

by parts to show that the second term on the RHS of Eq. (2.82) does not

contribute to the integral.

On comparing Eq. (2.83) to the continuity equation, Eq. (2.69), we may

identify the average velocity h _qqaip as the generalized flux velocity

h _qqaip ¼ Ua ð2:84Þ

By noting that h _RRmip ¼ hama _qqaip, and that the basis vector amaðqÞ is a function of q
alone that may be taken outside the average h� � �ip with respect to momentum

fluctuations, we may also identify

h _RRmip ¼ aamU
a ¼ Ua ð2:85Þ

as the Cartesian flux velocity.

2. Evolution of Momentum Density

We consider a balance equation for a generalized momentum density paðq; tÞ,
defined by

pa � h paipc ¼
ð
dp parðq; pÞ ð2:86Þ

The rate of change of pa is

qpa
qt
¼
ð
dp pa

qr
qt

ð2:87Þ

¼
ð
dp pa � qð _qqbrÞ

qqb
� qðh_pbisrÞ

qpb

� �
ð2:88Þ

By moving the derivative outside the integral in the first term on the RHS

Eq. (2.88), and integrating the second term by parts, we obtain

qpa
qt
¼ � qðhpa _qqbipcÞ

qqb
þ h _ppaipc ð2:89Þ

To separate effects of a mean velocity from the effects of velocity fluctuations,

we expand h pa _qqbip as a sum

h pa _qqbip ¼ h paiph _qqbip þ hdpa d _qqbip ð2:90Þ
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where dpa � pa � h paip and d _qqa � _qqa � h _qqbip are deviations from the mean

values. After substituting Eq. (2.90) into Eq. (2.89), and some straightforward

manipulations similar to those used to introduce the material derivative in

continuum mechanics, we obtain

Dh paip
Dt

¼ h _ppaip �
1

c

qðhdpad _qqbipcÞ
qqb

ð2:91Þ

where

D

Dt
� q

qt
þ h _qqcip

q
qqc

ð2:92Þ

is the material derivative in configuration space, that is, the total time derivative

measured along a configuration space trajectory with the ensemble average

velocity h _qqaip.
The quantity hdpad _qqbipc in Eq. (2.91) is a flux of generalized momentum

that arises from velocity fluctuations. This quantity is closely analogous to a

corresponding ‘‘kinetic’’ contribution to the macroscopic momentum flux (i.e.,

the stress tensor) in an atomic fluid. The microscopic expression for the average

momentum flux across a plane in a fluid of point particles contains a kinetic

contribution arising from the momentum transferred by particles whose random

motions carry them (and their momentum) across this plane, in addition to a

contribution arising from interparticle forces exerted across such a plane. The

kinetic contribution to the stress tensor is rhvpi, where r is a number density of

atoms, v and p are velocity and momenta, respectively, and the average is taken

over particles within an infinitesimal fluid element. This kinetic contribution,

which depends only on the particle density and velocity distribution, can be

shown to reduce to an ideal-gas hydrostatic pressure rkTI whenever the velocity
distribution is locally Maxwellian. In a fluid with a Maxwellian velocity

distribution but an inhomogeneous number density, the divergence of the kinetic

stress, which is analogous to the second term on the RHS of Eq. (2.91), exerts a

force density on the fluid. In an ideal gas in thermal equilibrium in the presence

of a gravitational field, it is this kinetic force that balances the gravitational

force, thus holding up the column of gas. The same mechanism is at work here;

members of a statistical ensemble contribute to the momentum contained in a

volume element of f -dimensional configurational space when their random

motions carry them into that volume element. Any divergence of the resulting

momentum flux causes a rate of accumulation of momentum that enters

the momentum balance as an effective ‘‘kinetic’’ force. As discussed below, this

kinetic force reduces to the Brownian force that appears in the phenomen-

ological diffusion equation when the distribution of velocities is Maxwellian.
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3. Local Equilibration of Momenta

To remove momentum fluctuations from the problem, BCAH assume that in the

creeping flow limit, in which a system of small mass interacts strongly with a

thermally equilibrated solvent, the distribution of values for the momenta for

fixed coordinate values stays very near a state of local equilibrium, in which

1. The fluctuations of the momenta have the same variance

hdpa dpbip ’ kT ~mmab ð2:93Þ
as that required in equilibrium by the equipartition theorem.

2. The average values of the generalized momenta become negligible, giving

h paip ’ 0 ð2:94Þ
for all a and all time.

In the creeping flow limit of interest, the average momenta may be assumed to be

negligible without assuming that the average drift velocities are also negligible

because of the assumed smallness of the system’s inertia.

The assumption of equilibration in momentum space may be used to remove

the momenta from momentum balance (2.91). Equation (2.93) may be used to

evaluate the kinetic force, giving

� 1

c

qðhdpad _qqbipcÞ
qqb

¼ �kT q lnc
qqb

ð2:95Þ

The local equilibrium value of the kinetic force thus yields the ‘‘Brownian’’ force

of the phenomelogical diffusion equation. Equation (2.94) also allows us to

take Dh paip=Dt ¼ 0 on the left-hand side (LHS) of Eq. (2.91), to obtain a force

balance

0 ¼ h _ppaip � kT
q lnc
qqb

ð2:96Þ

To evaluate the average mechanical force h _ppaip, we combine Hamilton’s

equation for _ppa, Eq. (2.81), with the preceding assumptions to obtain

h _ppaip ¼ �
qU
qqa
� kT

2

qð~mm�1Þbc
qqa

~mmbc þ hFðsÞa ip ð2:97Þ

Using Eq. (A.14) for the derivative of ln ~mm then yields the equivalent expression

h _ppaip ¼ �
qðU � kT ln

ffiffiffiffi
~mm
p Þ

qqa
þ hFðsÞa ip ð2:98Þ
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Note that the averaging with respect to momentum fluctuations has the effect of

replacing the system’s potential energy U by an effective potential U � kT

ln
ffiffiffiffi
~mm
p

, exactly as in the equilibrium distribution for a rigid system, which is of

the form ceqðqÞ / expf�ðU � kT ln
ffiffiffiffi
~mm
p Þ=kTg. Substituting Eq. (2.98) for the

average mechanical force and Eq. (2.95) for the Brownian force into Eq. (2.96)

yields an effective force balance

0 ¼ FðeÞa þ hFðsÞa ip ð2:99Þ

in which

FðeÞa � �
q
qqa

U þ kT ln
cffiffiffiffi
~mm
p
� �� �

ð2:100Þ

is an ‘‘elastic’’ force, given by the sum of the Brownian force and the internal

contributions to the average mechanical force h _ppaip, excluding the average

solvent force. This elastic force vanishes when cðqÞ ¼ ceqðqÞ, and tends to drive
c toward ceq.

4. Hydrodynamic Drag

To obtain a closed set of equations for the evolution of cðqÞ, we need an

approximation for the conditional ensemble average hFðsÞa ip of the rapidly

varying solvent force that appears in Eq. (2.99). The phenomenological diffusion

equation given in Section IV is recovered if and only if we identify hFðsÞa ip with
the hydrodynamic drag force F

ðhÞ
a in the phenomenological diffusion equation,

and assume that it can be described by a generalized Stokes law of the form given

in Eq. (2.74).

B. Stiff Systems

We now extend the preceding analysis to the case of a stiff system, by using an

extended local-equilibrium hypothesis to remove both momenta and hard

coordinates from the problem, and thus obtain a diffusion equation for the

distribution of soft coordinates alone.

1. Evolution of Probability Densities

We first treat a stiff system as a generic unconstrained system. We consider a

joint probability distribution YðQÞ for all 3N coordinates of a stiff system, soft

and hard, given by

YðQÞ �
ð
dP1 � � �

ð
dP3N rðQ;PÞ ð2:101Þ
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which obeys a continuity equation

qY
qt
¼ � qðh _QQaipYÞ

qQa ð2:102Þ

with a ¼ 1; . . . ; 3N.
To construct a diffusion equation for the soft coordinates alone, we consider

a reduced distribution function

cðqÞ �
ð
dc YðQÞ ð2:103Þ

where
Ð
dc � Ð dc1 � � � Ð dcK represents an integral over all hard coordinates at

fixed values of the soft coordinates. We also introduce the notation

hAif �
1

cðqÞ
ð
dchAip YðQÞ ð2:104Þ

for an average of a variable A with respect to rapid fluctuations of the solvent

degrees of freedom, system momenta, and hard coordinates, for fixed values of

the more slowly evolving soft coordinates. The subscript ‘‘f’’ is used to indicate

an average with respect to all ‘‘fast’’ dynamical degrees of freedom. In this

notation, the reduced distribution cðqÞ may be shown to obey a continuity

equation

qc
qt
¼ � qðh _qqaifcÞ

qqa
ð2:105Þ

for a ¼ 1; . . . ; f .
By comparing Eq. (2.105) and continuity equation (2.69), we may identify

the average soft velocity

h _qqaif ¼ Ua ð2:106Þ

as the generalized flux velocity of a stiff system. The forces that constrain the

system to remain near the constraint surface will be assumed to guarantee that the

corresponding hard flux velocities vanish, that is, that

h _cciif ¼ 0 ð2:107Þ

for all i ¼ 1; . . . ;K, so that the average values of the hard coordinates do not drift
away from their constrained values. The average Cartesian velocity is given by
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an expansion

h _RRmif ¼
qRm

qQa
_QQa


 �
f

ð2:108Þ

To relate this to the Cartesian flux velocity, we note that, in the infinitely stiff

limit of interest, in which excursions from the constraint surface are negligible,

the basis vectors qRm=qQa may be accurately approximated by their values on

the constraint surface, which are functions of the soft coordinates alone, and so

may taken outside of the average average h� � �if . By then using Eq. (2.107) to

exclude contributions arising from the hard velocities, we identify

h _RRmif ’ amah _qqaif ¼ Um ð2:109Þ

as the Cartesian flux velocity for an infinitely stiff system.

2. Unconstrained Force Balance

We next consider the effective force balance for all 3N variables, while treating

the system as an unconstrained system. For simplicity, we consider the case in

which the crossover from ballistic motion to diffusion occurs at a timescale much

less than any characteristic relaxation time for vibrations of the hard coordinates,

so that the vibrations are overdamped, but in which the vibrational relaxation

times are much less than any timescale for the diffusion of the soft coordinates.

In this case, we may assume local equilibration of all 3N momenta at timescales

of order the vibration time. Repeating the analysis of the Section V.A, while now

treating all 3N coordinates as unconstrained, yields an effective force balance

0 ¼FðeÞ
a þ hFðsÞa ip ð2:110Þ

for a ¼ 1; . . . ; 3N, in which

FðeÞ
a � �

q
qQa VðQÞ þ kT ln

Yffiffiffi
g
p
� �� �

ð2:111Þ

is a generalized elastic force in the unconstrained space.

3. Local Equilibration of Hard Coordinates

To evaluate averages with respect to the hard coordinates, we must introduce an

additional hypothesis of local equilibrium for the distribution of values for these
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coordinates. We postulate a local-equilibrium distribution YðQÞ of the form

YðQÞ ’ cðqÞ
ffiffiffi
g
p

e�½V�c
iti�=kTÐ

dc
ffiffiffi
g
p

e�½V�citi�=kT
ð2:112Þ

Here ti ¼ tiðqÞ is one of K Lagrange multiplier fields that are functions of the

soft coordinates alone, which must be chosen so as to satisfy condition (2.107)

for all of the hard coordinates. Equation (2.112) has the following properties:

1. Equation (2.112) is a normalized distribution that reduces exactly to the

equilibrium distribution

YeqðQÞ / ffiffiffi
g
p

e�V=kT ð2:113Þ
when ti ¼ 0 for all i ¼ 1; . . . ;K and cðqÞ equals the equilibrium reduced

distribution

ceqðqÞ /
ð

dc
ffiffiffi
g
p

e�V=kT ð2:114Þ

Equation (2.114) reduces to Eq. (2.39) when VðQÞ is approximated by

harmonic form (2.36).

2. Equation (2.112) yields generalized elastic forces along the hard

directions, defined by

F
ðeÞ
iþf ðQÞ � �

q
qci

VðQÞ þ kT ln
Yffiffiffi
g
p
� �� �

ð2:115Þ

for i ¼ 1; . . . ;K, with values

F
ðeÞ
iþf ðQÞ ¼ �tiðqÞ ð2:116Þ

These hard forces are thus functions of the soft coordinates q alone, and

completely independent of the values of c1; . . . ; cK . This is because, for

this local-equilibrium distribution, the rapid variation of the hard

mechanical force �qV=qci along the hard directions is canceled by a

compensating variation in the Brownian contribution to F
ðeÞ
iþf .

3. The average hFðeÞ
a if of the soft elastic force Fa with respect to variations

in the hard coordinates, for a ¼ 1; . . . ; f , which we will denote by

FðeÞa � hFðeÞ
a if ð2:117Þ

is given by

FðeÞa ¼ �
q
qqa

UðqÞ þ kT ln
cffiffiffiffiffiffiffiffiffiffiffi
gD�1

p !" #
ð2:118Þ
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To obtain Eq. (2.118), VðQÞ has been approximated by Eq. (2.36), and

gðQÞ by its value on the constraint surface. Equation (2.118) for F
ðeÞ
a is

closely analogous to Eq. (2.100) for the elastic force in a rigid system,

except for the replacement of dm�1m�1 by D�1. Like the corresponding elastic

force for a rigid system, this force vanishes when cðqÞ ¼ ceqðqÞ.
Using distribution (2.112) to evaluate the average of both sides of Eq. (2.110)

with respect to fluctuations in the hard coordinates thus yields an effective force

balance with soft and hard components

0 ¼ FðeÞa þ hFðsÞa if ð2:119Þ
0 ¼ �ti þ hFðsÞiþf if ð2:120Þ

where F
ðeÞ
a is given by Eq. (2.118). The values of the parameters t1ðqÞ; . . . ; tKðqÞ

must be chosen so that the underlying diffusion equation for the unconstrained

space satisfies Eq. (2.107) for all i ¼ 1; . . . ;K.
A dynamical argument for the validity of Eq. (2.112) may be obtained by

considering the evolution of the 3N-dimensional distribution YðQÞ of a stiff

system, as determined by the 3N dimensional diffusion equation. In order for a

distribution that is tightly localized near the constraint surface at one instant to

remain so at later times, the probability fluxes along the hard directions must

have both vanishing average values (when averaged with respect to fluctuations

of the hard coordinates), in order to prevent drift in the average values of the

hard coordinates, and also very small gradients with respect to the hard

coordinates, in order to prevent rapid changes in the width of the distribution.

These requirements imply that the hard components of the probability flux and

flux velocity vectors must nearly vanish throughout the vicinity of the constraint

surface in which YðQÞ is non-negligible. The flux velocity along a hard

direction ni is given by a matrix product Hiþf ;b½FðeÞ
b þF

ðfÞ
b �, in which

b ¼ 1; . . . ; 3N. The mobility tensor Hab, the flow force F
ðfÞ
b , and the soft

components of the elastic force FðeÞ
a , with a ¼ 1; . . . ; f ; all remain slowly

varying functions of the hard components in the limit of a stiff confining

potential, which may be adequately approximated very near the constraint

surface by their values on the constraint surface. For the hard flux velocities to

remain small and nearly independent of the hard coordinates throughout a

narrow region near the constraint surface, however, the hard components of the

elastic force, given by F
ðeÞ
jþf with j ¼ 1; . . . ;K; must also be nearly independent

of the hard coordinates, and have values (which are given by the parameters tj)
that are chosen so as to yield vanishing values for the hard flux velocities on the

constraint surface. The requirement that the sum of the hard mechanical force

�qV=qcj and the hard Brownian force �kTq lnY=qcj remain approximately

independent of the hard coordinates in the limit of an infinitely stiff confining

potential, despite the divergence of the derivatives of the mechanical hard forces
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with respect to the hard coordinates in this limit, uniquely selects Eq. (2.212) as

the asymptotic dependence of YðQÞ on the hard coordinates.

4. Hydrodynamic Drag

To construct a closed set of equations for the evolution of cðqÞ in a stiff system,

we need an expression for the average solvent force hFðsÞa if that appears in

Eq. (2.119). A diffusion equation of the form given in Section IV is recovered if

and only if we identify hFðsÞa if as a hydrodynamic drag force F
ðhÞ
a , and (as for the

rigid system) assume that it may be described by a generalized Stokes equation

of the form given in Eq. (2.74), whereUa is defined for a stiff system by Eq. (2.106).

VI. CARTESIAN FORCES AND TENSORS

In the preceding two sections, the balance of mechanical and Brownian forces

that is implicit in the diffusion equation has been presented in generalized

coordinates. In this section, these generalized forces are related to correspond-

ing Cartesian forces, and the generalized flux velocities to Cartesian flux

velocities. The resulting Cartesian equation of motion is introduced here within

the context of the diffusion equation description of Brownian motion, in which

Brownian forces are represented by derivatives of a distribution function, rather

than by stochastic forces. The mathematical machinery introduced here to

describe a constrained system of point particles is, however, essentially

identical to that used in earlier treatments of the corresponding stochatic

differential equations by Fixman [9], Hinch [10], and Öttinger [11].

The effective balance of soft forces obtained in Section IV may be

generalized to a corresponding Cartesian force balance of the form

0 ¼ FðeÞm � nimti þ FðhÞm ð2:121Þ
in which the t terms are constraint forces, FðhÞm is a Cartesian drag force given by

Eq. (2.74), and

FðeÞm � �
qqa

qRm F
ðeÞ
a

¼ � q
qRm U þ kT ln

cffiffiffiffiffiffiffi
gW
p
� �� �

ð2:122Þ

is a Cartesian generalization of the effective elastic force. Here, and in what

follows, we define the Cartesian gradient of quantities that depends only on the

soft coordinates, such as UðqÞ and cðqÞ, by the expansion q
qRm � qqa

qRm
q
qqa.

The preceding division of the hard components of the total nonhydrodynamic

force FðeÞm � nimti in Eq. (2.121) between an elastic force FðeÞm and a sum of

constraint forces nimti is a matter of convention. Arbitrary shifts in the values of

hard components of FðeÞm could be absorbed into compensating shifts in the
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values of t1; . . . ; tK without affecting the overall Cartesian force balance, or the

values of the corresponding flux velocities. Only the Cartesian hydrodynamic

force FðhÞm , the soft components of the elastic force, which are given explicitly by

Eq. (2.73), and the hard components of the total nonhydrodynamic force, which

must balance the corresponding components of FðhÞm , are unambiguously defined

by the physics of the problem. The definition of FðeÞm given in Eq. (2.122) has

been chosen because it yields expressions for the tðqÞ values that are equivalent
to those obtained from in the formalism developed for stiff systems in Sec-

tion V.B, for which FðeÞm and t1; . . . ; tK all vanish in thermal equilibrium.

A. Hydrodynamic Forces

We assume that, in the creeping flow limit, the Cartesian drag force on bead m
may be expanded to linear order in Un and =v, as

FðhÞm ’ �fmn � Un þ FðfÞm ð2:123Þ
where fmnðqÞ is a second rank Cartesian friction tensor, and

FðfÞm �Mm:ð=vÞ ð2:124Þ
is a Cartesian flow force, in which MmðqÞ is a rank 3 Cartesian coupling tensor.

The inverse of fmnðqÞ is the corresponding unconstrained mobility tensorHmnðqÞ.
In the case of a system of hydrodynamically interacting pointlike particles, the

unconstrained mobility Hmn is normally given for m 6¼ n by the Oseen tensor (or

some approximation to the Oseen tensor) and

FðhÞm ’ � fmn � ½Un � Rn � ð=vÞ� ð2:125Þ
This corresponds to a flow force FðfÞm � fmn � ð=vÞT � Rn, or to a third-rank

coupling tensor Mm ¼ fmnR
n.

The generalized hydrodynamic force F
ðhÞ
a and flow force F

ðfÞ
b used in

Sections IV and V are given by

FðhÞa ¼ ama � FðhÞm

FðfÞa ¼ ama � FðfÞm
ð2:126Þ

By contracting Eq. (2.123) with ama , while using expansion (2.71) for Um, and

comparing the result with Eq. (2.74), we may identify

Ma ¼ ama �Mm ð2:127Þ

where Ma is a second-rank tensor, and

K�1ab ¼ ~��ab ð2:128Þ
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where ~��ab � amafmna
n
b is the projected friction tensor defined in Eq. (2.23). The

expression for the constrained mobility given by Eq. (2.128) is identical to that

used by Fixman [9], but somewhat different from the definition of a closely

related mobility tensor defined by BCAH [3,4], which is also used by Öttinger

[11,12]. The relationship between the two definitions is discussed in detail in the

Appendix, Section E.

B. Cartesian Constrained Mobility

By solving for the Cartesian flux velocities that appear in Eq. (2.123) for FðhÞm ,

Eq. (2.121) may be rewritten as an equation of motion

Um ¼ Hmn � ½FðeÞn � ninti þ FðfÞn � ð2:129Þ

where FðfÞn is given by Eq. (2.124). Values for the constraint forces t1; . . . ; tK are

obtained by requiring that Eq. (2.129) yield a Cartesian flux velocity that is

tangent to the constraint surface, so that

nim � Um ¼ 0 ð2:130Þ

for all i ¼ 1; . . . ;K. Substituting Eq. (2.129) forUm into Eq. (2.130) yields the set

of K linear equations

ĤH ijtj ¼ nim �Hmn � ½FðeÞn þ FðfÞn � ð2:131Þ

where ĤHij is the projected mobility tensor defined in Eq. (2.27). Substituting the

solution of Eq. (2.131) for the constraint forces back into Eq. (2.121) yields a

velocity

Um ¼ Kmn � ½FðeÞn þ FðfÞn � ð2:132Þ

where

Klr � Hlr �Hlm � ĤH�1mn �Hnr ð2:133Þ

and where

ĤH
�1
mn � nimĤH

�1
ij n j

n ð2:134Þ
is a Cartesian representation of ĤH�1ij . It is straightforward to confirm, using the

above definition of Kmn, that

0 ¼ nim �Kmn ¼ Kmn � nin ð2:135Þ
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thus showing that Kmn has nonzero components only in the soft subspace. The

first equality in Eq. (2.135) confirms that the Cartesian flux velocities in

Eqs. (2.132) are parallel to the hypersurface. The second implies that the hard

components of FðeÞm and FðfÞm (if any) have no effect on these velocities.

The tensor Klr defined by Eq. (2.133) is a Cartesian representation of the

constrained mobility tensor Kab ¼ ð~���1Þab, which may also be represented by

the expansion

Kmn ¼ ama Kab anb ð2:136Þ

The equivalence of Eqs. (2.133) and (2.136) for Kmn is a special case of a more

general theorem relating inverses of projected tensors, which is stated and proved

in the Appendix, Section B. Both Eqs. (2.133) and (2.136) yield tensors that

satisfy Eq. (2.135), and that thus have vanishing hard components. The equi-

valence of the soft components of these tensors may be confirmed by substituting

expansion (2.136) into the RHS of Eq. (2.132), expanding Um ¼ amaU
a on the

LHS and showing that this yields Eq. (2.76) for the generalized velocity Ua.

C. Dynamical Projection Tensor

Cartesian equation of motion (2.132) may also be rewritten as

Um ¼ Pm
;n �Hnr � ½FðeÞr þ FðfÞr � ð2:137Þ

where

Pl
;n � Klm � fmn
¼ Iln �Hlm � ĤH�1mn ð2:138Þ

The tensor Pl
;n is a ‘‘dynamical projection tensor,’’ which operates on the

unprojected flux velocity Hnr � ½FðeÞr þ FðfÞr � that would be obtained in the

absence of constraint forces to produce a projected velocity that is tangent to

the constraint surface. The dynamical projection tensor is easily shown to have

the properties

nim � Pm
;n ¼ 0 ð2:139Þ

Pm
;n � ana ¼ ama ð2:140Þ

Because Pm
;n is not symmetric under simultaneous transposition of bead indices

and (implicit) Cartesian indices, a comma is used before the bead subscript to

indicate that the Cartesian component associated with this index operates to the

right.
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The notation

Pl
;n � ðPn

;lÞT ¼ flm �Kmn ð2:141Þ

will be used for the transposed dynamical projection tensor. Note that Eq. (2.132)

can also be expressed in terms of this transposed tensor as a product

Um ¼ Hmn � Pn
;r � ½FðeÞr þ FðfÞr � ð2:142Þ

Using Eq. (2.131), it is straightforward to show that

Pn
;r � ½FðeÞr þ FðfÞr � ¼ FðeÞn þ FðfÞn � ninti ð2:143Þ

More generally, contracting the transposed projection tensor with a force to its

right (or the projection tensor with a force to its left) produces a ‘‘constrained’’

force given by the sum of the original force and the constraint force induced by it.

Such constrained forces may have nonzero hard components, but, on contraction

with Hmn, induce velocities that do not.

D. Dynamical Reciprocal Vectors

We also define dynamical reciprocal basis vectors that are closely related to the

dynamical projection tensor defined above. We define a set of f vectors

ban � Kaba
m
b � fmn ð2:144Þ

with a ¼ 1; . . . ; f , that are ‘‘reciprocal’’ to the tangent vectors a
m
1 ; . . . ; a

m
f , and a

corresponding set of K vectors

mn
i � ĤH�1ij n j

m �Hmn ð2:145Þ

with i ¼ 1; . . . ;K, that are reciprocal to the normal vectors n1m; . . . ; n
f
m . It is

straightforward to show, using the definitions above, that these vectors obey the

biorthogonality relations

ama � bbm ¼ dba ð2:146Þ
m

m
i � njm ¼ dji ð2:147Þ

m
m
i � bam ¼ 0 ð2:148Þ

If the set 3N contravariant Cartesian vectors given by the f ama vectors and K

m
m
i vectors are linearly independent, and thus span the full 3N space of Cartesian
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vectors (which we will hereafter assume to be the case), then such a set of basis

vectors obey a completeness relation

Imn ¼ amab
a
n þmm

i n
i
n ð2:149Þ

This may be confirmed by expanding an arbitary contravariant Cartesian vector

(with a raised bead index) in a basis of a and m vectors and confirming that one

recovers the original vector if such an expansion vector is left-multiplied by the

RHS of Eq. (2.149).

The tensor Pm
;n may be expanded as

Pm
;n ¼ ama b

a
n ð2:150Þ

as may be shown by using expansion (2.136) for Kml and the definition of ban
to rewrite the RHS of the preceding as Kml � fln. Alternatively, Pm

;n may be

expanded as

Pm
;n ¼ Imn �m

m
i n

i
n ð2:151Þ

as may be shown by using either the second line of Eq. (2.138) and definition

(2.145) or expansion (2.150) and completeness relation (2.149).

The reciprocal basis vector m
m
i may be used to express Eq. (2.131) for the

constraint forces more compactly, as

ti ¼ mn
i � ½FðeÞn þ FðfÞn � ð2:152Þ

More generally, mn
i � Fn is the constraint force induced by an unconstrained

force Fn.

The dynamical reciprocal basis vectors b1m; . . . ; b
f
m defined above are closely

related to the ‘‘modified’’ reciprocal basis vectors defined in Eq. (16.3-6) of the

monograph by BCAH [4] (see the table on p. 188 of BCAH for definitions), and

to a set of corresponding basis vectors used by Öttinger, which he refers to by

the notation qQi=qRm introduced in Eq. (5.29) of his monograph, in which Qi

refers in Öttinger’s notation to one of the soft coordinates. The dynamical

reciprocal vectors m
m
1 ; . . . ;m

m
K defined here are identical to another set of

vectors defined by Öttinger, which he refers to by the notation qRm=qgi
introduced in Eq. (5.50) of his monograph, where gi is his notation for one of

the hard coordinates. Öttinger’s use of the purely formal notation qQi=qRm and

qRm=qgi for these reciprocal vectors appears to be inspired by the fact that they

obey biorthogonality and completeness relations identical to those obeyed by

the true partial derivatives.
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VII. DRIFT VELOCITIES AND DIFFUSIVITIES

In this section, we begin the description of Brownian motion in terms of

stochastic process. Here, we establish the link between stochastic processes and

diffusion equations by giving expressions for the drift velocity and diffusivity of

a stochastic process whose probability distribution obeys a desired diffusion

equation. The drift velocity vector and diffusivity tensor are defined here as

statistical properties of a stochastic process, which are proportional to the first

and second moments of random changes in coordinates over a short time period,

respectively. In Section VII.A, we describe Brownian motion as a random walk

of the soft generalized coordinates, and in Section VII.B as a constrained

random walk of the Cartesian bead positions.

A. Generalized Coordinates

Constrained Brownian motion may be represented as a continuous Markov

process of the f soft variables q1; . . . ; q f . A standard result of the theory of

random processes [16,17] tells us that the evolution of the probability

distribution cðq; tÞ generated by a Markov diffusion process of a set of f

random variables q1ðtÞ; . . . ; q f ðtÞ is described by a Fokker–Planck (or forward

Kolmogorov) equation

qcðqÞ
qt
¼ � qðVacÞ

qqa
þ q2ðDabcÞ

qqaqqb
ð2:153Þ

in which VaðqÞ is a drift velocity vector and DabðqÞ is a diffusivity tensor given

by the moments

VaðqÞ � lim
�t!0

h�qai0
�t

ð2:154Þ

DabðqÞ � lim
�t!0

h�qa�qbi0
2�t

ð2:155Þ

where

�qa � qað�tÞ � qað0Þ ð2:156Þ

is a random change in the coordinate value over a time interval 0 < t < �t. The

notation h� � �i0 is used here and hereafter to indicate an average over random

trajectories for a stochastic initial value problem in which the system coordinates
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start from known initial values q ¼ qð0Þ at an initial time t ¼ 0. The result of an

average h� � �i0 is thus always implicitly a function of the initial condition q.

By comparing Eq. (2.153) to Eq. (2.78) for the desired diffusion equation,

while taking due care with the order of derivatives, we find that the two forms of

the diffusion equation become equivalent if and only if

VaðqÞ ¼ Kab kT
q lnceq

qqb
þ F

ðfÞ
b

� �
þ kT

qKab

qqb
ð2:157Þ

DabðqÞ ¼ kTKab ð2:158Þ

Equation (2.158) is the Einstein relation relating the mobility and diffusivity

tensors.

The drift velocity VaðqÞ defined above is both conceptually and algebraically

different from the flux velocity UaðqÞ given in Eq. (2.76). Note that the RHS

of Eq. (2.76) for the generalized flux velocity UaðqÞ contains a diffusive

contribution, arising from the Brownian contribution to F
ðeÞ
b , that is proportional

to the gradient qc=qqa of the distribution cðqÞ. The flux velocity UaðqÞ is thus
not a unique function of q, but also depends on qc=qqa: It a property not of

an isolated system but of a statistical ensemble. The drift velocity is instead

a unique function of q, which is defined as an ensemble average rate of change

of the coordinates for a hypothetical system that is prepared in a known

mechanical state q, and that then begins to drift away from that initial state.

An equivalent definition of the drift velocity Va may be obtained by using the

diffusion equation alone to calculate the average flux velocity in a statistical

ensemble characterized by a probability distribution

cðq0Þ / dðq0 � qÞ ð2:159Þ

that is localized infinitely tightly around a prescribed state q. The drift velocity

VaðqÞ is given by the ensemble average

VaðqÞ �
ð
dq0 cðq0ÞUaðq0Þ ð2:160Þ

for an ensemble characterized by Eq. (2.159). To evaluate the RHS of Eq. (2.160),

we first use the diffusion equation to calculate the ensemble average

hUai ¼ Kab F
ðeÞ
b þ F

ðfÞ
b

h iD E
ð2:161Þ

for a generic ensemble cðq0Þ, where h� � �i � Ð dq0 � � �cðq0Þ is used here to

indicate an average over values of q0. Using Eq. (2.73) for F
ðeÞ
b yields the more
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explicit expression

hUai ¼ Kab kT
q lnceq

qqb
þ F

ðfÞ
b

� �
 �
� kT

ð
dq0 Kab qcðq0Þ

qq0b
ð2:162Þ

Integrating the second line by parts, and then using the d-function distribution

of Eq. (2.159) to evaluate the result then yields Eq. (2.157) for VaðqÞ, thus
confirming the equivalence of the definition given in Eq. (2.160) to that given in

Eq. (2.154).

The conceptual difference between the flux and drift velocity may thus be

illustrated further by considering a dilute colloidal suspension in thermal

equilibrium in the presence of a gravitational field. In equilibrium, this

system adopts a single-particle probability density cðRÞ / e�UðRÞ=kT, with

U ¼ �mgRz, where�m is the difference between the colloid mass and the mass

of the displaced fluid, g is the gravitational acceleration, and Rz is a vertical

coordinate. In the equilibrium state, the upward diffusive flux balances the

downward flux arising from the gravitational field, giving a vanishing flux

velocity UmðRÞ for all R. If one were to instead label a small number of particles

with positions localized around some point R in the solution at some time t,

creating a d-function ‘‘ink drop,’’ and then follow the evolution of this localized

ensemble, one would find that over very short periods of time, for which the

ensemble remains localized, the average position of the labeled particles (i.e.,

the center of mass of the ink drop) would drift downward with a nonzero drift

velocity Vm ¼ �ẑz�mg=�, where � is a Stokes friction coefficient.

B. Cartesian Coordinates

Brownian motion of a constrained system of N point particles may also be

described by an equivalent Markov process of the Cartesian bead positions

R1ðtÞ; . . . ;RNðtÞ. The constrained diffusion of the Cartesian coordinates may be

characterized by a Cartesian drift velocity vector and diffusivity tensor

Vm � lim
�t!0

1

�t
h�Rmi0 ð2:163Þ

Dmn � lim
�t!0

1

2�t
h�Rm�Rni0 ð2:164Þ

To relate these quantities to the corresponding moments of �qa to the required

accuracy of Oð�tÞ, we Taylor expand �Rm to quadratic order in �qa as

�Rm ’ ama�qa þ 1

2

q2Rm

qqaqqb
�qa�qb ð2:165Þ

104 david c. morse



Using this expansion to calculate the first and second moments of �Rm, while

retaining only terms of Oð�tÞ, yields a drift velocity and diffusivity

Vm ¼ amaV
a þ q2Rm

qqaqqb
Dab ð2:166Þ

Dmn ¼ kTKmn ð2:167Þ

where Eq. (2.158) for Dab and Eq. (2.136) for Kmn have been used to obtain

Eq. (2.167). Equation (2.166) implies that, unlike the flux velocities Ua and Um,

the drift velocities Va andVm do not transform as normal contravariant vectors, since

Vm 6¼ amaV
a ð2:168Þ

The transformation rule given in Eq. (2.166) is instead an example to the so-

called Ito formula for the transformation of the drift coefficients in Ito stochastic

differential equations [16]. It is shown in Section IX that VaðqÞ and VmðqÞ are
equal to the drift coefficients that appear in the Ito formulation of the stochastic

differential equations for the generalized and Cartesian coordinates, respectively.

The Cartesian drift velocity VmðqÞ may also be defined as the ensemble

average

VmðqÞ �
ð
dq0 cðq0ÞUmðq0Þ ð2:169Þ

of the Cartesian flux velocity Umðq0Þ in a hypothetical localized ensemble in

which cðq0Þ is given by Eq. (2.159). To evaluate the RHS of Eq. (2.169), we first

evaluate the average

hUmi ¼ hamaUai ð2:170Þ
for an arbitrary distribution cðq0Þ, and then take the limit of a d-function
distribution. Using Eq. (2.76) for Uaðq0Þ, for an arbitrary cðq0Þ, yields

hUmi ¼ amaK
ab kT

q lnceq

qqb
þ F

ðfÞ
b

� �
 �
� kT

ð
dq0 amaK

ab qc
qq0b

ð2:171Þ

By using expansion (2.136) for Kmn and the expansion q
qqa ¼ am � q

qRm to obtain a

Cartesian expression for the first line in Eq. (2.171), while integrating the second

line by parts, and then using a delta-function distribution to evaluate the integral,

we obtain a Cartesian velocity

Vm ¼ Kmn kT
q lnceq

qRn þ FðfÞn

� �
þ kT

qðamaKabÞ
qqb

ð2:172Þ
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Expanding the derivative of amaK
ab then yields Eq. (2.166), thus confirming the

equivalence of the definitions given in Eqs. (2.163) and (2.169).

Applying the identity q ln
ffiffiffi
g
p

=qqb ¼ ðq ffiffiffi
g
p

=qqbÞ= ffiffiffi
g
p

to the factor of ln
ffiffiffi
g
p

in

lnceqðqÞ in Eq. (2.172) yields the equivalent expression

Vm ¼ Kmn � qðU � kT ln
ffiffiffiffiffi
W
p Þ

qRn þ FðfÞn

� �
þ kTffiffiffi

g
p qð ffiffiffigp amaK

abÞ
qqb

ð2:173Þ

which will be useful in what follows.

1. Diffusion in Unconstrained Space

To obtain a more compact expession for the Cartesian drift velocity, it is useful to

generalize the underlying diffusion equation in the f -dimensional constraint

surface to a diffusion equation in the unconstrained 3N dimensional space. To

define a mobility tensor throughout the unconstrained space, we adopt Eq. (2.133)

as the definition of the constrained Cartesian mobility Kmn everywhere. To allow

Eqs. (2.133) and (2.134) to be evaluated away from the constraint surface, we

must also define nim � qci=qRm everywhere, and specify definitions of the

constrained quantities c1; . . . ; cK throughout the unconstrained space. This yields

a tensor for whichKmn � nim ¼ 0 for all i ¼ 1; . . . ;K throughout the unconstrained

space. In the system of 3N generalized coordinates defined in Eq. (2.3), the

corresponding Riemannian tensor

Kab � qQa

qRm �Kmn � qQ
b

qRn ð2:174Þ

thus has elements that vanish if either a or b corresponds to a hard variables, with

a > f or b > f .

Using this definition of Kab, we may generalize the diffusion equation for the

distribution cðqÞ on the f -dimensional constraint surface to an equivalent

diffusion equation for a distribution YðQÞ in the 3N-dimensional unconstrained

space. We consider a model in which a system of 3N coordinates undergoes

Brownian motion in the full unconstrained space under the influence of the

mobility, Kab defined above, as described by a diffusion equation

qY
qt
¼ � q

qQa Kab � q lnYeq

qQb þ F
ðfÞ
b

� �
Y

� �
þ kT

q
qQa Kab qY

qQb

� �
ð2:175Þ

where a;b ¼ 1; . . . ; 3N, and where YeqðQÞ is an equilibrium distribution in the

unconstrained space. The singular nature of the mobility for this model allows no
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probability flux along the hard directions. In a corresponding stochastic process,

the values of the hard coordinates would be rigorous constants of the motion. To

describe a constrained system, we thus consider the evolution of a distribution

that is initially confined to an infinitesimal region around the constraint surface,

and which remains confined to this region thereafter as a result of the peculiar

dynamics of the model.

We may recover a diffusion equation for the reduced distribution cðqÞ �Ð
dcYðQÞ by integrating both sides of Eq. (2.175) with respect to the hard

coordinates, while approximating the functions KabðQÞ, F
ðfÞ
b ðQÞ, and

q lnYeq=qqb by their values on the constraint surface. This yields a diffusion

equation

qc
qt
¼ � q

qqa
Kab � q lnYeq

qqb
þ F

ðfÞ
b

� �
c

� �
þ kT

q
qqa

Kab qc
qqb

� �
ð2:176Þ

By comparing Eq. (2.176) to Eq. (2.78) for the desired diffusion equation, we

may identify the reduced equilibrium distribution ceqðqÞ at each point on the

constraint surface, to within a constant of proportionality, with the value of

YeqðQÞ on the constraint surface. In this model, the behavior of YeqðQÞ away
from the constraint surface is dynamically irrelevant, since only the values of the

derivatives of lnYeqðQÞ with respect to the soft coordinates, evaluated

infinitesimally close to the constraint surface, enter diffusion Eq. (2.175).

The behavior of a constrained system may thus be correctly described by a

3N-dimensional model with a mobility Kab, an initial distribution that is

confined to within an infinitesimal region around the constraint surface, and an

equilibrium distribution YeqðQÞ whose value at each point the constraint surface

is proportional to the desired value of ceqðqÞ, giving

YeqðQÞ /
ffiffiffiffiffiffiffi
gW

p
e�U=kT ð2:177Þ

on the constraint surface. Equation (2.177) is also the equilibrium distribution

YeqðQÞ / ffiffiffi
g
p

e�UeffðQÞ=kT for a 3N-dimensional model with an effective potential

energy UeffðQÞ given by

Ueff ¼ U � kT ln
ffiffiffiffiffi
W
p

ð2:178Þ

on the constraint surface.

The content of diffusion equation (2.175) for such a model is, moreover,

independent of our choice of a system of 3N coordinates for the unconstrained

space. Constrained Brownian motion may thus be described by a model with a

mobility Kab and an effective potential Ueff in any system of 3N coordinates for
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the unconstrained space, including Cartesian coordinates, by using an

equilibrium distribution YeqðQÞ in Eq. (2.175) whose behavior on the constraint

surface is given by the RHS of Eq. (2.177) with g equal to the determinant of the

metric tensor for the chosen system of coordinates.

2. Compact Cartesian Expression

Using this generalized definition of Kab, we may use the fact that Kab and its

derivatives qKab=qQg vanish for any a or b > f to extend the implied

summations over the soft indices a; b ¼ 1; . . . ; f in the last term of Eq. (2.173)

to summations over generic indices a; b ¼ 1; . . . ; 3N, giving

1ffiffiffi
g
p qð ffiffiffigp Kba amaÞ

qqb
¼ 1ffiffiffi

g
p q

qQb

ffiffiffi
g
p

Kba qR
m

qQa

� �
ð2:179Þ

We then note that each 3N Cartesian component of the RHS of Eq. (2.179) is a

covariant divergence in the unconstrained space, of the standard form [36]

1ffiffiffi
g
p q

qQb ð
ffiffiffi
g
p

XbÞ ð2:180Þ

for a contravariant vector

Xb � Kba qR
m

qQa � êes ð2:181Þ

that is defined for fixed values of the bead index m and a Cartesian index s, where

êes is a unit vector parallel to Cartesian axis s, for s ¼ 1; . . . ; 3. This covariant
divergence retains the same form in any system of coordinates, including

Cartesian coordinates, for which
ffiffiffi
g
p ¼ 1, and so may also be expressed in

Cartesian coordinates as

1ffiffiffi
g
p q

qQb

ffiffiffi
g
p

Kba qR
m

qQa

� �
¼ q

qRn �Knm ð2:182Þ

A proof of Eq. (2.182) by elementary means is given in the Appendix, Section F.

Substituting Eq. (2.182) into Eq. (2.173) yields a drift velocity

Vm ¼ Kmn � � qUeff

qRn þ FðfÞn

� �
þ kT

q
qRn �Knm ð2:183Þ

where Ueff is defined in Eq. (2.178). The form of Eq. (2.183) is identical to that

obtained for the Cartesian drift velocity of an unconstrained system of point
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particles, except for the replacement of the unconstrained mobility Hmn by Kmn

and of the true potential energy U by Ueff, as in the 3N-dimensional model of

constrained diffusion discussed above. Equation (2.183) could thus have been

obtained more directly by analyzing this 3N-dimensional model in Cartesian

coordinates from the outset. Equation (2.183) has been given previously by

Peters, as the last line of Eq. (2.33) in his Ph.D. thesis, who obtained this result by

quite different methods.

3. Öttinger’s Expression

Öttinger [11,12] has given a more explicit expression for Vm. Öttinger’s

expression may be recovered by using expansion (2.133) for Kmn in the last term

of Eq. (2.183), and expanding the divergence. The required expansion is

presented in the Appendix, Section F, and yields

Vm ¼ Kmn � � qUeff

qRn þ FðfÞn

� �
� kTKmn � q2ci

qRlqRn �ml
i

� kTKln:
q2ci

qRnqRl m
m
i þ kTPn

;l:
qHnr

qRl � Pr
;m ð2:184Þ

This equation is equivalent to the result given by Öttinger for the Ito drift velocity

of an arbitrary rigid system, generalized here by the use of an unspecified value

of W so as to also apply to stiff systems. This drift velocity appears as the drift

coefficient (i.e., the prefactor of dt) in the Ito SDE given in Eq. (29) of Ref. 11

and Eq. (5.61) of Ref. 12.

C. Summary

The connection between a diffusion equation and a corresponding Markov

diffusion process may be established through expressions for drift velocities and

diffusitivies. The drift velocity for both unconstrained and constrained systems

may be expressed in an arbitrary system of coordinates in the generic form

Va ¼ Kab kT
q lnPeqðXÞ

qXb þ F
ðfÞ
b

� �
þ kT

qKba

qXb ð2:185Þ

where X1;X2; . . . ;XL represents some generic system of L coordinates, which

may be taken to be either L ¼ f soft coordinates for the constraint surface or a set

of L ¼ 3N coordinates for the unconstrained space, and where PeqðXÞ is the

equilibrium distribution in the chosen system of coordinates.

To describe an unconstrained system of N particles, we take X1; . . . ;XL to

be any system of L ¼ 3N generalized or Cartesian coordinates for the
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unconstrained space, take Kab equal to the unconstrained mobility Hab in the

chosen system of coordinates, and take Peq / ffiffiffi
g
p

e�U=kT .

To describe a constrained system of N particles, we must instead take Kab be

the constrained mobility and take Peq /
ffiffiffiffiffiffiffi
gW
p

e�U=kT within the constraint

surface. In this case, the variables X1; . . . ;XL may, moreover, be interpreted

either as a set f soft coordinates for the constraint surface or as an arbitrary set

of 3N coordinates for the unconstrained space. In the latter case, the mobility

Kab must be interpreted as an extension of the tensor Kab for which the hard

subspace is a null subspace, namely, for which Kab ¼ 0 if a or b is greater than

f in the system of 3N generalized coordinates defined in Section II, or for which

Kmn � nin ¼ 0 for all i ¼ 1; . . . ;K in Cartesian coordinates. Applying Eq. (2.185)

to a set of soft coordinates yields Eq. (2.157) for the generalized drift velocity

Va. Applying Eq. (2.185) to Cartesian coordinates yields Eq. (2.183) for the

Cartesian drift velocity Vm.

VIII. RECIPROCAL VECTORS AND PROJECTION TENSORS

In this section, we introduce generalized definitions of sets of reciprocal basis

vectors, and of corresponding projection tensors, which include the dynamical

reciprocal vectors and the dynamical projection tensor introduced in Section VI

as special cases. These definitions play an essential role in the analysis of the

constrained Langevin equation given in Section IX.

A. Reciprocal Vectors

A generalized set of reciprocal vectors for a constrained system is defined here

to be any set of f contravariant basis vectors �bb1m; . . . ;
�bb f
m and K covariant basis

vectors �mmm
1 ; . . . ; �mm

m
K that satisfy the biorthogonality conditions

ama � �bbbm ¼ dba ð2:186Þ
�mmm
i � njm ¼ d j

i ð2:187Þ
�mmm
i � �bbam ¼ 0 ð2:188Þ

ama � nim ¼ 0: ð2:189Þ

If the set 3N contravariant Cartesian vectors given by the f a vectors and K �mm
vectors form a complete basis for 3N space of Cartesian vectors, which we will

hereafter assume to be true, then they must also obey a completeness relation

Imn ¼ ama
�bban þ �mmm

i n
i
n ð2:190Þ

as may be confirmed by the reasoning already applied to the special case of

dynamical basis vectors. Here and hereafter, we use an overbar to indicate a
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generic set of such vectors, and reserve the corresponding symbols without

overbars to indicate the dynamical reciprocal vectors.

The biorthogonality and completeness relations presented above do not

uniquely define the reciprocal basis vectors �bbam and �mmm
i ; a list of ð3NÞ2 scalar

components is required to specify the 3N components of these 3N reciprocal

basis vectors, but only ð3NÞ2 � fK equations involving the reciprocal vectors

are provided by Eqs. (2.186–2.188), leaving fK more unknowns than equations.

The source of the resulting arbitrariness may be understood by decomposing the

reciprocal vectors into soft and hard components. The f 2 soft components of the

f �bb vectors are completely determined by the f 2 equations of Eq. (2.186).

Similarly, the K2 hard components of the �mm vectors are determined by

Eq. (2.187). These two restrictions leave undetermined both the fK hard

components of the f �bb vectors and the Kf soft components of the K �mm vectors.

Equation (2.188) provides another fK equations, but still leaves fK more

equations than unknowns. Equation (2.189) does not involve the reciprocal

vectors, and so is irrelevant for this purpose. We show below that a choice of

reciprocal basis vectors may be uniquely specified by specifying arbitrary

expressions for either the hard components of the �bb vectors or the soft

components of �mm vectors (but not both).

B. Projection Tensors

A generalized projection tensor �PPl
;m is defined to be any tensor for which

�PPl
;m � �PPm

;n ¼ �PPl
;n ð2:191Þ

and for which

�PPm
;n � ana ¼ ama ð2:192Þ

nim � �PPm
;n ¼ 0 ð2:193Þ

for all a ¼ 1; . . . ; f and all i ¼ 1; . . . ;K. The dynamical projection tensor Pm
;n

satisfies this definition. As for the special case of the dynamical projection tensor,

we use the notation

�PPn
;m ¼ ð�PPm

;nÞT ð2:194Þ
to denote a transposed projection tensor.

For any set of reciprocal vectors that satisfy Eqs. (2.186–2.190), a

corresponding projection tensor can be constructed as a sum:

�PPl
;n ¼ ala

�bban

¼ Iln � �mml
i n

i
n ð2:195Þ
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The resulting tensor satisfies

�bbam � �PPm
;n ¼ �bban ð2:196Þ

�PPm
;n � �mmn

i ¼ 0 ð2:197Þ
in addition to Eqs. (2.191–2.193).

We now show, conversely, that for each projection tensor �PPm
;n, there exists a

unique set of corresponding reciprocal basis vectors that are related to �PPm
;n by

Eq. (2.195). To show this, we show that the set of arbitrary numbers required to

uniquely define such a projection tensor at a point on the constraint surface is

linearly related to the set of fK arbitrary numbers required to uniquely specify a

system of reciprocal vectors. A total of ð3NÞ2 coefficients are required to

specify a tensor �PPm
;n. Equation (2.193) yields a set of 3NK scalar equations that

require vanishing values of both the K2 ‘‘hard–hard’’ components, which are

given by the quantities nim � �PPm
;n � n j

n ¼ 0, and of the fK mixed ‘‘hard–soft’’

components, which are given by nim � �PPm
;n � anb ¼ 0. Equation (2.192) yields

another f 2 equations, which determine the f 2 ‘‘soft–soft’’ components given by

ama � �PPm
;n � anb ¼ ~ggab. These conditions thus leave unspecified the values of the fK

mixed ‘‘soft–hard’’ components, given by the quantities ama � �PPm
;n � n j

n. By using

both forms of expansion (2.195) for �PPm
;n to calculate ama � �PPm

;n � n j
n, we may

obtain a set of fK equations

ama � �PPm
;n � njn ¼ ~ggab�bb

b
n � njn ¼ �ama � �mmm

i ĜG
ij ð2:198Þ

that relate the fK arbitrary soft-hard components of �PPm
;n to both the fK arbitrary

hard components of the �bb vectors and to the fK arbitrary soft components of the
�mm vectors, while also relating the arbitrary components of the �bb and �mm vectors to

one another.

C. Cartesian Drift Velocity (Revisited)

A useful class of alternative expressions for Vm may be derived by inserting an

arbitrary projection tensor into the divergence of Kmn on the RHS of (2.183). We

note that

Knm ¼ �PPn
;l �Klm ð2:199Þ

because any projection tensor �PPn
;l acts like the identity when operating to the

right on a soft vector. We may thus insert an arbitrary projection tensor into the

divergence in Eq. (2.183) to express the Cartesian divergence as a sum

q
qRn �Knm ¼ q

qRn � ð�PPn
;l �KlmÞ ð2:200Þ

¼ �PP ;n
l :

qKlm

qRn þKml � q
qRn � �PPn

;l

� �
ð2:201Þ
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of a projected divergence (the first term on the RHS) plus a term involving the

divergence of the projection tensor. Note that the values of both terms on the

RHS of Eq. (2.201) depend upon an arbitrary definition for the projection tensor
�PPm

;l, or of the corresponding reciprocal basis vectors, but that the sum of the two

terms can not, since the value of Vm on the LHS of the equation is independent

of this choice.

Substituting Eq. (2.201) into Eq. (2.183) for Vm yields

Vm ¼ Kmn � � qUeff

qRn þ FðfÞn þ FðpsÞn

� �
þ kT�PP ;l

n :
qKmn

qRl ð2:202Þ

Here, FðpsÞn is a ‘‘pseudoforce’’ that is defined by the relation

Kml � FðpsÞl ¼ Kml � kT
q

qRn � �PPn
;l

� �
ð2:203Þ

Because Kmn has only soft components, this is equivalent to the requirement that

ala � FðpsÞl ¼ ala � kT
q

qRn � �PPn
;l

� �
ð2:204Þ

that is, that the soft components of F
ðpsÞ
l be equal to the soft components of the

divergence of kT�PPn
;l. Because FðpsÞn is contracted with Kmn in Eq. (2.202), the

hard components of FðpsÞn have no effect on the drift velocity, and so are left

arbitrary by this definition.

A more explicit expression for FðpsÞn may be obtained by expanding �PPn
;l ¼

Inl � �mmn
i n

i
l within the divergence, and expanding the derivative, to show that

F
ðpsÞ
l ¼ �kT qnil

qRn � �mmn
i ¼ �kT

q2ci

qRlqRn � �mmn
i ð2:205Þ

to within arbitrary hard components. The second equality in Eq. (2.205) follows

from the definition nin � qci=qRn.

D. Useful Choices

We now consider several possible ways of defining a system of reciprocal

vectors and a corresponding projection tensor.

Biorthogonality conditions (2.186–2.189) and completeness relation (2.190)

are equivalent to the biorthogonality and completeness relations (2.5) and (2.6)

obeyed by partial derivatives in the full space, if we identify

�bbam �
qqaðRÞ
qRm �mmm

i �
qRmðQÞ
qci

ð2:206Þ

This is perhaps the most obvious definition of a set of reciprocal vectors.
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Other definitions may be constructed by the following generalization of the

relationship between the dynamical reciprocal vectors and the mobility tensor:

Given any invertible symmetric covariant Cartesian tensor Smn with an inverse

Tmn ¼ ðS�1Þmn, we may take

�bban � ð~SS�1Þabamb � Smn ð2:207Þ

and

�mmn
i � ðT̂T�1Þijn j

m � Tmn ð2:208Þ

By repeating the reasoning applied in Section VI to the dynamical reciprocal

vectors, we may confirm that any vectors so defined will satisfy Eqs. (2.186)–

(2.189). It will hereafter be assumed that (except for pathological choices of Smn)

they also satisfy completness relation (2.190). A few choices for the tensors Smn
and Tmn yield useful reciprocal vectors and projection tensors, for which we

introduce special notation:

1. Dynamical Projection

Dynamical reciprocal vectors bam and mn
i , which were introduced in Section VI,

are defined by taking Tmn ¼ Hmn in Eq. (2.208). The corresponding projection

tensor is the dynamical projection tensor Pm
;n.

The pseudoforce associated with the dynamical projection tensor may be

calculated by using dynamical reciprocal vectors to evaluate Eq. (2.205). In the

simple case of a coordinate-independent mobility Hmn, as in a free-draining

model or a model with an equilibrium preaveraged mobility, we may use

Eq. (A.17) to express F
ðpsÞ
l as a derivative

F
ðpsÞ
l ¼ �kT q ln

ffiffiffiffî
HH
p

qRl ðfor Hmn ¼ constÞ ð2:209Þ

In the general case of a coordinate-dependent mobilityHmnðqÞ, as in a model with

full hydrodynamic interactions, the resulting pseudoforce cannot be expressed as

the derivative of any corresponding pseudopotential.

The use of a dynamical projection tensor in Eq. (2.202) also leads naturally

to Öttinger’s expression for Vm, Eq. (2.184). To show this, we expand Knm as a

product Hnr � Pr
;m in the last term in Eq. (2.202), and expand the derivative as

P ;l
n :

qKnm

qRl ¼ P ;l
n :

qðHnr � P ;m
r Þ

qRl

¼ P ;l
n :

qHnr

qRl � P ;m
r �Krl :

qnir
qRl m

m
i ð2:210Þ
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where we have used the expansion P ;m
r ¼ Imr � nir �mm

m
i to obtain the second term

in the second line. Equation (2.184) is obtained by substituting Eq. (2.210)

into Eq. (2.202). The second line on the RHS of Eq. (2.184) is the term arising

from FðpsÞn .

2. Geometric Projection

Geometric reciprocal basis vectors, which will be denoted by ~bbam and m̂m
m
i , are

defined by instead taking Tmn ¼ Imn in Eq. (2.208). This yields

~bbam � ð~gg�1Þabamb ð2:211Þ
m̂m

m
i � ĜG�1ij nim ð2:212Þ

Note that the soft reciprocal vectors ~bbam are expanded in a basis of tangent vectors,
and so are manifestly parallel to the constraint surface (as indicated by the use of

a tilde), while the hard reciprocal vectors m̂m
m
i are expanded in normal vectors, and

so lie entirely normal to the constraint surface (as indicated by the use of a caret).

These basis vectors may be used to construct a ‘‘geometric’’ projection tensor

~PPn
m � ~bbama

n
a ¼ ana

~bbam

¼ Inm � ĜG�1ij nimn
j
n ð2:213Þ

The product of any 3N vector with this geometric projection tensor isolates the

soft component of that vector. The geometrical projection tensor is a symmetric

tensor, like the Euclidean identity and unlike the dynamical projection tensor. To

reflect this fact, its bead indices are written directly above and below one another,

with no offset to indicate whether the implicit Cartesian index associated with

each bead index acts to the right or left.

The pseudoforce that is obtained by using geometric reciprocal vectors in

Eq. (2.205) may be expressed, using Eq. (A.19), as a derivative

F
ðpsÞ
l ¼ �kT q ln

ffiffiffiffî
GG

p
qRl ð2:214Þ

of a pseudo-potential kT ln
ffiffiffiffî
GG

p
. This is the ‘‘metric’’ pseudoforce found

previously by both Fixman [9] and Hinch [10] in their analyses of the Langevin

equation for constrained systems.

3. Inertial Projection

Inertial reciprocal vectors, which will be denoted by �bbam and �mmm
i , are obtained by

setting Smn ¼ mmn. This yields

�bbam � ð~mm�1Þabambmm ð2:215Þ
�mmm
i � ðm̂m�1Þ�1ij nimm

�1
m ð2:216Þ
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with no summation with respect to m, where mm is the mass of bead m. The
corresponding inertial projection tensor is given by

�PPn
;m � Inm � ðdm�1m�1Þ�1ij m�1n njnn

i
m ð2:217Þ

The inertial and geometrical projection tensors, and associated reciprocal

vectors, are identical for models with equal masses for all beads, in which the

mass tensor is proportional to the identity.

The corresponding pseudoforce is

F
ðpsÞ
l ¼ �kT q ln

ffiffiffiffiffiffiffiffidm�1m�1
p
qRl ð2:218Þ

When applied to a rigid model, for which W /dm�1m�1, this pseudoforce exactly

cancels the force arising from the derivative of kT ln
ffiffiffiffiffi
W
p

within Ueff in

Eq. (2.202), yielding a drift velocity

Vm ¼ Kmn � � qU
qRn þ FðfÞn

� �
þ kT�PP ;l

n :
qKmn

qRl ð2:219Þ

that contains neither of these cancelling forces. The same result obviously

applies for geometric projection in the case of rigid models with equal bead

masses. This expression for the drift velocity has been given previously by Peters

[13], as the drift coefficient in the Ito SDE given in the first line of Eq. (3.33) of

his Ph.D. thesis.

E. Summary

The main result of this section is the derivation of a class of alternative

expressions for the Cartesian drift velocity Vm that is based on an expansion of

the divergence of the diffusivity of kTKmn as a sum

q
qRn �Knm ¼ �PPn

;l :
qKnm

qRl þ
1

kT
Kmn � FðpsÞn ð2:220Þ

in which the projected divergence of the first term is defined using an generalized

projection tensor �PPn
;l, and in which FðpsÞn is a corresponding pseudoforce with

soft components

FðpsÞa ¼ ana � kT
q

qRl � �PPl
;n

� �
ð2:221Þ
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Because FðpsÞn appears contracted with Kmn in the equation of motion, the hard

components of FðpsÞn have no dynamical effect, and are arbitrary. The values of

the soft components of FðpsÞn depend on the form chosen for the generalized

projection tensor, and reduce to the metric pseudoforce found by Fixman and

Hinch in the case of geometric projection.

The expression for Vm that is obtained by substituting the preceding into

Eq. (2.183) is found to include as special cases all of the correct results for the

Cartesian drift velocity obtained by previous authors: Expressions obtained

previously by Öttinger [11,12], Hinch [10], and Peters [13] are recovered in the

cases of dynamical, geometrical, and inertial projection, respectively. This

expression for Vm also plays an essential role in the analyses of constrained

Langevin equations and constrained kinetic SDEs given in Section IX, in which

constrained fluctuations are found to give rise naturally to a contribution to the

drift velocity proportional to a projected divergence of the mobility, but in

which a correspondng pseudoforce must be added to the SDE by hand to obtain

the correct drift velocity.

IX. STOCHASTIC DIFFERENTIAL EQUATIONS (SDEs)

In this section, we consider the description of Brownian motion by Markov

diffusion processes that are the solutions of corresponding stochastic differential

equations (SDEs). This section contains self-contained discussions of each of

several possible interpretations of a system of nonlinear SDEs, and the

relationships between different interpretations. Because most of the subtleties

of this subject are generic to models with coordinate-dependent diffusivities,

with or without constraints, this analysis may be more broadly useful as a review

of the use of nonlinear SDEs to describe Brownian motion. Because each of the

various possible interpretations of an SDE may be defined as the limit of a

discrete jump process, this subject also provides a useful starting point for the

discussion of numerical simulation algorithms, which are considered in the

following section.

The present analysis builds directly on three previous analyses of SDEs for

constrained systems by Fixman [9], Hinch [10], and Öttinger [11]. Fixman and

Hinch both considered an interpretation of the inertialess Langevin equation as

a limit of an ordinary differential equation with a finite, continuous random

force. Both authors found that, to obtain the correct drift velocity and

equilibrium distribution, it was necessary to supplement forces arising from

derivatives of Ueff ¼ U � kT ln
ffiffiffiffiffi
W
p

by an additional corrective pseudoforce,

but obtained inconsistent results for the form of the required correction force.

Öttinger [11] based his analysis on an Ito interpretation of SDEs for both

generalized and Cartesian coordinates, and thereby obtained results that
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(although correct) bore no obvious resemblance to those obtained by Fixman

or Hinch.

The present analysis follows the approach taken by all three of these authors,

in which SDEs are constructed by choosing the drift and diffusivity coefficients

so as to yield a desired diffusion equation. Peters [13] has pioneered an

alternative approach, in which expressions for the drift and diffusivity are

derived from a direct, but rather subtle, analysis of the underlying inertial

equations of motion, in which (for rigid systems) he integrates the instantaneous

equations of motion over time intervals much greater than the autocorrelation

time of the particle velocities. Peters has expressed his results both as standard

Ito SDEs and in a nonstandard interpretation that he describes heuristically as a

mixture of Stratonovich and Ito interpretations. Peters’ mixed Ito–Stratonovich

interpretation is equivalent to the ‘‘kinetic’’ interpretation discussed here. Here,

we recover several of Peters’ results, but do not imitate his method.

Sections IX.A–IX.D discuss four different possible interpretations of a set of

nonlinear SDEs, and the relationships between them. SDEs are mathematically

ambiguous unless they are supplemented by a rule for their interpretation,

because their solutions are not differentiable functions of time. Each of

the different possible interpretations of a set of SDEs may defined as the limit of

an underlying discrete jump process in the limit of infinitesimal time step.

Sections IX.A and IX.B review the standard Ito and Stratonovich interpreta-

tions. Section IX.C discusses the traditional interpretation of an inertialess

Langevin equation as a limit of an ordinary differential equation with rapidly

varying random forces, clarifies its relationship to the Stratonovich interpreta-

tion, and identifies some of the potential pitfalls of this interpretation.

Subsection IX.D discusses a ‘‘kinetic’’ interpretation that is constructed so as

to lead naturally, in the absence of constraints, to a diffusion equation of the

form required by statistical mechanics. The definition of the kinetic

interpretation given here is a formalization of a suggestion by Fixman [9] of

a particular mid-step algorithm for integration of the Langevin equation.

Throughout this section, we will use the notation X1ðtÞ; . . . ;XLðtÞ to denote a
unspecified set of L Markov diffusion processes when discussing mathematical

properties that are unrelated to the physics of constrained Brownian motion, or

that are not specific to a particular set of variables. The variables qa, Qa, and Rm

will be reserved to refer specifically to soft coordinates, generalized coordinates

for a system of N point particles, and Cartesian particle positions, respectively.

The generic variables X1; . . . ;XL will be indexed by integer variables a, b; . . . ¼
1; . . . ; L.

The normalized joint probability distribution for an ensemble of such generic

variables will be denoted by PðXÞ, which is normalized such thatÐ
dX1 � � � dXL PðXÞ ¼ 1. The evolution of such a probability distribution is
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described by a Fokker–Planck, or forward Kolmogorov, equation [16,17]

qP
qt
¼ � qðVaPÞ

qXa þ q2ðDabPÞ
qXaqXb ð2:222Þ

in which the drift velocity Va and diffusivity tensor Dab are given by the

moments

VaðXÞ � lim
�t!0

1

�t
h�Xai0 ð2:223Þ

DabðXÞ � lim
�t!0

1

2�t
h�Xa�Xbi0 ð2:224Þ

of the deviation �Xa � Xað�tÞ � X0ð0Þ of XaðtÞ over a time interval of length

�t from an arbitrary origin of time at t ¼ 0. As in Section VII, the notation h� � �i0
represents the conditional average of a dynamical variable at some specified

time, such as the value of XðtÞ at t ¼ �t, for an ensemble of systems for which

the set of variables XðtÞ ¼ fX1ðtÞ; . . . ;XLðtÞg has a known set of initial values X
at an earlier time t ¼ 0. The value of an average h� � �i0 thus depends upon the

chosen initial condition X.

In what follows, we distinguish between the drift velocity Va associated with

a random variable Xa, which is defined by Eq. (2.223), and the corresponding

drift coefficient that appears explicitly in a corresponding SDE for Xa, which

will be denoted by AaðXÞ, and which is found to be equal to Va only in the case

of an Ito SDE. The values of the generalized and Cartesian drift velocities

required to force each type of SDE to mimic constrained Brownian motion are

determined in what follows by requiring that the resulting drift velocities have

the values obtained in Section VII.

In both the Ito and Stratonovich formulations, the randomness in a set of

SDEs is generated by an auxiliary set of statistically independent Wiener

processes [12,16]. The solution of an SDE is defined by a limiting process

(which is different in different interpretations) that yields a unique solution to

any stochastic initial value problem for each possible realization of this

underlying set of Wiener processes. A Wiener process WðtÞ is a Gaussian

Markov diffusion process for which the change in value WðtÞ �Wðt0Þ between
any two times t0 and t has a mean and variance

hWðtÞ �Wðt0Þi ¼ 0

hjWðtÞ �Wðt0Þj2i ¼ jt � t0j ð2:225Þ
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Wiener processes are continuous but not differentiable. To generate a particular

time history for a set of L random variables, we use some set of M statistically

independent Wiener processes W1ðtÞ; . . . ;WMðtÞ, which will herafter be labeled

by indices m; n; . . . ¼ 1; . . . ;M. The number of Weiner processes M used to

generate random processes for L coordinates need not always equal L.

A. Ito SDEs

We first consider a generic set of L Ito SDEs for some set of variables X1; . . . ;XL,

which are specified by the standard notation

dXa ¼ AaðXÞdt þ BamðXÞdWmðtÞ ð2:226Þ

with a ¼ 1; . . . ; L, where AaðXÞ and BamðXÞ are coefficients that are differenti-

able functions of the system coordinates. Because WmðtÞ is not differentiable,
Eq. (2.226) is mathematically meaningless until one specifies an interpretation of

the term involving the differential dWm. In the Ito interpretation, the solution of

Eq. (2.226), for a given set of initial conditions and a given set of Wiener

processes, is given by the limit �t! 0 of a sequence of discrete processes with

timesteps of length �t, in which the change �Xa
n ¼ Xa

nþ1 � Xa
n in the value of

Xa
n � XaðtnÞ during a step between times tn and tnþ1 ¼ tn þ�t is given by

�Xa
n ¼ AaðXnÞ�t þ BamðXnÞ�Wm;n ð2:227Þ

where�Wm;n � Wmðtnþ1Þ �WmðtnÞ. A unique solution of the SDE is defined by

taking �t! 0, while calculating the increments �Wm;n from increasingly fine

discretizations of the same set of random functions W1ðtÞ; . . . ;WmðtÞ. It is

essential to the Ito interpretation that the functions AaðXÞ and BamðXÞ in the

underlying discrete process be evaluated using the value Xn obtained at the

beginning of the timestep, as in an explicit forward Euler algorithm for numerical

integration.

Expressions for the drift velocity and diffusivity of the solution of Ito SDE

(2.226) may be obtained by calculating the first and second moments of�Xa for

the underlying discrete process. Taking the average of �Xa in Eq. (2.227)

immediately yields a drift velocity, as defined by Eq. (2.223), that is equal to the

drift coefficient AaðXÞ that appears in the Ito SDE:

VaðXÞ ¼ AaðXÞ ð2:228Þ
By using Eq. (2.227) to evaluate the second moment h�Xa�Xbi0, and taking the
limit �t! 0, one finds a diffusivity

DabðXÞ ¼ 1

2
BamðXÞBbmðXÞ ð2:229Þ
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For L > 1, Bam is generally not a unique function of the diffusivity Dab, as

discussed further below.

1. Summary of Properties

The essential properties of an Ito SDE are:

1. Fokker–Planck Equation. The ensemble of trajectories generated by

SDE (2.226) obeys a Fokker–Planck equation of the form given in

Eq. (2.222), with a drift velocity VaðXÞ ¼ AaðXÞ given in Eq. (2.228) and

the diffusivity given by Eq. (2.229).

2. Change of Variables. A change of coordinates from the variables

X1; . . . ;XL that appear in Eq. (226) to another set of L variables
�XX1ðXÞ; . . . ; �XXLðXÞ yields a set of L equivalent SDEs for the new

coordinates, of the form

d�XXb ¼ �AAbdt þ �BBbmdWm ð2:230Þ

with coefficients given by the transformation formulas

�AAb ¼ q�XXb

qXa V
a þ q2�XXb

qXaqXg D
ag ð2:231Þ

�BBbm ¼ q�XXb

qXa B
am ð2:232Þ

and a transformed diffusivity tensor

�DDgd ¼ q�XXg

qXa D
ab q�XX

d

qXb ð2:233Þ

The nontrivial transformation rule of Eq. (2.231) for the Ito drift coefficient

(or the drift velocity) is sometimes referred to as the ‘‘Ito formula.’’ Note that

Eq. (2.166) is a special case of the Ito formula, as applied to a transformation

from generalized coordinates to Cartesian bead coordinates. The method used

above to derive Eq. (2.166) thus constitutes a poor person’s derivation of the Ito

formula, which is readily generalized to obtain the general transformation

formula of Eq. (2.231).

Analysis of a physical problem involving Brownian motion can normally

determine only the values of the coefficients Va and Dab that appear in the

Fokker–Planck equation. The matrix of coefficients Bam is required only to

satisfy Eq. (2.229), which is generally not sufficient to determine a unique value

for Bam. For L > 1 andM ¼ L, there are generally an infinite number of ways of

theory of constrained brownian motion 121



decomposing Dab as a matrix product of the form given in Eq. (2.229).

For example, if L ¼ M and Dab is symmetric and positive-definite, we could

obtain uniquely defined values for Bam by either arbitrarily requiring that Bam be

a real symmetric matrix, giving the symmetric ‘‘square root’’ of Dab, or

requiring that it be lower diagonal, giving a Cholesky decomposition. Ito SDEs

based on different decompositions of the same diffusivity yield different

trajectories but generate ensembles described by the same Fokker–Planck

equation.

When formulating an SDE to produce a desired Fokker–Planck equation, one

also has some freedom to choose the number of Wiener processes M used to

generate random motion. The only general requirement is that M be taken large

enough to guarantee that it possible to construct a matrix Bam that will yield the

desired diffusivity Dab. For a symmetric positive-definite diffusivity, any M � f

will satisfy this requirement. To describe the constrained motion of a system of

N beads with f degrees of freedom, one might thus consider using either M ¼ f

Wiener processes or M ¼ 3N processes. To construct purely Cartesian SDEs

and simulation algorithms, however, it is convenient to use M ¼ 3N processes,

each of which can be mentally associated with a single Cartesian coordinate of a

single bead.

2. Constrained Brownian Motion

Constrained Brownian motion may be described in generalized cordinates as

the solution of a set of f Ito SDEs for the soft generalized coordinates q1; . . . ; q f ,

of the form

dqa ¼ AaðqÞ dt þ BamðqÞdWmðtÞ ð2:234Þ

with a drift coefficient AaðqÞ ¼ VaðqÞ and a matrix BamðqÞ that must be chosen so

that Eq. (2.229) yields the diffusivity Dab ¼ kTKab required by Eq. (2.158).

Alternatively, constrained Brownian motion of a set of pointlike particles

may be described as a set of N vector SDEs for the bead positions, of the

form

dRm ¼ Amdt þ BmmdWm: ð2:235Þ

The coefficients Vm and Bmn may be chosen so as to yield the correct Cartesian

diffusivity, or may be obtained by applying the Ito transformation formulae to the

transformation from generalized to Cartesian coordinates. Either method yields a

drift coefficient

Am ¼ Vm ð2:236Þ

122 david c. morse



equal to the Cartesian drift velocity given explicitly in Eq. (2.166), and a matrix

Bmm � amaB
am that yields the Cartesian diffusivity

Dmn � 1

2
Bmm � Bnm ¼ kTKmn ð2:237Þ

required by Eq. (2.167).

The Ito SDEs for either generalized or Cartesian coordinates can be

numerically simulated by implementing the forward Euler timestepping

algorithm used to define an Ito SDE in Eq. (2.226). Calculation of the

coefficient Bam or Bmm can be accomplished by carrying out Cholesky

decomposition of the corresponding tensor Kab or Kmn [29]. Implementation

of any integration scheme in generalized coordinates requires a calculation of

the elements of the generalized forces and constrained mobility tensor in the

chosen system of coordinates, which can become complicated. Implentation of

the forward Euler algorithm in either generalized or Cartesian coordinates also

requires a potentially costly evalution of a term in the drift velocity proportional

to the divergence qKab

qqb or q
qRn �Knm of the constrained mobility in the chosen

system of coordinates. The constrained mobility generally has a complex

dependence on coordinates in either type of coordinate system, even in the

absence of hydrodynamic interactions. Because there exist other algorithms that

avoid the need to evaluate sums of derivatives of the constrained mobility, this

forward Euler algorithm is generally a poor choice for the simulation of a

constrained system.

The simple Cartesian Euler algorithm is, however, useful for simulating

some common models of unconstrained systems of point particles for which the

divergence of the unconstrained mobility Hmn vanishes. In the simple cases of

free draining unconstrained models, such as the Rouse model, and of models

with equilibrium preaveraged hydrodynamic interactions, such as the Zimm

model, Hmn is approximated by a coordinate-independent tensor, and thus has no

divergence. In addition, hydrodynamic interactions between pointlike beads are

typically described by either the Oseen or Rotne–Prager–Yamakawa tensor,

both of which have a vanishing divergence as a result of the assumed

incompressibility of the solvent. The use of the Euler algorithm to describe

unconstrained systems of hydrodynamically interacting particles has been

discussed in detail by Ermak and McCammon [29].

B. Stratonovich SDEs

The Stratonovich interpretation of a generic set of L SDEs driven by M Wiener

processes will be indicated in what follows by the notation

dXa ¼ AaðXÞ dt þ BamðXÞ � dWm ð2:238Þ
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The notation ‘‘�’’ (the ‘‘Stratonovich circle’’) is used to distinguish this from the

corresponding set of Ito SDEs. The Stratonovich interpretation of such a set of

equations may be defined by either of two limiting procedures, which have been

shown to yield equivalent limits, and are discussed separately below:

1. Limit of a Discrete Process

The solution of SDE (2.238) was originally defined by Stratonovich [30] as the

limit �t! 0 of a sequence of discrete Markov processes, for which

�Xa
n ¼ AaðXnÞ�t þ Bam Xn þ Xnþ1

2

� �
�Wm ð2:239Þ

Note that, in this interpretation, Bam must be evaluated at a position midway

between Xn and Xnþ1, as in an implicit midstep algorithm for numerical

integration, rather than at the position obtained at the beginning of the step, as in

the Ito interpretation.

The drift velocity and diffusivity for a Stratonovich SDE may be obtained by

using Eq. (2.239) to calculate the first and second moments of �Xa to an

accuracy of Oð�tÞ. To calculate the drift velocity, we evaluate the average of the
RHS of Eq. (2.244) for�Xa. To obtain the required accuracy of Oð�tÞ, we must

Taylor expand the midpoint value of Bam that appears in Eq. (2.244) to first

order in �Xb about its value at the initial position Xn, giving the approximation

h�Xa
n i0 ’ Aa�t þ Bam þ 1

2
�Xb

n

qBam

qXb

� �
�Wm;n


 �
0

ð2:240Þ

in which Aa, Bam and qBam=qXb are all evaluated at the initial position Xn. The

contributions hBamðXnÞ�Wm;ni0 vanishes, because h�Wm;ni ¼ 0. To evaluate the

term involving qBam=qXb, we may approximate�Xb inside the average value by

the approximation

�Xb
n ’ BbmðXnÞ�Wm;n ð2:241Þ

which captures the dominant Oð ffiffiffiffiffiffi�t
p Þ fluctuations in �Xa

n , while neglecting all

Oð�tÞ contributions. Using approximation (2.241) for �Xa
n within the RHS of

Eq. (2.240), while using Eq. (2.225) for the variance of�Wm;n, yields an average

value

h�Xa
n i0 ’ Aa þ 1

2
Bbm qBam

qXb

� �
�t ð2:242Þ

and a corresponding the drift velocity

Va ¼ Aa þ 1

2
Bbm qBam

qXb ð2:243Þ
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Note that for a Stratonovich SDE, unlike an Ito SDE, the drift velocity Va

generally differs from the drift coefficient Aa that appears in the SDE.

To calculate h�Xa�Xbi0 to an accuracy of Oð�tÞ, we need only the Oð ffiffiffiffiffiffi�t
p Þ

approximation of Eq. (2.241) for �Xa. This yields a diffusivity identical to that

given for the Ito SDE in Eq. (2.229).

2. Limit of an Ordinary Differential Equation

The Stratonovich interpretation of Eq. (2.238) may also be obtained [31,32]

from the white-noise limit of a sequence of stochastic ordinary differential

equations (ODEs) of the form

_XXaðtÞ ¼ AaðXÞ þ BamðXÞfmðtÞ ð2:244Þ

in which fmðtÞ is one of a set of M statistically independent continuous random

functions, indexed by m ¼ 1; . . . ;M, with statistical properties

h fmðtÞi ¼ 0 hfmðtÞfnðt0Þi ¼ dðt � t0Þdmn ð2:245Þ

Here, dðt � t0Þ represents a sharply peaked but finite and differentiable

autocorrelation function with a small but nonzero autocorrelation time, which

is assumed to be an even function of t � t0. The Stratonovich interpretation is

obtained in the limit of vanishing autocorrelation time.

To construct a sequence of ODEs whose solutions converge to that of a

corresponding Stratonovich SDE driven by a known set of Weiner processes

W1ðtÞ; . . . ;WMðtÞ, the random functions fmðtÞ may be taken as the time

derivatives f
ðEÞ
m ðtÞ � dW

ðEÞ
m ðtÞ=dt of a sequence of differentiable functions

W
ðEÞ
m ðtÞ that approach the specified Weiner processes WmðtÞ in the limit E! 0,

so that

lim
E!0

ðt
t0
f ðEÞm ðt00Þdt00 ¼ WmðtÞ �Wmðt0Þ ð2:246Þ

where E is a parameter proportional to the autocorrelation time of f
ðEÞ
m ðtÞ. An E-

smoothed Weiner processW
ðEÞ
m ðtÞ may be constructed [32] by convolutingWmðtÞ

with a normalized smoothing function of the form E�1Fðjt � t0j=EÞ, withÐ
dxFðxÞ ¼ 1, that ‘‘smears’’ the values of WmðtÞ over a range jt � t0j <� E.
To calculate the drift velocity and diffusivity for such a process, we imagine

a discrete sequence of coordinates values Xa
n ¼ XaðtnÞ sampled at times

t1; t2; t3; . . . separated by �t, and then take the limit �t! 0. Such a sequence

could be generated by integrating Eq. (2.244) over each timestep to obtain the

change �Xa
n for that step. Such a sequence will be approximately Markovian
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when the autocorrelation time E for the random force is much less than �t. We

thus consider a limiting process in which we first take the limit of vanishing

autocorrelation time E for fmðtÞ, to obtain a Markov process, and only then take

the limit of vanishing �t. The change in XaðtÞ during the course of a single

timestep may be characterized by an increment

�XaðtÞ �
ðt
0

dt0 _XXaðt0Þ ð2:247Þ

for any 0 � t � �t, in which _XXaðt0Þ is given by Eq. (2.244). To simplify notation,

we set t ¼ 0 at the beginning of the single timestep of interest.

To calculate �XaðtÞ to OðtÞ, we may approximate Aaðt0Þ by its value at t ¼ 0

in the drift term, but must expand Bamðt0Þ to linear order in �Xgðt0Þ around its

t ¼ 0 value. This yields the OðtÞ approximation

�XaðtÞ ’ Aat þ
ðt0
0

dt0 Bam þ�Xbðt0Þ qB
am

qXb

� �
fmðt0Þ ð2:248Þ

in which Aa, Bam, and qBam=qXb are all evaluated at t ¼ 0. The dominant Oð ffiffitp Þ
contribution to Eq. (2.248) is given by the integral

�XaðtÞ ’ Bam
ðt0
0

dt0 fmðt0Þ ð2:249Þ

in which Bam is evaluated at t ¼ 0.

To calculate the drift velocity, we evaluate the average of Eq. (2.248), while

approximating �Xbðt0Þ within the RHS by Eq. (249). This yields

h�XaðtÞi0 ’ Aat þ Bbn qB
am

qXb

ðt
0

dt0
ðt0
0

dt00 h fmðt0Þfnðt00Þi ð2:250Þ

To evaluate the double integral, we setðt0
0

dt00h fmðt0Þfnðt00Þi ¼ 1

2
dmn ð2:251Þ

consistent with the Stratonovich interpretation of dðt0 � t00Þ as an even function

of t0 � t00. This yields

h�XaðtÞi0 ’ Aa þ 1

2
Bbm qBam

qXb

� �
t ð2:252Þ

from which we immediately recover Eq. (2.243) for Va.
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To calculate the second moment h�Xa�Xbi0 to OðtÞ, it is sufficient to

approximate �Xaðt0Þ by the dominant Oð ffiffitp Þ contribution given in Eq. (2.249).

This yields

h�XaðtÞ�XbðtÞi0 ¼ BamBbmt ð2:253Þ

consistent with Eq. (2.229), which yields the correct diffusivity for either an Ito

or Stratonovich SDE.

3. Summary of Properties

The essential properties of a Stratonovich SDE, which may be derived from

either of the two limiting processes presented above, are

1. Relation to Ito SDE. A Stratonovich SDE (2.238) is equivalent to an Ito

SDE of the form given in Eq. (2.226), with the same coefficient Bam, but

with an Ito drift coefficient equal to the drift velocity Va given in

Eq. (2.243). We may summarize this equivalence by the statement

Bam � dWm � BamdWm þ 1

2
Bbm qBam

qXb dt ð2:254Þ

where the notation BamdWm (with no Stratonovich circle) indicates an Ito

differential.

2. Fokker–Planck Equation. A Stratonovich SDE obeys a Fokker–Planck

equation of the form given in Eq. (2.222) with the drift velocity VaðXÞ
given in Eq. (2.243), and the diffusivity given in Eq. (2.229). The

resulting diffusion equation may be written in terms of the drift coefficient

Aa as

qP
qt
¼ � qðAaPÞ

qXa þ 1

2

q
qXa Bam qðBbmPÞ

qXb

� �
ð2:255Þ

Note the differences between the form of the diffusion term that appears

in this Stratonovich form of the diffusion equation and those that appear in

the Ito (or forward Kolmogorov) form of Eq. (2.222) and in the physical

diffusion equation of Eq. (2.78).

3. Change of Variables. A change of coordinates from the variables

X1; . . . ;XL that appear in Eq. (2.238) to another set of L variables
�XX1ðXÞ; . . . ; �XXLðXÞ yields an equivalent SDEs for the new coordinates, of

the form

d�XXg ¼ �AAgdt þ �BBgm � dWm ð2:256Þ
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with coefficients that transform as contravariant tensors, using the chain

rule

�AAg ¼ q�XXg

qXa A
a ð2:257Þ

�BBgm ¼ q�XXg

qXa B
am ð2:258Þ

Stratonovich SDEs, unlike Ito SDEs, may thus be manipulated using the familiar

calculus of differentiable functions, rather than the Ito calculus. This property of

a Stratonovich SDE may be shown to follow from the Ito transformation rule for

the equivalent Ito SDE. It also follows immediately from the definition of the

Stratonovich SDE as the white-noise limit of an ordinary differential equation,

since the coefficients in the underlying ODE may be legitimately manipulated by

the usual rules of calculus.

4. Constrained Brownian Motion

A set of Stratonovich SDEs for a constrained mechanical system may be

formulated either as a set of f SDEs for the soft coordinates or as a correspond-

ing set of 3N SDEs for the Cartesian bead positions. The Stratonovich SDEs for

the generalized coordinates are of the form given in Eq. (2.238), with a drift

coefficient

Aa ¼ Va � 1

2
Bbm qBam

qXb
ð2:259Þ

chosen as to correspond to an Ito SDE with a drift coefficient Va. Equivalent

Stratonovich SDEs for the bead positions may be obtained either by applying a

change of variables to Eq. (2.259) or, more directly, by simply choosing the

coefficients in the Cartesian Stratonovich SDE so as to yield the correct Cartesian

drift velocity and diffusity. Either method yields a set of SDEs of the form

dRm ¼ Amdt þ Bmm � dWm ð2:260Þ

with a Cartesian drift coefficient

Am ¼ Vm � 1

2
Bnm � qB

mm

qRn ð2:261Þ

and with a matrix Bmm ¼ amaB
am identitical to that in the corresponding Cartesian

Ito SDE.

Note that, in either system of coordinates, the value of the Stratonovich drift

coefficient required to produce a given drift velocity depends on derivatives of
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the coefficients Bam or Bmm, which are not uniquely determined by the

diffusivity. The required value of the drift coefficient in the Stratonovich SDE

thus depends on arbitrary details of how the random velocities are constructed,

which are not determined by the physics of the underlying model. We show in

the next subsection that the same arbitrariness appears in a different guise in the

traditional interpretation of the Langevin equation.

The Stratonovich SDEs for either generalized or Cartesian coordinates could

be numerically simulated by implementing the midstep algorithm of Eq. (2.238).

Evaluation of the required drift velocities would, however, require the

evaluation of sums of derivatives of Bam or Bmn whose values will depend on

the decomposition of the mobility used to define these quantities. This provides

a worse starting point for numerical simulation than the forward Euler algorithm

interpretation.

C. Inertialess Langevin Equations

It is traditional in the physical science literature to represent Brownian motion

in terms of Langevin equations, which are SDEs with rapidly varying random

forces. These are usually interpreted as limits of corresponding ODEs, in the

limit of a vanishing autocorrelation time for the random forces. The original

Langevin equation was a second-order ODE, which was obtained by adding

friction and a rapidly fluctuating random force to Newton’s equation. Such an

inertial Langevin equation yields non-differentiable velocities, but differentiable

coordinate trajectories, which exhibit ballistic behavior over very short time

scales and diffusive behavior over longer times. We focus here instead on

the case of inertialess Langevin equations, which are first order differential

equations in which terms proportional to the particle masses are neglected, and

that produce purely diffusive coordinate trajectories.

We consider a generic set of L inertialess Langevin equations of the form

_XXa ¼ AaðXÞ þ KabðXÞZbðtÞ ð2:262Þ

where AaðXÞ is a drift coefficient, KabðXÞ is a mobility tensor, and ZbðtÞ is a
random force. The statistical properties of the random force ZbðtÞ are typically

specified by requiring that its first and second moments satisfy conditions of the

form

hZaðtÞi ¼ 0 ð2:263Þ
hZaðtÞZbðt0Þi ¼ 2kTK�1ab ðtÞdðt � t0Þ ð2:264Þ

where dðt � t0Þ is interpreted as a sharply peaked but differentiable function. As

expressed above, however, these conditions are mathematically ambiguous,

because we have not specified either what ensemble of trajectories should be
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used to calculate the average values indicated by the notation h� � �i, or precisely
what value of X should be used to evaluate K�1ab ðXðtÞÞ on the RHS of Eq. (2.264).

This ambiguity may be removed by instead requiring that

hZaðtÞit ¼ 0 ð2:265Þ
hZaðtÞZbðt0Þit ¼ 2kTK�1ab ðtÞdðt � t0Þ ð2:266Þ

The notation h� � �it is a generalization of the notation h� � �i0 introduced

previously, and represents a conditional average for an ensemble of trajectories

for which the system coordinates have a known set of values at the specified time

t, but a distribution of values at any t0 6¼ t. The distribution of values of Xðt0Þ at
t0 6¼ t may be generated by integrating the SDE forward (or backward) in time

from the specified initial (or final) value X, using different realizations of the

random force to generate different trajectories. We will show in what follows that

conditions (2.265) and (2.266) give a description of the statistical properties of

the random forces that, while not ambiguous, is incomplete, insofar as it is found

to contain insufficient information to uniquely determine the value of the drift

velocity that appears in the corresponding Fokker–Planck equation.

The preceding formulation of the Langevin equation requires that the

mobility tensor KabðXÞ be invertible, in order for the friction tensor K�1ab ðXÞ
used in Eq. (2.266) to exist. The study of constrained systems will, however,

force us to consider sets of SDE for which the mobility tensor is singular. The

mobility of a constrained system of N beads with f unconstrained degrees of

freedom will generally be nonsingular when expressed as an f � f matrix in the

soft subspace, as required for the formulation of the problem as a set of f SDEs

for the soft generalized coordinates. The same mobility will be singular,

however, when viewed as a 3N � 3N matrix in the space of Cartesian

bead coordinates. In this representation, the constrained mobility has a K-

dimensional null space, corresponding to the hard subspace, since Kmn � nin ¼ 0

for all i ¼ 1; . . . ;K.
In the case of a singular mobility tensor, we will replace condition (266) by

the weaker condition

hZaðtÞZbðt0Þit ¼ 2kTZabðtÞdðt � t0Þ ð2:267Þ

in which the force variance tensor ZabðXÞ is required to satisfy the condition

Kad ¼ KabZbgK
gd ð2:268Þ

This requires that ZabðXÞ ¼ K�1ab ðXÞ if KabðXÞ is invertible, but requires only that
the projection of ZabðXÞ onto the nonnull subspace equal the inverse of Kab
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within this subspace when Kab is singular. This weaker condition is found to be

necessary and sufficient to obtain the desired diffusivity.

The interpretation of the Langevin equation presents conceptual difficulties

that are not present in the Ito and Stratonovich interpretation. These difficulties

are the result of the fact that the probability distribution for the random force

ZbðtÞ cannot be fully specified a priori when the diffusivity and friction tensors

are functions of the system coordinates. The resulting dependence of the

statistical properties of the random forces on the system’s trajectories is not

present in the Ito and Stratonovich interpretations, in which the randomness is

generated by standard Wiener processes WmðtÞ whose complete probability

distribution is known a priori.

1. Relation to Stratonovich SDE

A completely unambiguous formulation of the Langevin equation may, however,

be constructed by relating the random Langevin forces to random functions

fmðtÞ of the type used in our discussion of the Stratonovich SDE, by taking

ZbðtÞ ¼
ffiffiffiffiffiffiffiffi
2kT
p

Cm
b ðXðtÞÞfmðtÞ ð2:269Þ

where Cm
b ðXÞ is a matrix of coefficients chosen such that

ZabðXÞ � Cm
a ðXÞCm

b ðXÞ ð2:270Þ

where Zab satisfies Eq. (2.268). This prescription is easily shown to yield random

forces that obeys conditions (2.265) and (2.266).

When supplemented by Eq. (2.269) for ZbðtÞ, the Langevin equation

becomes equivalent to a standard Stratonovich SDE with a drift coefficient Aa

and a coefficient

Bam ¼
ffiffiffiffiffiffiffiffi
2kT
p

KabCm
b ð2:271Þ

The drift velocity may then be derived by using Eq. (2.243) for the drift velocity

of a Stratonovich SDE. We consider the cases of singular and nonsingular

mobility matrices separately.

In the case of an invertible mobility matrix, expanding the required derivative

of the matrix product on the RHS of Eq. (271) yields a drift velocity

Va ¼ Aa þ kT
qKba

qXb þ Cm
d K

dg
qCm

b

qXg K
ba

� �
ð2:272Þ

Note that the divergence of kTKab in Eq. (2.272) also appears in Eq. (2.157) for

the desired drift velocity Va. The appearance of this term is thus a desirable
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feature of the traditional interpretation of the Langevin equation. The term

involving derivatives of C is, however, both undesirable, since it does not

appear in Eq. (2.157), and arbitrary, since its value depends on the arbitrary

form chosen for the matrix Cm
b ðXÞ, which is not a unique function of the

diffusivity.

In the case of a singular mobility, we obtain

Va ¼ Aa þ kT �PPg
b
qKba

qXg þ Cm
d K

dg
qCm

b

qXg K
ba

� �
ð2:273Þ

where

�PPa
b � KagZgb ð2:274Þ

The quantity �PPa
b is a projection tensor, which reduces to the identity d

a
b in the case

of an invertible mobility matrix, and which is always idempotent, since

�PPa
b
�PPb
g ¼ �PPa

g ð2:275Þ

as a consequence of condition (2.268) for Zab. It will be confirmed in what

follows that the Cartesian representation of this quantity for a constrained system

of point particles is indeed a generalized projection tensor of the type introduced

in Section VIII. The Langevin equation for a system with a singular mobility thus

yields a drift velocity that contains a projected divergence of the diffusivity, in

which the form of the projection operator depends on the form chosen for the

variance Zab of the random Langevin forces.

2. Drift and Diffusivity

We now instead calculate the drift velocity and diffusivity by directly

integrating the traditional formulation of the Langevin equation in terms of

random forces, and compare the results to those obtained above by rewriting the

Langevin equation as a standard Stratonovich SDE. As in the analysis of the

Stratonovich SDE, we calculate the first and second moments of an increment

�XaðtÞ ¼ XaðtÞ � Xað0Þ by integrating Eq. (2.262) from a known initial

condition at t ¼ 0.

To approximate the random quantity �XaðtÞ to OðtÞ, we use Langevin

Eq. (2.262) in integral (2.247), and expand KabðXðt0ÞÞ to first order in �Xgðt0Þ
around its value at t ¼ 0. This yields the OðtÞ approximation

�XaðtÞ ’ Aat þ
ðt0
0

dt0 Kab þ�Xgðt0Þ qK
ab

qXg

� �
Zbðt0Þ ð2:276Þ
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in which Aa, Kab, and qKab=qXg are all evaluated at t ¼ 0. The dominant Oð ffiffitp Þ
contribution to Eq. (2.248) is given by

�XaðtÞ ’ Kab
ðt0
0

dt0 Zbðt0Þ ð2:277Þ

where Kab is evaluated at t ¼ 0.

To calculate the diffusivity, we may use the Oð ffiffitp Þ approximation of

Eq. (2.277) for �Xaðt0Þ to calculate the moment

h�XaðtÞ�XbðtÞi0 ’ KagKbd
ðt
0

dt0
ðt
0

dt00hZgðt0ÞZdðt00Þi0 ð2:278Þ

Taking

lim
t!0

1

t

ðt
0

dt0
ðt
0

dt00hZaðt0ÞZbðt00Þi0 ¼ 2kTZabð0Þ ð2:279Þ

immediately yields the standard result Dab ¼ kTKab, for either singular or

nonsingular mobility.

To evaluate the drift velocity, we take the average of Eq. (2.276), while using

(2.277) for �Xgðt0Þ within the last term on the RHS. To evaluate this last term,

we take

lim
t!0

1

t

ðt
0

dt0
ðt0
0

dt00hZaðt0ÞZgðt00Þi0 ¼ kTZabð0Þ ð2:280Þ

consistent with the use of a Stratonovich interpretation of the integral
Ð t0
0
dt00

dðt0 � t00Þ ¼ 1
2
. This yields a drift velocity

Va ¼ Aa þ KabhZbi0 þ kT
qKba

qXb ð2:281Þ

in the case of a nonsingular mobility, or

Va ¼ Aa þ KabhZbi0 þ kT�PPg
b
qKba

qXg ð2:282Þ

in the general case. Here and in what follows, we use the notation

hZbi0 � lim
t!0

1

t

ðt
0

dt0hZbðt0Þi0 ð2:283Þ
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to indicate the ensemble and time average of the random force Zb over an

infinitesimal time interval. This quantity will be referred to as a ‘‘bias’’ in the

random Langevin force.

3. Force Bias

A naive application of Eq. (2.263) might suggest that the force bias hZbi0 must

vanish. One might suppose that the integrand in the RHS of Eq. (2.283) must vanish

for all t0 as a result of Eq. (2.263), and thus that the integral must also vanish.

Neglect of the term arising from the force bias in Eq. (2.282) would yield a

convenient expression for the drift velocity, in which the quantity kT qKab

qXb , which

also appears in the desired expression for Va, appears automatically.

The supposition that hZbi0 must vanish is incorrect. The problem with the

argument presented above is that it is based on Eq. (2.263), which is ambiguous

unless supplemented by a specification of the ensemble used to define the

average value of Zb. The unambiguous condition given in Eq. (2.265), however,

requires only that the integrand hZbðt0Þi0 in Eq. (2.283) vanish at t0 ¼ 0, and not

at any t0 6¼ 0, and thus does not require the integral to vanish.

The fact that hZbi0 need not vanish may be demonstrated by using

prescription (2.269) for ZbðtÞ to calculate this quantity. By substituting

Eq. (2.269) into definition (2.283), and expanding Cm
b ðt0Þ to first order in

�Xgðt0Þ about its t ¼ 0 value, we obtain

hZbi0 ¼ lim
t!0

1

t

ðt0
0

dt0 Cm
b þ�Xgðt0Þ qC

m
b

qXg

� �
fmðt0Þ ð2:284Þ

where Cm
b and qCm

b =qX
g are evaluated at t ¼ 0. Evaluating the average of the

second term on the RHS then yields a bias

hZbi0 ¼ Cm
d K

dg
qCm

b

qXg ð2:285Þ

whose value depends on the spatial derivatives of Cm
b ðXÞ.

Substitution of Eq. (2.285) into Eq. (2.282) produces an expression for Va

identical to that given in Eq. (2.273), which was obtained by using the

Stratonovich interpretation of the Langevin equation. The last term in

Eq. (2.273) may thus be interpreted, in the traditional formulation of the

Langevin equation, as a drift velocity arising from the bias hZbi0 in the random

force. Inclusion of a force bias in the Langevin equation is thus found to be

necessary to maintain equivalence between the Langevin and Stratonovich

SDEs. It thus must be included to produce an SDE whose coefficients, like those

of a Stratonovich SDE, can be manipulated according to the usual chain rule of

calculus.
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A deeper argument for the existence of a nonzero force bias may be obtained

by considering how the force bias hZai0 transforms under an invertible

coordinate transformation from a set of L coordinates X1; . . . ;XL to a set
�XX1; . . . ; �XXL. Such a transformation induces a trivial tensor transformation for the

instantaneous force ZbðtÞ. We show in the Appendix, Section H, by evaluating

the time and ensemble average of the instantaneous force over a short time

interval, that, in the case of a nonsingular mobility matrix, such a transformation

creates a transformed force bias

h�ZZai0 ¼
qXb

q�XXa hZbi0 � kT
q ln J
q�XXa ð2:286Þ

in which J is the determinant of the Jacobian matrix

Jab �
q�XXa

qXb ð2:287Þ

for the transformation from X to �XX. The existence of the second term on the RHS

of Eq. (2.286) indicates that the force bias (unlike the instantaneous force) does

not transform like a covariant tensor, and so cannot vanish in an arbitrary system

of coordinates. A generalization of this result to the case of a constrained system

with a singular mobility is given below, where we relate the bias in the Cartesian

random forces for a constrained system to the bias in the corresponding

generalized random forces.

4. Constrained Motion—Cartesian Coordinates

The inertialess Langevin equation for the Cartesian bead positions of a

constrained system may be formulated as a limit of a set of ODEs containing

rapidly varying constraint forces, which must be chosen so as keep the instan-

taneous bead velocities always tangent to the constraint surface. We consider a

Langevin equation

_RRm ¼ Hmn � � qUeff

qRn � ninli þ FðfÞm þ FðcÞm þ ZZm

� �
ð2:288Þ

in which Ueff � U � kT ln
ffiffiffiffiffi
W
p

is the effective potential energy defined

in Eq. (2.178), gm is a finite continuous random force, and l1; . . . ; lK
are instantaneous constraint forces. The force FðcÞm is a ‘‘correction force’’ whose

form will be chosen so as to produce the desired Cartesian drift velocity. The

values of the constraint forces may be determined by requiring that

0 ¼ _cci ¼ nim � _RRm ð2:289Þ
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for all i ¼ 1; . . . ;K at each instant of time. By repeating the procedure used to

remove constraint forces from the effective Cartesian force balance in Section

VI, we find that the instantaneous tensions obey a system of equations

ĤHijlj ¼ nim �Hmn � � qUeff

qRn þ FðfÞm þ FðcÞm þ gm

� �
ð2:290Þ

Substituting these constraint forces back into Eq. (2.288) then yields the

alternative form

_RRm ¼ Am þKmn � gn ð2:291Þ

where

Am ¼ Kmn � � qUeff

qRn þ FðfÞn þ FðcÞn

� �
ð2:292Þ

is a Cartesian drift coefficient. The random forces are taken to have statistical

properties

hgmðtÞit ¼ 0 ð2:293Þ
hgmðtÞgnðt0Þit ¼ 2kTZmnðtÞdðt � t0Þ ð2:294Þ

where ZmnðtÞ is a positive-definite symmetric tensor that is required to satisfy

Klr ¼ Klm � Zmn �Knr ð2:295Þ

in order to obtain the correct diffusivity. Equation (2.295) is equivalent to a

requirement that the projections of Zmn and fmn onto the soft subspace be equal,

that is, that ~��ab ¼ ama � Zmn � anb for all a; b ¼ 1; . . . ; f .
The Cartesian drift velocity and diffusivity may be obtained by applying the

general analysis to this system of Cartesian SDEs, which contains a singular

mobility Kmn. This yields a diffusivity Dmn ¼ kTKmn, and a drift velocity

Vm ¼ Am þ kT �PPn
;l :

qKnm

qRl þKmn � hgni0 ð2:296Þ

where

hgni0 � lim
t!0

1

t

ðt
0

dt0 hgnðt0Þi0 ð2:297Þ
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is a bias in the Cartesian random force, and �PPn
;l � ð�PPl

;nÞT is the transpose of a

projection tensor

�PPl
;n � Klm � Zmn ð2:298Þ

It is straightforward to show that �PPl
;n fits the definition of a generalized

projection tensor given in Section VIII, by using Eq. (2.295) to show that �PPl
;n

is idempotent, and using expansion (2.136) for Klm and the relationship

K�1ab ¼ ama � Zmn � amb to show that �PPl
;n � ana ¼ ala and that nil � �PPl

;n ¼ 0.

Note that the form of the projection tensor �PPl
;n depends on the form chosen

for the hard components of Zmn. Specifically, values of the mixed soft–hard

components of �PPl
;m, which are not specified by the definition of a generalized

projection tensor given in Section VIII, are determined in this context by the

values chosen for the mixed components of Zmn, which specify correlations

between hard and soft components of the random forces that are not specified by

Eq. (2.295) for Zmn.

An expression for the correction force FðcÞn in Eq. (2.292) may be obtained by

comparing Eq. (2.296) to Eq. (2.202) for the desired drift velocity Vm, while

taking the generalized projection tensor in Eq. (2.202) to be that defined in

Eq. (2.298). Both expressions for Vm contain identical terms involving a

projected divergence of Kmn, but the term arising from FðpsÞn in Eq. (2.202) is

absent from Eq. (2.296), while the term arising from hgi0 in Eq. (2.296) is

absent from (2.202). Equating these two expressions thus yields a required

correction force

FðcÞn ¼ FðpsÞn � hgni0 ð2:299Þ

in which the second term on the RHS is required to cancel the force bias in

Eq. (2.296), and in which FðpsÞn is the pseudoforce corresponding to the projection

tensor defined in Eq. (2.298), which may be calculated by using the

corresponding reciprocal vectors to evaluate Eq. (2.205).

The results given above are essentially identical to those obtained by Hinch

[10] by a similar method, except for the fact that Hinch did not retain any of the

terms involving the force bias hgni0, which he presumably assumed to vanish.

An apparent contradiction in Hinch’s results may be resolved by correcting his

neglect of this bias. In a traditional interpretation of the Langevin equation as a

limit of an underlying ODE, the bead velocities are rigorously independent of

the hard components of the random forces, since the random forces in

Eq. (2.291) appear contracted with Kmn, which has nonzero components only in

the soft subspace. Physically, the hard components of the random forces are

instantaneously canceled by the constraint forces, and thus can have no effect
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on the motion. Hinch distinguished between what we will call ‘‘unprojected

random forces,’’ with Zmn ¼ fmn, which contain hard components, and

‘‘projected random forces,’’ for which the hard components are absent. A

projected random force ~ggmðtÞ may be generated from a corresponding unpro-

jected random force gmðtÞ by contraction with the geometric projection

tensor:

~ggmðtÞ ¼ ~PPn
mðtÞ � gnðtÞ ð2:300Þ

Hinch’s analysis yields a drift velocity given by Eq. (2.296) without the force

bias term, which (as he notes on the top of p. 229) yields different results for

projected and unprojected random forces. Hinch resolves this amibiguity by

asserting at the outset of his analysis that the random forces should be taken to be

projected forces: As he puts it, on p. 223, ‘‘Now there can be no components of

the random forcing parallel to the constraints, because they would have no

dynamical effect.’’ With this choice, Hinch recovered the earlier result of Fixman

[9] for the pseudoforce. The dependence of Hinch’s results on the form chosen

for the random forces is, however, inconsistent with a traditional interpretation of

the Langevin equation, precisely because the hard components of the random

forces should have no dynamical effect. We show in the Appendix, Section J that

identical results for the drift velocity Vm are indeed obtained with projected and

unprojected random forces related by Eq. (2.300), if one allows for the existence

of a nonzero force bias in both cases. It is found that the value of this bias is

generally changed by projection, and that the resulting difference between the

values obtained for hgni0 and h~ggni0 exactly cancels the differences in drift

velocity found by Hinch. Inclusion of a force bias is thereby shown to be

necessary to obtain logically consistent results for the traditional interpretation

of the constrained Langevin equation.

5. Constrained Motion—Generalized Coordinates

The first analysis of the constrained Langevin equation was given by Fixman

[9], who worked primarily in generalized coordinates. In order to resolve a

discrepancy between Fixman’s results and those of Hinch [10], we now follow

Fixman by considering a Langevin equation for the soft coordinates q1; . . . ; qL.
We consider the Langevin equation

_qqa ¼ Kab � qUeff

qqb
þ F

ðfÞ
b þ F

ðcÞ
b þ Zb

� �
ð2:301Þ

that is obtained by a simple coordinate transformation of the Cartesian Langevin

equation of Eq. (2.291). Equation (2.282) for the drift velocity of a set of
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Stratonovich SDEs with a nonsingular mobility yields a drift velocity

Va ¼ Kab � qUeff

qqb
þ F

ðfÞ
b þ F

ðcÞ
b

� �
þ KabhZbi0 þ kT

qKab

qqb
ð2:302Þ

in which F
ðcÞ
b is an unspecified generalized correction force. Comparison of

Eq. (2.302) to Eq. (2.157) for the desired drift velocity then yields a correction

force

F
ðcÞ
b ¼ kT

q ln
ffiffiffi
g
p

qqb
� hZbi0 ð2:303Þ

Note that, in this system of coordinates, the correction force includes a term

involving the Jacobian of the transformation from generalized to Cartesian

coordinates, which arises from the ln
ffiffiffi
g
p

contribution to lnceq in Eq. (2.157) for V
a.

The subtle part of Fixman’s calculation is his calculation of the relation

between the bias hZbi0 in the generalized random force and that for an under-

lying Cartesian random force. Fixman calculates the drift velocity in

generalized coordinates, but imagines that there exists an underlying Cartesian

Langevin equation containing Cartesian random force vectors gm, to which the

generalized random forces are related by the instantaneous transformation

ZbðtÞ � a
m
bðtÞ � gmðtÞ ð2:304Þ

By expanding the basis vector a
m
bðt0Þ to linear order in the displacement �qaðt0Þ

from its value at t ¼ 0, Fixman showed that

hZbi0 ’ lim
t!0

1

t

ðt
0

dt0 a
m
b þ�qcðt0Þ qa

m
b

qqc

� �
� gmðt0Þ


 �
0

ð2:305Þ

where a
m
b and its derivative are evaluated at t ¼ 0. Averaging over the Cartesian

noise then yields

hZbi0 ’ a
m
b � hgmi0 þ

qamb
qqc
� Zmn � andKdc ð2:306Þ

This equation agrees with Fixman’s Eq. (3.26), except for the fact that Fixman,

like Hinch, implicitly assumed that hgmi0 ¼ 0 for the Cartesian random forces,

and so did not retain the first term on the RHS of Eq. (2.306). Fixman correctly

emphasized, however, that the transformation from Cartesian to generalized
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coordinates can generate a bias in the generalized random forces, given by the

second term on the RHS of Eq. (2.306), even if (as he assumed) no such bias

exists for the Cartesian random forces.

Equation (2.306) may be expressed more compactly by defining a set of

reciprocal basis vectors

�bbcm � Zmn � andKdc ð2:307Þ

These are the reciprocal basis vectors corresponding to the generalized

projection tensor �PPm
;n ¼ Kml � Zln identified in Eq. (2.298). With this definition,

we may write

hZbi0 ’ a
m
b � hgmi0 þ kT

qamb
qqc
� �bbcm ð2:308Þ

In the Appendix, Section G, we prove that

qanb
qqc
� �bbcn ¼

q ln
ffiffiffi
g
p

qqb
þ qnim

qqb
� �mmm

i ð2:309Þ

for any valid system of reciprocal vectors �bban and �mmm
i . This theorem is the key to

a correct treatment of the problem in generalized coordinates. Substituting

Eq. (2.309) into Eq. (2.308) yields a force bias

hZbi0 ’ a
m
b � hgmi0 þ kT

q ln
ffiffiffi
g
p

qqb
� F

ðpsÞ
b ð2:310Þ

in which

F
ðpsÞ
b � �kT qnim

qqb
� �mmm

i ð2:311Þ

is a soft component of the Cartesian pseudoforce FðpsÞn defined in Eq. (2.205).

Note that Eq. (2.310) is a generalization of Eq. (2.286), which describes the

transformation of the force bias for system with a nonsingular mobility matrix,

and which is generalized here by the addition of a pseudoforce in order to

correctly describe the transformation from Cartesian to generalized coordinates

for a system with a singular mobility. Using Eq. (2.310) in Eq. (2.303) yields a

total correction force

F
ðcÞ
b ¼ F

ðpsÞ
b � a

m
b � hgmi0 ð2:312Þ
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This force is related to the Cartesian correction force of Eq. (2.299) by a trivial

transformation F
ðcÞ
b ¼ a

m
b � FðcÞm , and so is completely equivalent to that obtained

above by working in Cartesian coordinates.

Fixman [9] and Hinch [10], however, did not obtain fully consistent results.

Fixman seems to have analyzed a Langevin equation with unprojected random

forces [see Fixman’s Eqs. (2.14) and (3.25)], but obtained an expression for the

pseudoforce equal to that which Hinch (correctly) found only in the case of

projected random forces. The pseudoforce reported by both authors is the metric

force of Eq. (2.214), which is the pseudoforce corresponding to the geometric

projection operator. We show in Section IX.E, where we consider different

possible forms for Zmn below that a Langevin equation with unprojected random

forces actually requires the corrective pseudoforce corresponding to the

dynamical projection operator, which may be calculated by using dynamical

reciprocal vectors to evaluate the RHS of Eq. (2.205). The source of this

discrepancy is traced in the Appendix, Section K to a subtle error in Fixman’s

use of differential geometry.

D. Kinetic SDEs

Statistical mechanics requires that Brownian motion yield a diffusion equation of

the form given in Eq. (2.78), in which the diffusivity appears in a term of the form

qP
qt
¼ � � � þ q

qXa Dab qP
qXb

� �
ð2:313Þ

Neither the Ito nor the Stratonovich interpretation of an SDE leads naturally to a

term of this form. The Ito interpretation yields a diffusion equation of the form

given in Eq. (2.222), in which the diffusivity instead appears inside two

derivatives, while the Stratonovich interpretation yields Eq. (2.255), in which

Dab is decomposed into two factors of B, one of which appears inside both

derivatives and the other between them.

We now discuss an alternative interpretation of a set of SDEs that is designed

so as to automatically generate the form of the diffusion equation required by

statistical mechanics. Following a suggestion by Klimontovich [33], we will

refer to this as a ‘‘kinetic’’ interpretation of the Langevin equation. The

definition presented here is a slight generalization (generalized to the case of a

singular mobility) of that given by Hütter and Öttinger [34], who formalized the

earlier suggestion by Fixman [9] that the desired behavior could be obtained by

the use of an appropriate midstep integration algorithm.

The kinetic interpretation of a set of L SDEs characterized by a diffusivity

Dab � kTKab will be specfied here by the notation

dXa ¼ AaðXÞ dt þ
ffiffiffiffiffiffiffiffi
2kT
p

KabðXÞ � Cm
b ðXÞdWm ð2:314Þ
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in which the matrix Cm
b ðXÞ is required to satisfy Eqs. (2.270) and (2.268). The

solution to such a set of kinetic SDEs is defined as the �t! 0 limit of a

sequence of discrete processes in which

�Xa
n ¼ AaðXnÞ�t þ

ffiffiffiffiffiffiffiffi
2kT
p

Kab Xn þ Xnþ1
2

� �
Cm
b ðXnÞ�Wm;n ð2:315Þ

Here, we have borrowed Hütter and Öttinger’s use of a ‘‘�’’ symbol to indicate a

kinetic interpretation of the stochastic term, but adopted a more explicit notation

for its use. The � is used here to indicate that the function to its left should be

evaluated at a midstep position, as in a Stratonovich SDE, but that the random

quantity to the right of the diamond should be evaluated by evaluating the

function Cm
b ðXÞ at the beginning of each timestep, as in an Ito SDE. This notation

is similar to that used by Peters [13] to denote a ‘‘mixed’’ interpretation that is

identical to the kinetic interpretation defined above, which Peters indicates by

using a Stratonovich circle in the position where we use a diamond.

The preceding definition of a kinetic SDE reduces to that given by Hütter and

Öttinger [34] in the case of an invertible mobility matrix Kab, for which

Eq. (2.268) reduces to the requirement that Zab ¼ K�1ab . In the case of a singular

mobility, the present definition requires that the projection of Zab onto the

nonnull subspace of K (corresponding to the soft subspace of a constrained

system) equal the inverse of Kab within this subspace, while leaving the

components of Zab outside this subspace unspecified.

Equation (2.315) may be interpreted as a peculiar discretization of the

Langevin equation, which is constructed so as to avoid the force bias that arises

in the traditional interpretation. We identify random forces

Za;n �
ffiffiffiffiffiffiffiffi
2kT
p

Cm
a ðXnÞ�Wm;n

�t
ð2:316Þ

for timestep n, which may be shown to satisfy the conditions

hZa;ni0 ¼ 0; hZa;nZb;n0 i0 ¼
2kT

�t
ZabðXnÞdnn0 ð2:317Þ

in which Zab is evaluated at the beginning of each time step.

Using this definition, Eq. (2.315) may be rewritten as

�Xa
n ¼ AaðXnÞ þ Kab Xn þ Xnþ1

2

� �
Zb;n

� �
�t ð2:318Þ

The kinetic interpretation thus corresponds to a discretization of Langevin

equation (2.262) in which the mobility is evaluated at a midstep position, as first

suggested by Fixman [9], but in which the random force Zb is constructed at the
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beginning of the timestep, with a variance determined by the value ZabðXnÞ
obtained at the beginning of the step. This differs from a true Stratonovich

interpretation of the Langevin equation, which would require that we use midstep

values of both the mobility KabðXÞ and the matrix Cm
a ðXÞ. In this discrete

Stratonovich interpretation of the Langevin equation, it is the use of a midstep

value of Cm
a ðXÞ that causes the unwanted bias in the random forces.

1. Drift and Diffusivity

To evaluate the drift velocity, we take the average of Eq. (2.315) for �Xa, while

Taylor-expanding the midpoint value of Dab to first order in �X about its value

at Xn. This yields

h�Xa
n i0 ’ Aa�t þ Kab þ 1

2
�Xg qK

ab

qXg

� �
Zb;n


 �
0

�t ð2:319Þ

in which Aa, Da, and qDab=qXg are all evaluated using the value Xn obtained at

the beginning of the timestep. We then use Eq. (2.318) for �Xa
n and Eq. (2.317)

for the variance of Z, to show that

h�Xg
nZbi0 ’ 2kT�PPg

b ð2:320Þ

to the required accuracy of Oð�tÞ. Substituting this into Eq. (2.319) yields an

average value

h�Xa
n i0 ’ Aa þ kT�PPg

b
qKba

qXg

� �
�t ð2:321Þ

giving a drift velocity

Va ¼ Aa þ kT
qKba

qXb ð2:322Þ

in the case of a nonsingular mobility, or

Va ¼ Aa þ kT�PPg
b
qKba

qXg ð2:323Þ

in the general case of a singular mobility. The only difference between these

results for the drift velocity and the corresponding results for the traditional

interpretation of the Langevin equation is the absence in the kinetic interpreta-

tion of terms involving the Langevin force bias hZbi0. The calculation of the

diffusivity is essentially identical to that for the Stratonovich SDE, and again

yields the diffusivity Dab ¼ 1
2
BamBbm given in Eq. (2.229).
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Using the fact that Kab ¼ �PP
a
gK

gb, we may write (2.323) in the alternative

form

Va ¼ Aa � KabF
ðpsÞ
b þ kT

qKba

qXb ð2:324Þ

where F
ðpsÞ
b is a pseudoforce that may be defined for any system of equations with

a singular mobility matrix by the requirement

KabF
ðpsÞ
b ¼ Kab kT

q�PPg
b

qXg

 !
ð2:325Þ

The term involving the pseudoforce in Eq. (2.324) may be compensated by the

inclusion of a corresponding term (with a positive sign) in the expression chosen

for Aa.

2. Summary of Properties

The essential properties of a kinetic SDE are

1. Relation to Ito SDE. Kinetic SDE (2.314) is equivalent to an Ito SDE

with a drift coefficient Aa equal to the drift velocity given in Eq. (2.323),

and with

Bam ¼
ffiffiffiffiffiffiffiffi
2kT
p

KabCm
b ð2:326Þ

This relationship may be summarized by the relationffiffiffiffiffiffiffiffi
2kT
p

Kab � Cm
b dWm � BamdWm þ �PPg

b
qDba

qXg dt ð2:327Þ

where �PPg
b is as defined by Eq. (2.274). This relation could be taken as a

mathematically adequate definition of a kinetic SDE, although such a

definition would, by itself, provide no guidance in the design of

a corresponding integration algorithm.

2. Fokker–Planck Equation. The preceding identification of the kinetic

SDE with an equivalent Ito SDE yields a Fokker–Planck equation of the

desired form

qP
qt
¼ � qðAaPÞ

qXa þ q
qXa Dab qP

qXb

� �
ð2:328Þ

in the case of a nonsingular diffusivity Dab ¼ kTKab, and

qP
qt
¼ � q

qXa Aa þ �PPg
b
qDba

qXg

� �
P

� �
þ q2ðDabPÞ

qXaqXb ð2:329Þ

in the case of a singular diffusivity.
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3. Change of Variables. It is shown in the Appendix, Section I that, for a

set of kinetic SDEs with an nonsingular mobility matrix, a transformation

from the L variables X1; . . . ;XL to another set of variables �XX1ðXÞ; . . . ;
�XXLðXÞ yields a transformed set of kinetic SDEs of the form

d�XXg ¼ �AAgdt þ �BBgm � dWm ð2:330Þ

with transformed coefficients

�AAg ¼ q�XXg

qXa A
a � �DDga q ln J

q�XXa ð2:331Þ

�BBgm ¼ q�XXg

qXa B
am ð2:332Þ

where J is the determinant of the Jacobian matrix defined in Eq. (2.287).

Note that the term involving a derivative of ln J in Eq. (2.331) is identical to

the velocity arising from the second term on the RHS of Eq. (2.286) for the

transformed force bias in the traditional interpretation of the Langevin equation.

The traditional interpretation of the Langevin equation yields a simple tensor

transformation rule for the drift coefficient Aa, but also yields a contribution to

Eq. (2.282) for the drift velocity Va that is driven by the force bias. The kinetic

interpretation yields an expression for the drift velocity from which the term

involving the force bias is absent, but, correspondingly, yields a nontrivial

transformation rule for the overall drift coefficient.

3. Constrained Motion—Generalized Coordinates

Constrained Brownian motion may be described in generalized coordinates by a

set of f kinetic SDEs for the soft coordinates, of the form given in Eq. (2.314).

The required drift coefficient is

Aa ¼ Kab kT
q lnceq

qqb
þ F

ðfÞ
b

� �
ð2:333Þ

which easily shown to yield the drift velocity Va given in Eq. (2.157). The matrix

Cm
a must be chosen as to give Zab ¼ ~��ab. Because the mobility matrix Kab for this

set of coordinates is generally nonsingular, no pseudoforce is required in this

formulation; the form of the equations is the same as that for an unconstrained

system, except for differences arising from different expressions for ceqðqÞ.
It is interesting to consider how the RHS of Eq. (2.333) transforms under a

transformation from a set of soft coordinates q ¼ fq1; . . . ; q f g to a different set
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�qq ¼ f�qq1; . . . ; �qqf g. A nontrivial transformation rule is obtained for the derivative

of lnceq because ceqðqÞ is not a scalar invariant, but a probability density,

which transforms like an inverse volume element

�cceqð�qqÞ ¼ J�1ceqðqÞ ð2:334Þ

in order that �cceqð�qqÞd f �qq ¼ ceqðqÞd f q. Using this transformation for ceq, it is

straightforward to show that the RHS of Eq. (2.333) does indeed obey the

transformation law required by Eq. (2.331).

The discrete Markov process used to define a kinetic SDE in Eq. (2.315) or

(2.318) can be directly implemented as a numerical algorithm for the integration

of a set of SDEs. The resulting simulation algorithm would require the evaluation

of neither derivatives of the mobility nor any corrective pseudoforce. It would,

however, require an efficient method of calculating the elements of the mobility

tensor Kab and derivatives of U and ln
ffiffiffiffiffiffiffi
gW
p

in the chosen system of generalized

coordinates.

4. Constrained Motion—Cartesian Coordinates

Constrained motion may also be described by a corresponding set of Cartesian

kinetic SDEs

dRm ¼ Amdt þ
ffiffiffiffiffiffiffiffi
2kT
p

Kmn � Cm
n dWm ð2:335Þ

with a singular mobility Kmn, where Cm
n is chosen so as to yield

Zmn � Cm
mC

m
n ð2:336Þ

for some Zmn that satisfies Eq. (2.295). By applying the analysis given above for a

generic kinetic SDE, we find a

Vm ’ Am þ kT�PPn
;l:

qKnm

qRl ð2:337Þ

in which �PPn
;l is given by Eq. (2.298). Equating the RHS of Eq. (2.323) to the

RHS of Eq. (2.202) for Vm then yields a required drift coefficient

Am ¼ Kmn � � qUeff

qRn þ FðfÞn þ FðpsÞn

� �
ð2:338Þ

where FðpsÞn is a pseudoforce corresponding to the projection tensor of Eq. (2.298).

The only difference between Eqs. (2.338) and (2.296), which gives the

corresponding drift velocity for the traditional interpretation of the Langevin

equation, is the absence in the kinetic interpretation of a term arising from the

force bias.
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E. Types of Random Force

In both traditional and kinetic interpretations of the Cartesian Langevin

equation for a constrained system, one retains some freedom to specify the hard

and mixed components of the force variance tensor Zmn. Several forms for Zmn

have been considered in previouswork, corresponding to different types of random

force, which generally require the use of different corrective pseudoforces:

1. Unprojected random forces have a variance

Zmn ¼ fmn ð2:339Þ

given by the unprojected Cartesian friction tensor. This choice yields a

generalized projection tensor

�PPm
;n ¼ Kml � Zln ¼ Pm

;n ð2:340Þ
equal to the dynamical projection tensor Pm

;n. The pseudoforce required

by unprojected random forces is thus that corresponding to dynamical

projection, which is obtained by using a dynamical basis vector mn
i in

Eq. (2.205).

2. Geometrically projected random forces, which were introduced by Hinch

[10], have a variance given by the geometrically projected friction tensor

Zmn ¼ ~PPl
m � flr � ~PPr

n ¼ ~bbam
~��ab~bb

b
n ð2:341Þ

This choice for Zmn yields a projection tensor

�PPm
;n ¼ ~PPm

n ð2:342Þ
equal to the soft geometric projection tensor. The required pseudoforce for

this case is thus obtained by using the geometric basis vector m̂mm
i in

Eq. (2.205), which yields the metric pseudoforce given in Eq. (2.214).

3. Inertially projected random forces have a variance Zmn calculated using an

inertial projection tensor in place of the geometric projection tensor in

Eq. (2.341). This results in a generalized projection tensor equal to the

inertial projection tensor, and thus requires a pseudoforce given by the

inertial pseudoforce of Eq. (2.218). Use of inertially projected random

forces in the Cartesian kinetic SDE for a rigid system yields a very simple

drift coefficient vector

Am ¼ Kmn � � qU
qRn þ FðfÞn

� �
ð2:343Þ

in which FðpsÞn and kT q ln
ffiffiffiffiffi
W
p

=qRn are absent because they cancel. The

kinetic SDE with inertially projected forces is equivalent to the convenient

‘‘mixed’’ representation of rigid systems discovered by Peters [13].
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Cartesian kinetic SDEs with unprojected, geometrically projected, and

inertially projected random forces require the same correction forces in certain

special cases. Inertial and geometric projections are completely equivalent for

models with an equal bead mass m for all beads, for which the mass tensor

mmn ¼ mImn is proportional to the identity. Unprojected and geometrically

projected random forces require identical correction forces in the case of local,

isotropic friction with an equal friction coefficient � for all beads, as in the

Rouse or Kramers model, for which the friction tensor fmn ¼ �Imn is

proportional to the identity. In this case, the dynamical projection tensor Pm
;n

becomes equal to the geometric projection tensor ~PPm
n, and thus leads to the same

pseudoforce, which is given by the metric force of Eq. (2.214). All three types

of random force lead to this same pseudoforce for models with isotropic

friction, equal friction coefficients, and equal bead masses.

F. Summary

In this section, we have considered four possible ways of formulating and

interpreting a set of SDE to describe Brownian motion, and tried to clarify the

relationships among them. Because each interpretation may be defined as the

�t! 0 limit of a discrete Markov processes, this discussion of SDEs provides a

useful starting point for the discussion of possible simulation algorithms.

The value of the drift coefficients required by each type of SDE may be

obtained by comparing the value of the drift velocity Va generated by the SDE

to that required by statistical mechanics. The desired drift velocity vector for a

system of coordinates Xa; . . . ;XL may be expressed in generic form as a sum

Va ¼ Va
ð0Þ þ

qDab

qXb ð2:344Þ

where Dab ¼ kTKab, and

Va
ð0Þ � Kab kT

q lnPeq

qXb þ F
ðfÞ
b

� �
ð2:345Þ

Here, Kab is the mobility tensor in the chosen system of coordinates, which is a

constrained mobility for a constrained system and an unconstrained mobility

Kab ¼ Hab for an unconstrained system. As discussed in Section VII, in the case

of a constrained system, Eq. (2.344) may be applied either to the drift velocities

for the f soft coordinates, for which Kab is a nonsingular f � f matrix, or to

the drift velocities for a set of 3N unconstrained generalized or Cartesian

coordinates, for a probability distribution PðXÞ that is dynamically constrained

to the constraint surface, for which Kab is a singular 3N � 3N matrix. The

equilibrium distribution is PðXÞ / ffiffiffi
g
p

e�U=kT for unconstrained systems and

PðXÞ / ffiffiffiffiffiffiffi
gW
p

e�U=kT for constrained systems. Expressions for the drift velocities
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produced by the different types of SDE, and the drift velocities required to mimic

Brownian motion, are listed in this generic notation in Table II.1.

Ito and Stratonovich SDEs are defined as different interpretations of

equations of the form

dXa ¼ AaðXÞdt þ BamðXÞdWmðtÞ ð2:346Þ

in which random components of the motion are generated by an underlying set of

standard Weiner processes. Ito SDEs are obtained by interpreting Eq. (2.346) as

the limit of an underlying discrete process in which BamðXÞ is evaluated at the

beginning of each timestep. Stratonovich SDEs may be defined either by as the

limit of a discrete process in which BamðXÞ is instead evaluated at a midstep

position, or as the limit of a corresponding sequence of ODEs, in which dWm is

intepreted as the differential of a smoothed, differentiable approximation to

WmðtÞ. The Ito interpretation yields a drift velocity VaðXÞ equal to the drift

coefficient Aa in the SDE, while the Stratonovich interpretation yields a drift

velocity that differs from Aa by a term involving derivatives of the matrix

BamðXÞ, as indicated in Table II.1. To describe Brownian motion, both

interpretations require values of Aa that involve computationally awkward

sums of derivatives of KabðXÞ, in the Ito interpretation, or of BamðXÞ, in the

Stratonovich interpretation.

The traditional intepretation of the Langevin equation and kinetic SDEs may

instead be defined as different interpretations of the generic Langevin equation

_XXa ¼ Aa þ KabZb ð2:347Þ

TABLE II.1

Drift Velocity and Coefficienta

SDE Va (Drift Velocity) Aa (Drift Coefficient)

I Aa Va
ð0Þ þ q

qXb D
ba

S Aa þ 1
2
Bbm q

qXb B
am Va

ð0Þ þ 1
2
Bam q

qXb B
bm

L Aa þ �PPg
b

q
qXg D

ba þ KabhZbi0 Va
ð0Þ þ Kab½FðpsÞb � hZbi0�

K Aa þ �PPg
b
qDba

qXg Va
ð0Þ þ KabF

ðpsÞ
b

a Expressions for the drift velocity Va produced by Ito (I), Stratonovich (S), Langevin (L), and

kinetic (K) SDEs, and for the drift coefficient Aa required for each type of SDE to produce the

predicted drift velocity of Eq. (2.344), in a generic system of coordinates. Va
ð0Þ is as defined in

Eq. (2.345). For systems of equations with a nonsingular mobility Kab;F
ðpsÞ
b ¼ 0 and �PPg

b ¼ dgb.
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in which Zb is a random Langevin force. Fluctuations of the random force are

characterized by a force variance tensor ZabðXÞ, where Zab ¼ K�1ab when Kab is

not singular. The traditional interpretation of the Langevin equation may be

obtained by interpreting Eq. (2.347) either as the limit of an ODE with rapidly

varying random forces or as the limit of a discretized process in which both the

mobility KabðXÞ and the variance tensor ZabðXÞ used to construct the random

forces are evaluated at a midstep position. This interpretation of the Langevin

equation is equivalent to a corresponding Stratonovich SDE in which the random

Langevin forces are linearly related to the underlying Weiner processes. The

kinetic interpretation of Eq. (2.347) is defined as the limit of a discretization in

which the mobility Kab is evaluated at a midstep position, but in which the

random forces are constructed using the value of Zab obtained at the beginning of

each timestep.

When applied to a system of SDEs with a nonsingular mobility matrix Kab

(i.e., those for an unconstrained system or for the unconstrained soft coordinates

of a constrained system), the traditional interpretation of the Langevin equation

produces an expression for Va that contains both a divergence of the diffusivity,

which also appears in the desired expression for Va, and an unwanted (and

previously unrecognized) term arising from the existence of a nonzero bias

hZai0 in the random force. The value of this bias depends on details of how the

random forces are constructed that are not specified by the traditional

formulation of the Langevin equation. The nonunique contribution to Va that

arises from this force bias is shown to be equivalent to a corresponding

nonunique contributions to the drift velocity of the equivalent Stratonovich

SDE, which arises in the Stratonovich SDE from terms involving derivatives of

the nonunique tensor Bam.

A kinetic interpretation of Eq. (2.347) for a system with a nonsingular

mobility produces a drift velocity that contains the desired divergence of the

diffusivity, without the unwanted force bias. Brownian motion of such a system

may thus be described by a set of kinetic SDEs with a drift coefficient equal to

the ‘‘naive’’ drift coefficient Va
ð0Þ of Eq. (2.345), which may be simulated by

implementing the kinetic discretization of the Langevin equation as a numerical

integration algorithm. Abandonment of the traditional Stratonovich interpreta-

tion of the Langevin equation necessarily leads, however, to an interpretation in

which the drift coefficient does not transform according to a simple chain rule

under coordinate transformations.

A problem peculiar to constrained systems arises when either the traditional

or kinetic interpretation of the Langevin equation is applied to a system of

equations containing a singular mobility tensor, such as the Cartesian Langevin

equations for a constrained system of point particles. In this case, the drift

velocity produced by either interpretation contains a term given by a projected

divergence of the diffusivity, which is defined using a generalized projection
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tensor �PPa
g � KabZbg. Because the drift velocity predicted by statistical

mechanics contains an unprojected divergence of the diffusivity, the drift

coefficient for the kinetic SDEs must be supplemented in this case by a

correction term arising from a pseudoforce of the kind identified in Section VIII,

which is designed to correct for the difference between the projected and

unprojected divergence of the diffusivity.

In either interpretation of the Langevin equation, the form of the required

pseudoforce depends on the values of the mixed components of Zbg, and thus on

the statistical properties of the hard components of the random forces. The

definition of a pseudoforce given here is a generalization of the metric force

found by both Fixman [9] and Hinch [10]. An apparent discrepancy between

the results of Fixman, who considered the case of unprojected random forces,

and those of Hinch, who was able to reproducd Fixman’s expression for the

pseudoforce only in the case of projected random forces, is traced here to an

error in Fixman’s use of differential geometry.

In the traditional interpretation of the Langevin equation for a constrained

system, the overall drift velocity is insensitive to the presence or absence of hard

components of the random forces, since these components are instantaneously

canceled in the underlying ODE by constraint forces. This insensitivity to the

presence of hard forces is obtained, however, only if both the projected

divergence of the mobility and the force bias are retained in the expression for

the drift velocity. The drift velocity for a kinetic interpretation of a constrained

Langevin equation does not contain a force bias, and does depend on statistical

properties of the hard random force components. Both Fixman and Hinch

nominally considered the traditional interpretation of the Langevin equation for

the Cartesian bead coordinates as a limit of an ordinary differential equation.

Both authors, however, neglected the possible existence of a bias in the Cartesian

random forces. As a result, both obtained a drift velocity that (after correcting the

error in Fixman’s expression for the pseudoforce) is actually the appropriate

expression for a kinetic interpretation.

X. CARTESIAN SIMULATION ALGORITHMS

To construct a simulation algorithm for a constrained system of point particles,

one must first choose whether to formulate the underlying equations of motion

in terms of soft generalized coordinates or in terms of Cartesian coordinates.

The use of generalized coordinates makes it unnecessary to calculate constraint

forces. It also avoids any subtleties in the treatment of the Langevin equation

that arise from the existence of a singular mobility matrix. The correct drift

velocity for a set of generalized coordinates can be obtained by implementing

the midstep algorithm that is used above to define a kinetic SDE. The use of

generalized coordinates thus reduces the design of a simulation algorithm to that
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of formulating the appropriate set of f kinetic SDEs for the chosen set of

coordinates. The main disadvantage with this approach is the potential com-

plexity of the calculation of the required generalized forces and of the elements

of the constrained mobility matrix Kab in such a system of coordinates.

We focus here instead on the analysis of several algorithms that have been

proposed for the simulation of constrained systems of point particles in

Cartesian coordinates. Section X.A discusses a generalization of the midstep

algorithm originally proposed by Fixman [9], which implements the discrete

timestepping scheme used above to define a kinetic SDE. Section X.B discusses

a different two-step algorithm proposed by Öttinger, which provides a useful

alternative for the simulation of systems described by a divergence-free

unconstrained mobility tensor such as the Rotne–Prager–Yamakawa tensor.

Section X.C discuses a more specialized algorithm introduced by Liu [22],

which is valid only for simulations of free-draining rigid systems with beads of

equal mass, such as the Kramers chains.

All three of these algorithms have been used to study polymer dynamics. The

midstep algorithm has been used by Grassia and Hinch [20] to study free-

draining freely jointed chains and by several other groups [24–27] to study

free-draining wormlike chains. Öttinger’s algorithm has been used by Petera

and Muthukumar to study steady flow properties of freely jointed bead–rod

chains with full hydrodynamic interactions [28]. Liu’s algorithm has been

used by both Liu [22] and Doyle et al. [23] to study Kramers chains in steady

flows.

A. Fixman’s Algorithm

We now present a generalization of the Cartesian algorithm originally proposed

by Fixman [9], which is the based on the midstep scheme used above to define

kinetic SDEs.

1. Algorithm

We consider a single timestep of length �t, at the beginning of which the beads

are in initial positions R1
ð0Þ; . . . ;R

N
ð0Þ. A full timestep requires the following

sequence of operations:

1. At the beginning of the step, discrete random forces gm are generated,

which must be constructed to have mean and variance

hgmi0 ¼ 0

hgmgni0 ¼
2kT

�t
Zð0Þmn

ð2:348Þ

where Zð0Þmn ¼ ZmnðR1
ð0Þ; . . . ;R

N
ð0ÞÞ is the value of Zmn at the initial bead

positions, which must satisfy Eq. (2.295).
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2. Predicted midstep positions, denoted by R
m
ðmÞ, are given by

R
m
ðmÞ ¼ R

m
ð0Þ þ _RRm

ð0Þð�t=2Þ ð2:349Þ

where _RRm
ð0Þ is an instantaneous velocity calculated using (2.291) with

mobilities and nonrandom forces evaluated at the initial bead positions. In

practice, this velocity is calculated by first solving system of equations

(2.290) for the instantaneous tensions, and then using Eq. (2.288) for _RRm.

3. Updated bead positions are given by

R
m
ð1Þ ¼ R

m
ð0Þ þ _RRm

ðmÞ�t ð2:350Þ

where _RRm
ðmÞ is an instantaneous velocity that is calculated using the values

of the mobility and nonrandom forces obtained at the midstep positions,

while retaining the same set of Cartesian random forces as those used in

Eq. (2.349), which were generated at the beginning of the timestep.

At the end of each timestep of this basic algorithm, the constraints are not

satisified exactly, but are satisfied to an accuracy of Oð�tÞ. This is sufficient to
guarantee convergence to the desired solution over any finite time interval in the

limit �t! 0. To keep the algorithm with a nonzero value of �t from drifting

slowly away from the constraint surface over long periods of time, however,

the algorithm must be supplemented by a correction operation that returns the

system to the constraint surface. This may be accomplished by requiring that the

values of the constraint forces used to calculate _RRm
ðmÞ at the midstep be chosen so

as to exactly satisfy the constraints at the end of a step. This requirement yields

a set of weakly nonlinear equations for the midstep constraint forces, which can

be either iterated to completion, using the constraint forces obtained in the basic

algorithm as the first iteration; or iterated a small fixed number of times, which

is sufficient to suppress the drift. Alternatively, for a linear polymer with

constrained bond lengths, Grassia and Hinch have used a procedure in

which they periodically rescale bond lengths without changing bond orienta-

tions, and calculate corresponding bead positions by ‘‘regrowing’’ the chain

from one end.

This algorithm differs from the Markov process used in Section IX to define

a kinetic SDE only in that an explicitly predicted midstep position, rather than

an implicitly defined midstep position, is used to calculate the midstep velocity

for the final update. To the accuracy needed to calculate the drift velocity and

diffusivity, the analyses of the explicit and implicit midstep schemes are

identical. As a result, the preceding calculation of the diffusivity and drift for a

kinetic SDE also applies to this algorithm.
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2. Generation of Random Forces

The analysis of kinetic SDEs for constrained systems allows for the use of

several kinds of random forces, corresponding to different values of Zmn, which

require different corrective pseudoforces. We consider the problem of efficiently

generating random forces in situations in which the mobility Hmn may be

calculated directly, as for a model with hydrodynamic interactions.

To efficiently generate unprojected random forces, with Zmn ¼ H�1mn , one

must calculate a Cholesky decomposition of Hmn, of the form

Hmn ¼ LmmðLTÞmn ð2:351Þ

and then solve the set of 3N equations

ðLTÞmn � gn ¼
ffiffiffiffiffiffiffiffi
2kT
p

�t
f m ð2:352Þ

by backsubstitution, where the f 1; . . . ; f 3N is a vector of 3N random numbers for

which h f mi ¼ 0 and h f mf ni ¼ dmn.
Geometrically or inertially projected random forces may be generated from

unprojected random forces. As an example, we consider the case of geometric

projection. Let g1; . . . ; gN be a set of unprojected forces, generated by the

procedure described above, and ~gg1; . . . ; ~ggN be the desired projected random

forces, which are given by

~ggm ¼ ~PPn
m � gn ð2:353Þ

In the usual case in which nim and ĜG
ij are sparse matrices produced by constraints

involving only a few nearby beads, the projection may be completed in OðNÞ
operations by first solving the system of equations

ĜG ijẐZj ¼ nin � gn ð2:354Þ

for ẐZj, by LU decomposition, and then setting

~ggm ¼ gm � nimẐZi ð2:355Þ

Inertially projected random forces may be produced by an analogous procedure,

in which ĜGij is replaced by ðdm�1m�1Þij and nin is replaced by m�1n nin in Eq. (2.354). In

the case of a linear polymer with constrained bond lengths, both ĜGij and ðdm�1m�1Þij
are tridiagonal.

A free-draining model with equal bead friction coefficients and W ¼ const,

such as a stiff bead–spring polymer, may be efficiently simulated with
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unprojected random forces and the metric pseudoforce of Eq. (2.214). Efficient

OðNÞ algorithms for the calculation of this metric force for linear polymers with

constrained link lengths have been given by both Grassia and Hinch [20] and

Pasquali and Morse [25]. Models with W ¼ const: and more complicated

mobility tensors, such as infinitely stiff bead–spring polymers with hydro-

dynamic interactions or anisotropic mobilities, may be efficiently simulated

with geometrically projected random forces and a metric pseudoforce. Rigid

models with arbitrary bead masses and arbitrary mobility tensors may be most

efficiently simulated with inertially projected random forces, which make the

calculation of a pseudoforce unnecessary.

In models of beads with full hydrodynamic interactions, for which the

mobility tensor is represented by a dense matrix, the Cholesky decomposition of

Hmn requires ð3NÞ3=6 operations. For large N, this appears to be the most

expensive operation in the entire algorithm. The only other unavoidable OðN3Þ
operation is the LU decomposition of the K � K matrix ĤHij that is required to

solve for the K constraint forces, which requires K3=3 operations, or roughly

N3=3 for a linear chain with constrained bond lengths, which must be carried

out twice each timestep. The OðNÞ costs of projecting the random forces

and calculating a metric pseudopotential force for a polymer with constrained

bond lengths would be negligible by comparison. Models of free-draining

chains can be simulated in OðNÞ operations per timestep.

B. Öttinger’s Algorithm

Öttinger [11,12] has proposed a diffferent two-step algorithm in which the first

step (the ‘‘predictor’’) is actually an unconstrained move appropriate to an

explicit Euler algorithm for the corresponding unconstrained system, rather than

a move tangent to the constraint surface. Because Öttinger gave few details of

his analysis of this algorithm, and because it contains a slight error (although

one that vanishes in the most common applications, as discussed below), a

detailed analysis is presented here.

1. Algorithm

In this algorithm, the change �Rm between between bead positions at

successive timesteps is given by

�Rm ¼ �R
m
ðuÞ � ½Hmn � nin�cli�t ð2:356Þ

where �Rm
ðuÞ is an unconstrained random displacement, and li is a constraint

force that must be chosen such that the constraints are exactly satisfied at the end

of the step. The quantity �R
m
ðuÞ is a random displacement appropriate to an
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explicit Euler algorithm for the corresponding unconstrained system, which has a

mean value

�R
m
ðuÞ

D E
0
¼ Hmn � � qUeff

qRn þ FðfÞn

� �
�t þ kT

q
qRn �Hnm�t ð2:357Þ

and, to Oð�tÞ, a variance

�R
m
ðuÞ�Rn

ðuÞ
D E

0
¼ 2kTHmn�t ð2:358Þ

All quantities in Eq. (2.358) and elsewhere in this analysis, unless otherwise

noted, are evaluated using the bead positions at the beginning of the time step.

The subscript ‘‘c’’ is used in Eq. (2.356) to indicate that the quantity in square

brackets is instead evaluated (and the constraint forces thus are applied) at

auxiliary bead positions

R
m
ðcÞ � R

m
ð0Þ þ c�R

m
ðuÞ ð2:359Þ

whereR
m
ð0Þ is the bead position at the beginning of the timestep, and c is a fraction

0 � c � 1. As in Öttinger’s analysis, the value of the constant c will be

unspecified until the end of the analysis, where it will be shown that a useful

algorithm is obtained by setting c ¼ 1
2
.

The algorithm described above differs from that described by Öttinger only

in that Öttinger failed to include the term proportional to the divergence of Hmn

in Eq. (2.357). The inclusion of this term is, in general, found to be necessary in

order to obtain the correct drift velocity from this algorithm. In the usual cases

in which Hmn is taken to be the Oseen or the Rotne–Prager tensor, however, the

divergence q
qRn �Hnm vanishes (either with or without the summation over the

bead index n) as a result of the assumed incompressibility of the solvent, and so

this term vanishes.

2. Linear Approximation

Here, we construct approximations for the random quantities �Rm and li to
linear order in �R

m
ðuÞ. Because li appears multiplied by �t throughout this

analysis, we define a variable

�i � li�t ð2:360Þ
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A linear approximation for �Rm is obtained by approximating the quantity

in square brackets in Eq. (2.356) by its value at the initial bead positions, giving

�Rm
ð1Þ ¼ �Rm

ðuÞ �Hmn � nin�ð1Þi ð2:361Þ
Here and in what follows, we use super- and subscripts of ‘‘ð1Þ’’ to indicate

approximations valid to linear order in�R
m
ðuÞ. The required linear approximation

for �i is obtained by expanding the change in ci to linear order in �Rm, as

0 ¼ �ci ’ �R
m
ð1Þ � nim, to obtain

0 ¼ �R
m
ðuÞ � nim � ĤH ij�

ð1Þ
j ð2:362Þ

Substituting the solution of Eq. (2.362) into Eq. (2.361) then yields

�R
m
ð1Þ ¼ Pm

;n ��Rn
ðuÞ ð2:363Þ

where we have used Eq. (2.138) for the dynamical projection tensor Pm
;n. This

quantity is easily shown to have a mean and variance

�R
m
ð1Þ

D E
0
¼ Pm

;n � �Rn
ðuÞ

D E
0

ð2:364Þ

�R
m
ð1Þ�Rn

ð1Þ
D E

0
¼ 2kTKmn�t ð2:365Þ

This approximation yields the variance h�Rm�Rni0 to the required accuracy of

Oð�tÞ, but an expansion to second order in �Rn
ðuÞ, given below, is required to

calculate h�Rmi0 to the same accuracy. To evaluate this second-order

approximation, we will also need the correlation

�
ð1Þ
i �R

m
ðuÞ

D E
0
¼ ĤH�1ij n j

n � �Rn
ðuÞ�R

m
ðuÞ

D E
0

¼ 2kTm
m
i �t ð2:366Þ

in which we have used Eq. (2.358) for the variance of �R
m
ðuÞ and definition

(2.145) for the dynamical reciprocal vector m
m
i to obtain the second line.

3. Second-Order Approximation

An approximation for �Rm to second order in �Rm
ðuÞ, which is accurate to first

order in �t, may be obtained by expanding the quantity in square brackets in

Eq. (2.356) to first order in �R
m
ðuÞ around its value at the initial bead positions.

This yields

�Rm ¼ �R
m
ðuÞ � �in

i
n �Hnm � c�

ð1Þ
i �Rl

ðuÞ �
qðnin �HnmÞ

qRl ð2:367Þ

where�i denotes the corresponding second-order approximation for the constraint

force. At this order of approximation, all quantities that are quadratic in �RðuÞ
may be approximated using the linear approximation for �R and �, as has been
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done for the product �i�Rl
ðuÞ in the last term on the RHS of Eq. (2.367). To

calculate �i to second order in�R
m
ðuÞ, we expand�ci to second order in�Rm, as

0 ¼ �Rm � qc
i

qRm þ
1

2
�Rn �Rm:

q2ci

qRm qRn ð2:368Þ

while using the second-order expansion of Eq. (2.367) for�Rm in the term linear

in �Rm and a linear approximation for �Rm in the term quadratic in �R. This

yields

ĤHij�j ’ �R
m
ðuÞ � c�

ð1Þ
j �Rl

ðuÞ �
qðn j

n �HnmÞ
qRl

� �
� nim

þ 1

2
�R

m
ð1Þ�Rn

ð1Þ :
q2ci

qRnqRm ð2:369Þ

Substituting the solution of Eq. (2.369) into Eq. (2.367) then yields

�Rm ¼ �Rs
ðuÞ � c�

ð1Þ
j �Rl

ðuÞ �
qðn j

n �HnsÞ
qRl

� �
� P ;m

s

� 1

2
�Rn

ð1Þ�Rs
ð1Þ :

q2ci

qRsqRn m
m
i ð2:370Þ

where �Rn
ð1Þ is as given by Eq. (2.363).

To calculate the drift velocity, we evaluate the average of Eq. (2.370) for

�Rm with respect to fluctuations of �Rn
ðuÞ, and divide the result by �t. Using

Eqs. (2.357), (2.365), and (2.366) to evaluate the required averages yields a drift

velocity

Vm ¼ Kmn � � qUeff

qRn þ FðfÞn

� �
þ kTPm

;n � q

qRl �Hln
� �

� 2ckT ml
i �

qðnin �HnsÞ
qRl � P ;m

s � kT Kns :
q2ci

qRsqRn m
m
i ð2:371Þ

Expanding the derivative in the first term of the second line of Eq. (2.371) yields

the final result

Vm ¼ Kmn � � qUeff

qRn þ FðfÞn

� �
þ kTPm

;n � q

qRl �Hln
� �

� 2ckTml
i �

q2ci

qRlqRn �Knm þ 2ckTðP ;l
n � IlnÞ :

qHns

qRl � P ;m
s

� kTm
m
i

q2ci

qRsqRn :Kns ð2:372Þ
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in which we have used the identity �nin ml
i ¼ P ;l

n � Iln to write the second term

of the second line. On equating Eq. (2.372) with Eq. (2.184) for Vm, we find that

the two expressions can be made equivalent by taking

c ¼ 1

2
ð2:373Þ

Equation (2.372) largely agrees with Öttinger’s final result, except for the

absence in Öttinger’s result of the terms in the first and second lines involving

the unprojected divergence of H. The term in the first line is absent because

of the absence of a corresponding term in Öttinger’s original algorithm. The term

in the second line is absent because of an oversight in his analysis. When applied

to a problem without constraints, for which there is no need to calculate

constraint forces, this algorithm reduces to an explicit forward Euler integration

algorithm. The required drift coefficient reduces in this case to that given by the

first line of Eq. (2.372), with Kmn replaced by the unconstrained mobility Hmn.

Consideration of the special case of an unconstrained model thus makes clear

the need to include the divergence of Hmn in the RHS of expression (2.357) for

h�RðuÞi0, since this term is required by the explicit Euler algorithm for the

corresponding unconstrained system.

This corrected version of Öttinger’s algorithm requires that the divergence of

Kmn be calculated at each timestep, in order to calculate an average value for

�R
m
ðuÞ. As a result, this algorithm, like the explicit Euler algorithm for

unconstrained systems to which it is closely related, provides an efficient

integration scheme only for models in which the divergence of Hmn vanishes,

that is, for models with a coordinate-independent mobility Hmn, or for which a

divergence-free approximation to the Oseen tensor is used to describe

hydrodynamic interactions between particles. The application of Öttinger’s

algorithm to a broader class of models by Elsgaeter and coworkers [21] may

need to be reconsidered in light of this conclusion. For this important class of

models, however, Öttinger’s algorithm requires no correction forces beyond

those arising from the derivatives of the contribution �kT ln
ffiffiffiffiffi
W
p

to Ueff . For an

infinitely stiff bead–spring polymer, for which W is constant, the algorithm

requires no nontrivial correction forces at all.

C. Liu’s Algorithm

A more specialized algorithm has been proposed by Liu for the simulation of

rigid free-draining systems with an equal friction coefficient � and bead mass m

for every bead. The displacement in Liu’s algorithm is given by

�Rm ¼ Hmn � � qU
qRn þ FðfÞn þ gn � ninli

� �
�t ð2:374Þ
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where Hmn ¼ Imn=�, and gm is an unprojected random force with hgmgni ¼
2kT�Imn=�t. In this algorithm, both qU

qRm and nin are evaluated at the initial bead

positions, so that the constraint forces are applied along the initial normal

directions. The values of l1; . . . ; lK are chosen so that the constraints are

satisfied exactly at the end of the timestep. Liu’s algorithm is thus a special case

of the class of implicit algorithm’s analyzed above, with Ueff ¼ U, and with

c ¼ 0 ð2:375Þ
rather than c ¼ 1

2
as in Öttinger’s algorithm. By setting c ¼ 0 in Eq. (2.372),

while dropping all terms involving derivatives of Hmn and setting Ueff ¼ U, we

find a drift velocity

Vm ¼ Kmn � � qU
qRn þ FðfÞn

� �
� kTm

m
i

q2ci

qRsqRn :Kns ð2:376Þ

We compare this to Eq. (2.184) for the desired drift velocity. For this class of

systems, Eq. (2.184) is simplified by the absence of the last term on the RHS,

which involves derivatives ofHmn, and by a cancellation between the second term

on the RHS, which is the velocity arising from the pseudoforce FðpsÞm , and the

velocity arising from the force kTq ln
ffiffiffiffiffi
W
p

=qRm, which in this case is equal and

opposite to FðpsÞm . All that remains is a drift velocity equal to that given in

Eq. (2.376), thus confirming the validity of the algorithm.

XI. STRESS TENSOR

In this section, we use the Cartesian force of Section VI to derive several

equivalent expressions for the stress tensor of a constrained system of pointlike

particles in a flow field with a macroscopic velocity gradient =v. The excess

stress of any system of interacting beads (i.e., point centers of hydrodynamic

resistance) in a Newtonian solvent, beyond the Newtonian contribution that

would be present at the applied deformation rate in the absence of the beads, is

given by the Kramers–Kirkwood expression [1,4,18]

r ¼ 1

V
Rm FðhÞm

D E
ð2:377Þ

where V is the total volume of a macroscopic system and where the sum is taken

over all beads in such a system. Using Cartesian force balance (2.121), this may

be rewritten in terms of nonhydrodynamic forces as

r ¼ �1
V

Rm FðeÞm � nimti
� �D E

ð2:378Þ
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In a dilute solution ofM identical molecules, the sum over all of the beads in the

system may be restricted to a sum over all beads of a single molecule, if the

prefactor of 1=V is replaced by the molecular number density M=V.
By dividing the constraint forces into components induced by the elastic and

flow forces, the total stress may be expressed as the sum

r ¼ re þ rv ð2:379Þ
of an elastic stress

re ¼ � 1

V
hRmP ;n

m � FðeÞn i ð2:380Þ

that arises from the elastic forces and the constraint forces induced by them, and

a viscous stress

rv ¼ 1

V
hRmnimm

n
i � FðfÞn i

¼ 1

V
hRmðInm � P ;n

m Þ � FðfÞn i ð2:381Þ

that arises from the constraint forces induced by FðfÞn , which are given by

tðfÞi � mn
i � FðfÞn .

A. Modified Kramers Expression

We now focus on Eq. (2.380) for the elastic stress, which may be expressed

more explicitly as

re ¼ 1

V
RmP ;n

m �
q U þ kT ln cffiffiffiffiffi

gW
p
� �h i

qRn

* +
ð2:382Þ

We may rewrite the Brownian term, using Eq. (2.150) for P ;n
m ¼ bama

n
a and the

chain rule q
qqa ¼ ana � q

qRn, as

re ¼ kT

V
RmP ;n

m �
q lnceq

qRn


 �
þ kT

V

ð
dqRmbam

qc
qqa

ð2:383Þ

Integrating the second term by parts then yields

re ¼ kT

V
RmP ;n

m �
q lnceq

qRn


 �
� kT

V

qðRmbamÞ
qqa


 �
ð2:384Þ

In the case of rigid systems, for which gW / ~mm, the sum of Eq. (384) for the

elastic stress and Eq. (2.381) for the viscous stress is equivalent to Eq. (16.3-11)

for the total stress in the monograph of Bird et al. [4], and Eq. (5.68) in Öttinger’s
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monograph [12], which these authors refer to as a ‘‘modified Kramers

expression’’ for the stress.

B. Cartesian Expressions

A fully Cartesian form for the stress tensor may be obtained by using Eq. (2.182)

to expand terms arising from the generalized divergence of Kab in Eq. (2.384).

To begin, we move the derivative of ln
ffiffiffi
g
p

within lnceq into the second term in

Eq. (2.384), to obtain the equivalent expression

re ¼ 1

V
RmP;n

m �
qUeff

qRn


 �
� kT

V

1ffiffiffi
g
p

qð ffiffiffigp RmbamÞ
qqa


 �
ð2:385Þ

Definition (2.144) for the dynamical reciprocal vector bam may then be used to

expand the second term in Eq. (2.384) as

1ffiffiffi
g
p

qð ffiffiffigp RmbamÞ
qqa

¼ amab
a
m þ

Rmffiffiffi
g
p qð ffiffiffigp Kabanb � fnmÞ

qqa
ð2:386Þ

By using expansion (2.150) to identify the first term on the RHS as Pm
;m, and

expanding the derivative in the second, we obtain

1ffiffiffi
g
p

qð ffiffiffigp RmbamÞ
qqa

¼ Pm
;m þ RmKnl:

qfnm
qRl þ

Rmffiffiffi
g
p qð ffiffiffigp KabanbÞ

qqa
� fnm ð2:387Þ

where we have used the expansion q
qqa ¼ ala � q

qRl and expansion (2.136) forK
nl to

obtain a Cartesian expression for the second term on the RHS of (2.387). Using

Eq. (2.182) for the covariant divergence of Kln in the last term then yields

1ffiffiffi
g
p

qð ffiffiffigp RmbamÞ
qqa

¼ P m
;m þ RmKnl:

qfnm
qRl þ Rm q

qRl �Kln
� �

� fnm

¼ Pm
;m þ Rm q

qRl � Pl
;m ð2:388Þ

where we have used the chain rule expansion of the product Pl
;m � Kln � fnm to

combine the last two terms on the first line of the RHS. Substituting this into the

modified Kramers expression then yields the fully Cartesian expression

re ¼ 1

V
RmP ;n

m �
qðU � kT ln

ffiffiffiffiffi
W
p Þ

qRn

� �
 �
� kT

V
hPm

;mi � kT

V
Rm q

qRn � Pn
;m


 �
ð2:389Þ
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The sum of the two terms in the last line of this equation is the Brownian stress of

a constrained system.

An alternative class of expressions for the stress tensor, analogous to those

obtained in Section VIII for the drift velocity, may be obtained by using

Eqs. (2.201) to expand the divergence of Kln in the first line of Eq. (2.388). This

expansion yields an elastic stress

re ¼ 1

V
RmPm

;n � qðU � kT ln
ffiffiffiffiffi
W
p Þ

qRn � FðpsÞn

� �
 �
� kT

V
hPm

;mi � kT

V
Rm�PP ;l

n :
qPn

;m

qRl


 �
ð2:390Þ

in which �PP ;l
n can be any generalized projection tensor, and FðpsÞn is the

corresponding pseudoforce.

In the case of an unconstrained system, the dynamical projection tensor Pn
;l

becomes equal to the identity Iln. Also, in the absence of constraint forces, there

is is no viscous stress. In this case Eq. (2.389) reduces to a well-known

expression [4,18]

r ¼ 1

V
Rm qU

qRm


 �
� NkT

V
I ð2:391Þ

for the total excess stress of an unconstrained system of N interacting Stokeslets.

C. Modified Giesekus Expression

Öttinger [11,12] has also given an expression relating the total polymer stress to

the drift velocity Vm, which is analogous to the Giesekus expression [4] for the

stress in a system without constraints. Note that Eqs. (2.387) and the first line of

Eq. (2.388) contain divergences of the mobility identical to those found in

Eqs. (2.173) and (2.183) for the drift velocity Vn, respectively. By using either

of these expression to expand the modified Kramers expression for the elastic

stress, and, comparing either result to the corresponding expressions for Vm, one

may show that the sum of this elastic stress and the viscous stress of Eq. (2.381)

yields a total stress

r ¼ 1

V
hRmðVn � fnm � FðfÞm Þi

� kT

V
hPm

;mi � kT

V
RmKrn :

qfrm
qRn


 �
ð2:392Þ

In the case of rigid systems of pointlike particles, for which FðfÞm ¼ j � Rn � fnm,
this is equivalent to the expression given by Öttinger in Eq. (29) of Ref. 11 and in

Eq. (5.70) of Ref. 12.
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XII. STOCHASTIC STRESS ALGORITHMS

Here, we consider two closely related algorithms proposed by Grassia and

Hinch [20] and Doyle et al. [23] for evaluating the stress tensor within

simulations based on two of the algorithms discussed in Section X. Grassia and

Hinch’s [20] method is designed for use with Fixman’s timestepping algorithm,

while Doyle et al.’s [23] is intended for use with Liu’s algorithm. In both

methods, one defines a stochastic stress r for each timestep of the associated

timestepping algorithm, whose ensemble average is shown to be equivalent to

the macroscopic stress obtained in Section XI. In both cases, this stress is given

by a stochastic interpretation of Eq. (2.378) in which the nonhydrodynamic

force used to calculate r is taken to include the rapidly fluctuating random

forces, and in which Brownian contributions to the stress are obtained as

appropriately defined averages of the resulting random stresses. Both sets of

authors also introduced similar methods of filtering the otherwise divergent

Oð1= ffiffiffiffiffiffi
�t
p Þ fluctuations of the random forces, in order to obtain average stresses

that are not swamped by random noise. Neither set of authors, however,

provided a proof of the validity of their proposed method. It is confirmed here

that Grassia and Hinch’s method is valid for all valid variants of Fixman’s

algorithm, and that Doyle et al.’s method is valid for the class of rigid free-

draining models to which Liu’s timestepping algorithm applies. Because

Fixman’s algorithm is essentially identical to the definition of a kinetic SDE,

Grassia and Hinch’s method implicitly provides a stochastic definition of the

stress tensor within the context of a kinetic interpretation of the Langevin

equation for any constrained or unconstrained system of point particles.

A. Grassia and Hinch (in Fixman’s Algorithm)

The stochastic stress r in Grassia and Hinch’s algorithm is given by a discrete

approximation to the time average of Eq. (2.378) over one timestep, as

r ¼ � 1

2V
½ðRmFðnhÞm Þ0 þ ðRmFðnhÞm Þ1� ð2:393Þ

where

FðnhÞ ¼ � qUeff

qRm þ FðpsÞn þ gn � linim ð2:394Þ

is the total nonhydrodynamic force on a bead, including both the rapidly varying

random forces and constraint forces, and the corrective pseudoforce. Here and in

the rest of this section, we use of sub- or superscripts of ‘‘0’’ and ‘‘1’’ on

variables and parentheses to represent quantities that are evaluated using the bead
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positions at the beginning and end of a single timestep, respectively. To define a

instantaneous force at the ‘‘end’’ of the timestep (which is not needed in the

timestepping algorithm), one calculates the instantaneous force that would be

felt by a system evolving continuously in time, using the smooth forces, mobility,

and normal vectors at the specified set of final bead positions, while taking

the instantaneous random force gm at both the beginning and end of the step to be
that used to advance the bead positions during that timestep. In what follows,

we calculate the conditional average hri0 of the stochastic tension for a single

timestep for with known bead positions at the beginning of the timestep.

The macroscopic stress is given by an ensemble average of this conditional

average with respect to bead positions.

It is useful to express the total nonhydrodynamic force FðnhÞm as a sum

FðnhÞm ¼ FðsÞm þ FðrÞm ð2:395Þ

of smooth and random components

FðsÞm ¼ Pm
;n � � qUeff

qRn þ FðpsÞn

� �
þ ðPm

;n � InmÞ � FðfÞn ð2:396Þ

FðrÞm ¼ Pm
;n � gn ð2:397Þ

respectively. The stress is then divided into a corresponding smooth stress rðsÞ
and random stress rðrÞ, which are obtained by using smooth and random

components of FðnhÞm , respectively, in Eq. (2.393). The smooth stress includes

both the viscous stress, which is the contribution that arises from the last term in

Eq. (2.396), and a smooth elastic contribution arising from the potential Ueff and

pseudoforces, and the constraint forces induced by them. The random stress rðrÞ
is a Brownian contribution to the elastic stress, which arises from stochastic

fluctuations of FðrÞm .

The smooth component requires no particular care, and can be approximated

equally well in the limit �t! 0 by using either inital or final values of the

positions and forces. This yields a smooth stress

rðsÞ ¼ 1

V
RmPm

;n � qUeff

qRn � FðpsÞn

� �
� 1

V
RmðPm

;n � InmÞ � FðfÞn ð2:398Þ

in which all quantities on the RHS are evaluated at the initial bead positions. The

first term of the RHS Eq. (2.398) is the smooth elastic stress, which is equal to

the quantity being averaged in the first line of Eq. (2.390). The second term is the

viscous stress.

We focus herafter on the random elastic stress, which is obtained by

replacing FðnhÞm by FðrÞm in Eq. (2.393). To evaluate the required average over
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random forces, we follow both Grassia and Hinch [20] and Doyle et al. [23] by

noting that the contribution from the beginning of the timestep has fluctuations

of Oð1= ffiffi
t
p Þ but a vanishing mean value

hðRmFðrÞm Þ0i0 ¼ 0 ð2:399Þ

because the initial random force FðrÞm is a linear function of g1; . . . ; gN terms, which

have vanishing mean values. We may thus remove the Oð1= ffiffiffiffiffiffi
�t
p Þ fluctuations

from the stochastic stress, without changing the desired conditional average

value, by changing the sign on this vanishing contribution, to obtain the

‘‘filtered’’ expression

hrðrÞi0 ¼ �
1

2V
RmFðrÞm
� �

1
� RmFðrÞm
� �

0

D E
0

ð2:400Þ

This quantity has fluctuations of Oð1Þ, and a nonvanishing mean value of the

same order. The use of this filtered expression is essential to the construction of a

practical stochastic algorithm for the stress.

To evaluate Eq. (2.400), we expand the final bead positions R
m
ð1Þ and random

forces Fðr;1Þm around their values at the beginning of the timestep, as

R
m
ð1Þ ¼ R

m
ð0Þ þ�Rm

Fðr;1Þm ¼ Fðr;0Þm þ�Fm

ð2:401Þ

and keep only terms of Oð1Þ to obtain

hrðrÞi0 ’ �
1

2V
h�RmFðrÞm þ Rm�FðrÞm i0 ð2:402Þ

Here and hereafter, we drop the superscript 0 in quantities that are evaluated at

the initial position. To evaluate the first term in Eq. (2.402) to an accuracy of

Oð1Þ, we need only the dominant Oð ffiffiffiffi�p tÞ approximation for �R:

�Rm ’ Kmn � gn�t ð2:403Þ

Together wtih Eq. (2.397) for the FðrÞm , and (2.348) for the variance of the noise,

this yields

h�RmFðrÞm i0 ’ Kmn � hgngli0 � Pl
;m�t

’ 2 kT Pm
;m ð2:404Þ
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The second expression here follows from the fact that �PPm
;l � Pl

;m ¼ Pm
;m for

�PPm
;l ¼ Kmn � Znl.

To evaluate the second term in Eq. (2.402), we must evaluate the average

�FðrÞm for one timestep. Because gn is regarded as constant over a timestep, the

change in Eq. (2.397) for FðrÞm arises from the change in Pm
;n during the step,

which causes a change in the constraint force induced by gn. Taylor-expanding
Pm

;n to first order in �Rl yields

�FðrÞm ¼ �Rl � qPm
;n

qRl � gn ð2:405Þ

Using approximation (2.403) for �Rl averaging then yields

�FðrÞm
D E

0
¼ 2kT�PP ;l

n :
qPn

;m

qRl ð2:406Þ

where �PP ;l
n is given by Eq. (2.298). Combining this with Eqs. (2.402) and (2.404)

then yields a total random stress

hrðrÞi0 ¼ �
kT

V
Pm

;m þ Rm�PP ;l
n :

qPn
;m

qRl

� �
ð2:407Þ

Equation (2.407) is identical to sum of quantities averaged in the second line of

Eq. (2.390) for the elastic stress. Adding this Brownian stress to Eq. (2.398) for

the smooth stress yields a total stress whose ensemble average is equal to the sum

of Eq. (2.390) for the elastic stress and Eq. (2.381) for the smooth viscous stress.

B. Doyle et al. (in Liu’s Algorithm)

Doyle et al. [23] have proposed a similar stochastic method of evaluating the

stress in Liu’s algorithm for rigid free-draining systems. The stochastic stress is

given in this algorithm as

r ¼ � 1

2V
R

m
ð0Þ þ R

m
ð1Þ

� �
FðnhÞm ð2:408Þ

where

FðnhÞn ¼ � qU
qRn þ gn � linin ð2:409Þ

is the total nonhydrodynamic force exerted during the timestep, in which

qU=qRm, and nin are evaluated at the initial bead positions, and li is chosen so as
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to satisfy the constraints at the end of the step. This stress may be divided into a

smooth part, which is adequately approximated as

rðsÞ ¼
1

V
RmP ;n

m �
qU
qRn �

1

V
RmðP ;n

m � InmÞ � FðfÞn ð2:410Þ

with all quantities evaluated at the initial bead positions, and a random part

rðrÞ ¼ � 1

2V
R

m
ð0Þ þ R

m
ð1Þ

� �
Pm

;n � gn � nim�li
� �

ð2:411Þ

where

�li � li � lð1Þi ð2:412Þ

and where lð1Þi is a linear approximation to li, given by the solution of

ĤH ijlð1Þi ¼ nim �Hmn � qU
qRn þ FðfÞn þ gn

� �
ð2:413Þ

with Hmn ¼ Imn=�. The Oð1= ffiffi
t
p Þ fluctuations of the random stress may be

removed from the calculation of the average value rðrÞ
� �

0
by subtracting

� Rm
ð0ÞP

;n
m � gn

D E
¼ 0 ð2:414Þ

from the average, to obtain the ‘‘filtered’’ expression

rðrÞ
� �

0
’ � 1

2V
h�RmP ;n

m � gn � Rmnim�lii0 ð2:415Þ

The first term on the RHS of Eq. (2.415) yields

� 1

2V
h�RmP ;n

m � gni0 ’ �
kT

V
Pm

;m ð2:416Þ

as in Grassia and Hinch’s algorithm. To calculate the second term in Eq. (2.415),

we use Eq. (2.369) for �i ¼ li�t, with c ¼ 0, to show that

�li ’ 1

2�t
�Rn�Rr:

qc j

qRrqRn ĤH
�1
ji ð2:417Þ
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Evaluating the average of the second term in Eq. (2.415) and adding it to

Eq. (2.416) then yields a random stress

hrðrÞi0 ’ �
kT

V
Pm

;m � kT

V
RmKnr:

qc j

qRr qRn ĤH
�1
ji nim ð2:418Þ

We then compare Eq. (2.418) to the second line on the RHS of Eq. (2.390), for

the case of a generalized projection tensor �PP ;l
n ¼ P ;l

n , which is the same as the

inertial or geometric projection tensor in this simple class of models. After some

straightforward algebra, we find that, for the class of models to which Liu’s

algorithm applies, the last term in Eq. (2.390) may be written more explicitly as

�RmPn
;l:

qPn
;m

qRl ’ �kTRmKnr:
qc j

qRrqRn ĤH
�1
ji nim ð2:419Þ

thus confirming that the random stress given in Eq. (2.418) is equal to the

Brownian stress given by the second line in Eq. (2.390). For this class of models,

with this choice for �PP ;l
n , the forces FðpsÞn and kTq ln

ffiffiffiffiffi
W
p

=qRm cancel in the first

line of Eq. (2.390). Adding Eq. (2.418) to the smooth stress then yields the

correct total stress, given by the sum of Eq. (2.390) for the elastic stress and

Eq. (2.381) for the viscous stress.
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APPENDIX

A. Nomenclature

The last column of the following table of symbols lists either the equation or

equations (Arabic numbers in parentheses) or the section (Roman numerals) in

which the symbol is introduced and defined.

Symbol Meaning Introduced
————————————————————————————————
N Number of beads II

K Number of holonomic constraints II

f ¼ 3N � K, number of soft coordinates II

Rm Position of bead m ¼ 1; . . . ;N II

ci Constrained (hard) coordinate i ¼ 1; . . . ;K (2.1)

qa Unconstrained (soft) coordinate a ¼ 1; . . . ; f (2.2)

Qa General coordinate a ¼ 1; . . . ; 3N (2.3)

ama Tangent (soft) basis vector (2.8)
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nim Normal (hard) basic vector (2.9)

Hmn Cartesian mobility tensor (2.10)

fmn Cartesian friction tensor (2.11)

mmn Cartesian mass tensor (2.12)

gab Covariant metric in full space (2.16)

Gab Contravariant (inverse) metric in full space (2.17)
~SSab Projection of Sab in soft subspace (2.20)

T̂Tij Projection of Tab in hard subspace (2.24)

pa Hamiltonian momentum (2.31)

rðq; pÞ Phase space distribution (2.29)

cðqÞ Distribution of soft coordinates (2.33)

Hðq; pÞ Hamiltonian (2.32)

UðqÞ Potential energy on constraint surface (2.32)

VðQÞ Potential energy of stiff system (2.36)

DijðqÞ Spring constants ¼ q2V=qciqcj (2.36)

WðqÞ Prefactor in ceqðqÞ (2.67),(2.68)

Ua Flux velocity (soft coordinates) (2.70)

Um Flux velocity (Cartesian coordinates) (2.71)

F
ðeÞ
a Elastic force (soft coordinates) (2.73)

F
ðhÞ
a Hydrodynamic force (soft coordinates) (2.74)

F
ðfÞ
a Flow force (soft coordinates) (2.75)

Kab Constrained mobility (soft coordinates) (2.74),(2.128)

h� � �is Average over solvent forces, at fixed q and p (2.79)

h� � �ip Average over solvent forces and p, at fixed q (2.79)

h� � �if Average over fast variables, at fixed q (2.104)

ti Constraint force (2.121),(2.131)

FðeÞm Elastic force (Cartesian) (2.122)

FðhÞm Hydrodynamic force (Cartesian) (2.123)

FðfÞm Flow force (Cartesian) (2.124)

Kmn Constrained mobility (Cartesian) (2.133),(2.136)

Va Drift velocity (soft coordinates) (2.154),(2.160)

Dab Diffusivity (soft coordinates) (2.155)

Vm Drift velocity (Cartesian coordinates) (2.163),(2.169)

Dmn Diffusivity (Cartesian coordinates) (2.164)

h� � �i0 Average given known coordinates at t ¼ 0 (2.154–2.155)
�bbam; �mm

m
i Generalized reciprocal vectors (2.186–2.190)

bam;m
m
i Dynamical reciprocal vectors (2.144),(2.145)

bam;m
m
i Geometric reciprocal vectors (2.211),(2.212)

�PPm
;n Generalized projection tensor (2.191)–(2.195)

Pm
;n Dynamical projection tensor (2.138)

~PPm
n Geometric projection tensor (2.213)

�PPm
;n Inertial projection tensor (2.217)
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FðpsÞn Pseudoforce (2.203–2.205)

Xa Generic coordinate a ¼ 1; . . . ; L IX

PðXÞ Probability distribution (generic coordinates) (2.222)

Va Drift velocity (generic coordinates) (2.223)

Dab Diffusivity (generic coordinates) (2.224)

Aa Drift coefficient (generic coordinates) IX

Aa Drift coefficient (soft coordinates) IX

Am Drift coefficient (Cartesian coordiantes) IX

h� � �it Average given known coordinates at time t (2.265),(2.266)

Zb Random Langevin forces (generic) (2.262–2.268)

Zab Variance tensor for random forces (generic) (2.267),(2.268)

hZbi0 Langevin force bias (generic) (2.283)

gn Random Langevin forces (Cartesian) (2.288)–(2.294)

Zmn Variance tensor for random forces (Cartesian) (2.294),(2.295)

hgbi0 Langevin force bias (Cartesian) (2.297)

B. Projected Tensors

In this section, we develop some useful relationships involving the determinants

and inverses of projected tensors. Let Sab be the Riemannian representation of

an arbitrary symmetric covariant tensor with a Cartesian representation Smn. We

may write the Riemannian representation in block matrix form, using the

indices a;b to denote blocks in which a or b runs over the soft coordinates and

i; j to represent hard coordinates, as

S ¼ ~SSab Saj
Sib Sij

� �
ðA:1Þ

where upper left block is the projected tensor ~SSab defined in Eq. (2.20). Let

Tab ¼ ðS�1Þab, which we may write in the corresponding form

T ¼ Tab Taj

Tib T̂Tij

� �
ðA:2Þ

where the lower right block is the projected tensor T̂T ij defined in Eq. (2.24).

1. Determinants

We first prove a theorem given by Fixman relating the determinants of projected

tensors Sab and Tij, which is stated in Eq. (2.28). The proof given here follows

that given for the mass matrix in Ref. 35. Define a 3N � 3N matrix

X ¼ ~SSab 0

Sib 1

� �
ðA:3Þ
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By expanding the determinant in minors, we find that

detðXÞ ¼ detð~SSÞ ðA:4Þ

Also note that

T � X ¼ 1 T aj

0 T̂T ij

� �
ðA:5Þ

which has a determinant

detðT � XÞ ¼ detðTÞdetðXÞ ¼ detðT̂TÞ ðA:6Þ

Using Eq. (A.4) for detðXÞ in the second equality of Eq. (A.6) then yields

Eq. (2.28).

2. Inversion

We next present a relationship between the inverses of the projected tensors ~SS
and T̂T within the soft and hard subspaces, respectively. By requiring that the

matrix product of the block matrices (A.1) and (A.2) yield the identity tensor, it

is straightforward to show that the elements of the matrix

ð~SS�1Þab � Tab � Tai T̂T�1ij Tjb ðA:7Þ

within the soft subspace, where a; b ¼ 1; . . . ; f , yield the inverse of ~SSab within

this subspace. Furthermore, if the RHS of Eq. (A.7) is interpreted as a matrix in

the full space, then all elements outside of the soft subspace (for which a > f

and/or b > f ) are easily shown to vanish. Similarly

T̂T�1ab � Sab � Saa ð~SS�1Þab Sbb ðA:8Þ

is a 3N � 3N matrix that is the inverse of T̂Tij within the hard subspace, and that

has vanishing elements outside of this subspace.

We define Cartesian representations of these inverse projected tensors as

sums:

ð~SS�1Þmn � amað~SS�1Þabanb ðA:9Þ
ð~TT�1Þmn � nimðT̂T�1Þijn j

n ðA:10Þ

Because Eq. (A.7) and (A.8) yield expressions for the corresponding Reimannian

tensors that vanish outside of the soft and hard subspaces, respectively, we may

use these expressions for ð~SS�1Þab and ðT̂T�1Þab in Eqs. (A.9) and (A.10), and

extend the summations over indices to include all 3N generalized coordinates,
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while generalizing ama to qRm=qQa and nim to qQa=qRm, without changing the

result. Carrying out these expansions yield

ð~SS�1Þlr ¼ Tlr � Tlm � ~TT�1mn � Tnr ðA:11Þ
~TT�1lr ¼ Slr � Slm � ð~SS�1Þmn � Snr ðA:12Þ

which are Cartesian representations of (A.7) and (A.8). Equation (2.133) for the

Cartesian modified mobility Kmn � ð~ff�1Þmn is an application of Eq. (A.11) to the
case Tmn ¼ Hmn.

The reciprocal vectors defined in Section VIII may be used to construct a

more direct derivation. Let �bb and �mm refer to reciprocal basis vectors defined

using Smn and Tmn in Eqs. (2.207) and (2.208), respectively. By substituting

definitions (2.207) and (2.208) into completeness relation (2.190), we find that

Iln ¼ ð~SS�1Þlm � Smn þ Tlm � ð~TT�1Þmn ðA:13Þ

for arbitrary T and S ¼ T�1. Multiplying Eq. (A.13) on the right by T or on the

left by S then yields Eqs. (A.11) or (A.12), respectively.

C. Derivatives of Determinants

In this section, we derive expressions for derivatives of various determinants, all

of which are evaluated by using the identity

q lnM
qX

¼ M�1ij

qMijðXÞ
qX

ðA:14Þ

for a derivative of the determinant M � det½M� of an N � N square nonsingular

matrix MijðXÞ whose elements are functions of some parameter X.

We first consider derivatives with respect to curvilinear coordinates of the

determinant g of the metric tensor gab in the unconstrained space. Using

Eq. (A.14) and definition (2.16) for gab yields

q ln g
qQg ¼ Gab qgab

qQg

¼ Gab q
qQg

qRm

qQa �
qRm

qQb

� �
¼ 2Gab qR

m

qQa �
q2Rm

qQbqQg

¼ 2
qQb

qRm �
q2Rm

qQbqQg ðA:15Þ

where Gab ¼ ðg�1Þab.

theory of constrained brownian motion 173



Derivatives of the determinants ~SS and T̂T of the generic projected tensors ~SSab
and T̂Tij defined in Eqs. (2.20) and (2.24) may be expressed compactly in terms of

the reciprocal vectors that are generated by applying Eqs. (2.207) and (2.208) to

the corresponding Cartesian tensors Smn and Tmn, respectively. Using Eq. (A.14)

to differentiate ln ~SS with respect to a soft variable gives

q ln ~SS
qqa

¼ ð~SS�1Þbc q a
m
b � Smn � anc

	 

qqa

¼ 2�bbbm �
qamb
qqa
þ ð~SS�1Þbcamb �

qSmn
qqa
� anc ðA:16Þ

where �bbbm is related to Smn by Eq. (2.207). Similar reasoning may be used to show

that

q ln T̂T
qqa

¼ 2 �mmm
i �

qn i
m

qqa
þ T̂T�1ij nim �

qTmn

qqa
� n j

n ðA:17Þ

where �mmm
i is related to Tmn by Eq. (2.208).

Simpler expressions for the derivatives of ~SS and ~HH are obtained if Smn and T
mn

are constants, so that the terms involving derivatives of the Cartesian tensors

vanish in Eqs. (A.16) and (A.17). In particular, for Smn ¼ Imn, we obtain

q ln
ffiffiffi
~gg
p

qqa
¼ ~bbbm �

qamb
qqa

ðA:18Þ

q ln
ffiffiffiffî
GG

p
qqa

¼ m̂m
m
i �

qn i
m

qqa
ðA:19Þ

where ~bbbm and m̂m
m
i are geometrical reciprocal vectors defined in Eqs. (2.211) and

(2.212).

D. Stiff Quantum Systems

Here, we review an adiabatic approximation for the statistical mechanics of a

stiff quantum mechanical system, in which vibrations of the hard coordinates

are first treated quantum mechanically, while treating the more slowly evolving

soft coordinates and momenta for this purpose as parameters, and in which the

constrained free energy obtained by summing over vibrational quantum states is

then used as a potential energy in a classical treatment of the soft coordinates

and momenta.

We first construct an adiabatic approximation for the classical Hamiltonian

equations of motion. We start from an unconstrained model with a classical
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Hamiltonian HðQ;PÞ ¼ KðQ;PÞ þ VðQÞ, in which the inverse mass tensor in

the kinetic energy K ¼ 1
2
ðm�1ÞabPaPb may be expressed in block form

m�1 ¼ ðm�1Þab ðm�1Þaj
ðm�1Þib ðdm�1m�1Þij

" #
ðA:20Þ

as in Section B of this appendix. To approximately decouple the dynamics of soft

and hard coordinates, it is useful to define modified hard momenta

P̂Pi � Piþf þ ðdm�1m�1Þ�1ij ðm�1Þjapa ðA:21Þ

in which Piþf is the Hamiltonian momentum conjugate to the hard coordinate

Qiþf ¼ ci, and pa is conjugate to the soft coordinate Qa ¼ qa. It is straightfor-

ward to confirm that the rates of change of the hard coordinates may be expressed

in terms of these quantities as

dci

dt
¼ ðm�1ÞibPb ¼ ðdm�1m�1ÞijP̂Pj ðA:22Þ

where b ¼ 1; . . . ; 3N and i; j ¼ 1; . . . ;K
An appropriate approximation for the rate change of the modified hard

momenta may then be obtained by assuming that

1. The soft coordinates and momenta may be treated as constants for the

purpose of describing the rapid vibrations of the hard coordinates. This is

the adiabatic approximation.

2. Elements of the inverse mass matrix may be approximated in the stiff

limit by their values on the constraint surface, which are functions only of

the soft coordinates, thus ignoring the slight variations arising from

fluctuations in hard coordinates. This is a generalization of the neglect of

the effect of centrifugal force on the vibrations in the rigid-rotor harmonic

oscillator approximator for a classical diatomic molecule.

3. The potential energy VðQÞ may be approximated by the harmonic

approximation of Eq. (2.36).

Assumptions (1) and (2) allow us to assume that the rate of change of the second

term on the RHS of Eq. (A.21) is negligible compared to the rate of change of the

canonical hard momentum Piþf , and thus that

dP̂Pi

dt
’ dPiþf

dt
¼ � qV

qci
ðA:23Þ
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Combining this with the harmonic approximation for VðQÞ yields the

approximation

dP̂Pi

dt
’ �Dijdc j ðA:24Þ

Combining Eqs. (A.22) and (A.24), while again treating ðdm�1m�1Þij as a constant,

yields an approximate vibrational equation of motion

d2

dt2
dci ’ �Fi

; jdc
j ðA:25Þ

with a dynamical matrix

Fi
; j � ðdm�1m�1ÞikDkj ðA:26Þ

The corresponding vibrational eigenmodes and eigenfrequencies at a given point

q on the constraint surface are given by the solutions of the eigenvalue equation

Fi
; jðqÞdc j

k ¼ dc j
ko

2
kðqÞ ðA:27Þ

where okðqÞ with k ¼ 1; . . . ;K are the K classical vibration frequencies.

We now consider the equilibrium distribution. Definition (A.21) may be used

to rewrite the kinetic energy K as a sum

K ¼ 1

2
ðdm�1m�1ÞijP̂PiP̂Pj þ 1

2
ð~mm�1Þabpapb ðA:28Þ

in which we have used the identity

ð~mm�1Þab ¼ ðm�1Þab � ðm�1Þaiðdm�1m�1Þ�1ij ðm�1Þ jb ðA:29Þ

to obtain the second term. By combining Eq. (A.28) for the kinetic energy and

harmonic approximation (2.36) for VðQÞ, we may thus write the classical

Hamiltonian as a sum

H ¼Hvib þHrigid ðA:30Þ

where

Hvib ¼ 1

2
ðdm�1m�1ÞijP̂PiP̂Pj þ 1

2
Dijdcidc j ðA:31Þ

is a vibrational Hamiltonian, and

Hrigid ¼ 1

2
ð~mm�1Þabpapb þ UðqÞ ðA:32Þ
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is the Hamiltonian of a corresponding classical rigid model. A quantum

statistical mechanical treatment of the vibrations, in which soft coordinates and

momenta are treated as parameters, yields the q-dependent vibrational partition

function given in Eq. (2.42). Using ZvibðqÞ as a statistical weight in a classical

treatment of the remaining soft coordinates and momenta then yields a reduced

phase space density

reqðq; pÞ / e�Hrigidðq;pÞ=kTZvibðqÞ ðA:33Þ

which is equivalent to that of a rigid classical model with the effective potential

energy UeffðqÞ ¼ UðqÞ � kT ln ZvibðqÞ defined in Eq. (2.41).

In the high-temperature limit, where kT � �hok for all K eigenmodes,

Eq. (A.33) recovers the classical stiff result of Eq. (2.39). To show this, we first

note that, in this limit

YK
k¼1

2 sinh
�hokðqÞ
2kT

� �� ��1
’
YK
k¼1

kT

�hokðqÞ ðA:34Þ

We then note that the determinant FðqÞ of the dynamical matrix Fi
; jðqÞ is given

by the product of all K eigenvalues of Eq. (A.27), and thus that

YK
k¼1

okðqÞ ¼
ffiffiffiffi
F
p
¼

ffiffiffiffiffiffiffiffiffiffiffiffidm�1m�1D
q

ðA:35Þ

By substituting Eqs. (A.34) and (A.35) into Eqs. (2.41) and (2.43), while noting

that dm�1m�1 ¼ ~mm=m, we recover Eq. (2.39) for the distribution ceqðqÞ of a stiff

classical system.

E. Internal and Central Coordinates

The results given here for the constrained mobility tensor and related quantities

are superficially different from those given by BCAH [4]. These differences

exist because BCAH explicitly divide the soft coordinates for a rigid molecule

with f mechanical degrees of freedom into a set of three Cartesian coordinates

that give the overall location of the molecule in space (which BCAH take to be

the components of the center of mass), and a remaining set of f � 3 internal soft

coordinates. We instead treat all f soft coordinates on an equal footing, and

distinguish only between soft and hard coordinates.

To clarify the relationship between these approaches, we consider an

expansion of the bead position Rm as

Rm ¼ rmðq1; . . . ; q f�3Þ þ RðcÞ ðA:36Þ
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Here RðcÞ is a ‘‘central’’ position vector for a molecule, and rm is the position of

bead m relative is this central position, which depends only on the f � 3 internal

coordinates q1; . . . ; q f�3. The analysis given here does not depend on the use of a
particular definition of RðcÞ, which could be the center of mass, the center of

hydrodynamic resistance, or the position of a specified bead. The three Cartesian

components of RðcÞ will be denoted by Rs
ðcÞ, with s ¼ 1; . . . ; 3. In this

parameterization, the tangent vectors ama may be divided into a set of f � 3

vectors basis vectors

qRm

qqa
¼ qrm

qqa
ðA:37Þ

for a ¼ 1; . . . ; f � 3, associated with the internal coordinates, and a set

qRm

qRs
ðcÞ
¼ es ðA:38Þ

of three more associated with the three Cartesian components of the center

position, where es is a unit vector parallel to Cartesian direction s ¼ 1; . . . ; 3.
The projection ~��ab of the friction tensor onto the f dimensional soft subspace

may be divided into corresponding blocks

~�� ¼ �ab �as
�sa �st

� �
ðA:39Þ

where a; b ¼ 1; . . . ; f � 3 and s; t ¼ 1; . . . ; 3, and

�ab ¼
X
mn

qrm

qqa
� fmn �

qrm

qqb

�as ¼
X
mn

qrm

qqa
� fmn � es

�st ¼ es � fðcÞ � et

ðA:40Þ

in which

fðcÞ �
X
mn

fmn ðA:41Þ

is what BCAH refer to as the total effective friction tensor, which they denote by

the symbol Z.

The constrained mobility Kab defined in this chapter is given by the inverse

of ~��ab within the entire f -dimensional soft subspace. In any translationally

invariant problem, in which there is no mechanical force or overall

concentration gradient present to induced a generalized elastic force conjugate

to the central position, one is typically interested only in the projection of Kab

onto the ð f � 3Þ-dimensional subspace of internal coordinates, which we will
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call Kab
ðintÞ. This quantity cannot be obtained by simply inverting the projection of

~�� onto the internal subspace. However, by using the results given in Section B

of this appendix for the inverse of block matrices, it can be shown that the

inverse of Kab
ðintÞ within the ð f � 3Þ-dimensional internal subspace is given by a

tensor

�
ðintÞ
ab � ½KðintÞ��1ab ¼ ama � fðintÞmn � anb ðA:42Þ

with a Cartesian representation

fðintÞlr � flr �
X
mn

flm � ½fðcÞ��1 � fnr ðA:43Þ

If this definition of �
ðintÞ
ab is extended to the full soft subspace, by letting a; b ¼

1; . . . ; f in Eq. (A.42), then all elements of �
ðintÞ
ab for which a or b corresponds to a

component of the central position may be shown to vanish. Correspondingly, in

the Cartesian representation, it is easily confirmed thatX
r

fðintÞlr ¼
X
l

fðintÞlr ¼ 0 ðA:44Þ

BCAH refer to fðintÞlr as the ‘‘modified effective friction tensor,’’ which they

denote by the symbol ~fflr. (See p. 188 of Ref. 4 for a table of these and related

definitions.)

The expression given by BCAH for elements of the constrained mobility

within the internal subspace is based on inversion of the projection �
ðintÞ
ab of the

modified mobility within the internal subspace, rather than inversion of

the projection ~��ab of the mobility within the entire soft subspace. BCAH first

define a tensor given by the projection of the modified friction tensor onto the

internal subspace, which they denote by the symbol ~ggab and refer to as a

‘‘modified covariant metric’’ tensor, which is equivalent to our �
ðintÞ
ab . They then

define an inverse of this quantity within the subspace of internal coordinates,

which they denote by ~ggab and refer to as a ‘‘modified contravariant metric

tensor,’’ which is equivalent to our Kab
ðintÞ for ab ¼ 1; . . . ; f � 3. It is this last

quantity that appears in their diffusion equation, given in Eq. (16.2-6) of Ref. 4,

in place of our constrained mobility Kab. Within the space of internal

coordinates, the two quantities are completely equivalent.

F. Divergence of Constrained Mobility

In this section, we first give an elementary derivation of Eq. (2.182) for the

covariant divergence of Kmn, and then derive an expansion for the resulting

Cartesian divergence of Kmn, in order to recover the more explicit expression for

Vm given in Eq. (2.184).
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1. Covariant Form

To prove Eq. (2.182), we start with the Cartesian divergence, and expand Knm in

covariant basis vectors, and the Cartesian gradient in covariant basis vectors, to

obtain

q
qRn �Knm ¼ qQg

qRn �
q

qQg

qRn

qQb K
ba qR

n

qQa

� �
ðA:45Þ

By using the chain rule for differentiation and the orthogonality of the basis

vectors, we then obtain

q
qRn �Knm ¼ q

qQb Kba qR
n

qQa

� �
þ �g

gbK
ba qR

n

qQa ðA:46Þ

where

�g
ab �

qQg

qRn �
q2Rn

qQa qQb ðA:47Þ

is the Christoffel symbol for the unconstrained space with a metric g. By using

the identity

1ffiffiffi
g
p q

ffiffiffi
g
p
qQb ¼ �g

gb ðA:48Þ

which is proved in appendix Section C, and rearranging terms in Eq. (A.46), we

obtain the geometrical identity given in Eq. (2.182).

2. Explicit Expansion

We now expand the RHS of the divergence:

q
qRn �Knm ¼ q

qRn � Hnm �Hnk � bHH�1kl �Hlm
� �

ðA:49Þ

Applying the chain rule to the RHS, while using Eq. (2.145) to show that

ĤH�1kl �Hlm ¼ nikm
m
i , yields

q
qRn �Knm ¼ q

qRn �Hnm

� q
qRn �Hnk
� �

� nikmm
i � �n j

lm
n
j :

q
qRn H

lm

�Hkn:
q

qRn
bHH�1kl

� �
�Hlm ðA:50Þ
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Focusing attention on the last term of expansion (A.50), we expand

�Hkn:
q

qRn ĤH
�1
kl

� �
�Hlm ¼ �Hkn:

q nikĤH
�1
ij n

j
l

� �
qRn �Hlm ðA:51Þ

to rewrite the RHS of Eq. (A.51) as

�Hkn:
q2ci

qRnRk m
m
i �mn

j �
q2c j

qRnRl �Hlm þmn
k �

qĤHkl

qRn m
m
l ðA:52Þ

Here, we have used the definition of m, and the identity

q2ci

qRmqRn ¼
qnim
qRn ¼

qnin
qRm ðA:53Þ

which follows from the definition of n, to obtain the first two terms, and the

identity

qĤH�1ij

qRn ¼ �ĤH�1ik

qĤHkl

qRn ĤH
�1
lj ðA:54Þ

to obtain the last term. By then expanding

qĤHkl

qRn ¼
q nkr �Hrs � nls
� �

qRn ðA:55Þ

and combining terms involving second derivatives of c with the first two terms in

Eq. (A.52), we may rewrite (A.52) as

�Kkn:
q2ci

qRnRk m
m
i �mn

j �
q2cj

qRnRl �Klm

þmn
kn

k
r :

qHrs

qRn � nlsmm
l ðA:56Þ

Substituting this for the last term in Eq. (A.50), while using expansion for Pn
;l to

combine terms involving derivatives of H, then yields

q
qRn �Knm ¼ �Kmn � q2ci

qRlqRn �ml
i

�Kln:
q2ci

qRnqRl m
m
i

þ Pn
;l:

qHnr

qRl � Pr
;m ðA:57Þ

Substituting this into Eq. (2.183) yields Eq. (2.184).

theory of constrained brownian motion 181



G. Relations among Derivatives of Basis Vectors

In this section, we derive a set of relations involving derivatives of any set of

tangent, normal, and generalized reciprocal vectors. The main result, which is

given in Eq. (A.73), is a generalization of Eq. (A.15) for derivatives of ln g.

Differentiation of bi-orthogonality conditions (2.186)–(2.189) with respect to

an arbitrary soft coordinates qc yields the relations

ama �
q�bbbm
qqc
¼ � qama

qqc
� �bbbm ¼ amc �

q�bbam
qqb

ðA:58Þ

�mmm
i �

qn j
m

qqc
¼ � q �mmm

i

qqc
� n j

m ðA:59Þ

�mmm
i �

q�bbbm
qqc
¼ � q �mmm

i

qqc
� �bbbm ðA:60Þ

ama �
qn j

m

qqc
¼ � qama

qqc
� n j

m ðA:61Þ

Here, we have used the identity

q2Rm

qqaqqc
¼ qama

qqc
¼ qamc

qqa
ðA:62Þ

which follows from the definition of a, in order to interchange the indices a and c
in Eq. (A.58), and thereby obtain the second equality in that equation.

We next divide the reciprocal basis vectors into components tangent and

normal to the constraint surface, as

�bbam ¼ ~bbam þ b̂bam ðA:63Þ
�mmm
i ¼ ~mmm

i þ bmmm
i ðA:64Þ

such that ~bb and ~mm are purely tangent (or soft) while b̂b and m̂m are purely normal

(or hard). By expanding ~bb in tangent vectors and b̂bim in normal vectors, it is

straightforward to show that orthogonality conditions (2.186) and (2.187)

requires that the soft component of a generic �bb be equal to the geometric

reciprocal vector ~bb and that the hard compoment of a generic �mm be equal to

the hard geometric reciprocal vector m̂m defined in Eq. (2.212), which is why we

use the same notation for these components of generic basis vectors �bb and �mm that

we used earlier for the geometric reciprocal vectors.
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By substituting the preceding expansions in Eq. (2.188), we find that the

remaining ‘‘mixed’’ components must satisfy

m̂m
m
i � b̂bbm ¼ � ~mmm

i � ~bbbm ðA:65Þ
for all i and b. By substituting expansions (A.63) and (A.64) into Eqs. (A.58) and

(A.59), to give

ama �
q�bbbm
qqc
¼ �ð~bbam þ b̂bamÞ �

qama
qqc

ðA:66Þ

n j
m �

q �mmm
i

qqc
¼ �ð ~mmm

i þ m̂m
m
i Þ �

qnim
qqc

ðA:67Þ

and considering the case a ¼ b in Eq. (A.66) and i ¼ j in Eq. (A.67), while

summing over repeated indices, we obtain

ama �
q�bbam
qqc
þ q ln

ffiffiffi
~gg
p

qqc
¼ �b̂bam �

qama
qqc

ðA:68Þ

nim �
q �mmm

i

qqc
þ q ln

ffiffiffiffî
GG

p
qqc

¼ � ~mmm
i �

qn j
m

qqg
ðA:69Þ

where we have used Eqs. (A.62) and (A.63) to obtain the terms involving ln
ffiffiffi
~gg
p

and ln
ffiffiffiffî
GG

p
. By inserting a redundant factor of Imn � ~PPm

n ¼ m̂m
m
j n

j
n between the two

vectors on the RHS of Eq. (A.68) and a redundant factor of ~PPn
m ¼ ~bbbma

n
b into the

RHS of Eq. (A.69), we may rewrite this as

ama �
q�bbam
qqg
þ q ln

ffiffiffi
~gg
p

qqg
¼ �b̂bam � m̂mm

j n
j
n �

qana
qqg

ðA:70Þ

nim �
q �mmm

i

qqg
þ q ln

ffiffiffiffî
GG

p
qqg

¼ � ~mmm
i � ~bbbmanb �

qn j
n

qqg
ðA:71Þ

On comparing these expressions to Eqs. (A.61) and (A.65), we find that the RHSs

of Eqs. (A.70) and (A.71) are equal. Equating the LHSs yields the relation

ama �
q�bbam
qqg
þ q ln

ffiffiffi
~gg
p

qqg
¼ nim �

q �mmm
i

qqg
þ q ln

ffiffiffiffî
GG

p
qqg

ðA:72Þ

By using Eq. (2.28) to combine the two determinants, and applying Eq. (A.58) to

the first term on the LHS, we obtain our main result:

q ln
ffiffiffi
g
p

qqg
¼ �bban �

qana
qqg
þ nim �

q �mmm
i

qqg
ðA:73Þ
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This is a generalization of Eq. (A.15), which may be recovered as a special case

by taking the reciprocal vectors to be conventional partial derivatives. By

using Eqs. (A.58) and/or (A.59) to replace either of the terms on the LHS,

several equivalent expressions can be obtained, one of which is presented in

Eq. (2.309).

H. Transformation of Langevin Force Bias

We consider the transformation of the force bias Zb

� �
0
in the Stratonovich

interpretation of the Langevin under a change of variables. We consider an

invertible transformation from coordinates X1; . . . ;XL to another set of f

coordinates �XX1; . . . ; �XXL, and restrict ourselves in this appendix to the case of a

nonsingular mobility. The instantaneous Langevin force ZbðtÞ transforms as a

covariant vector, giving a transformed force

�ZZaðtÞ ¼ ½J�1ðtÞ�baZbðtÞ ðA:74Þ

where ðJ�1Þba ¼ qXb=q�XXa is the inverse of the Jacobian matrix defined in

Eq. (2.287). The transformed force bias is thus given by the integral

h�ZZai0 ¼ lim
t!0

1

t

ðt
0

dt0½J�1ðt0Þ�baZbðt0Þ ðA:75Þ

Expanding J�1ðt0Þ ¼ J�1ð�XXðt0ÞÞ to first order in ��XXaðt0Þ about its t0 ¼ 0 value

yields an OðtÞ approximation for the integral as

h�ZZai0 ¼ lim
t!0

1

t

ðt
0

dt0 ðJ�1Þba þ��XXgðt0Þ qðJ
�1Þba

q�XXg

( )
Zbðt0Þ ðA:76Þ

where J�1 and its derivative are evaluated at t ¼ 0. Approximating ��XXgðt0Þ to
lowest order as ��XXgðt0Þ ’ J

g
dð0Þ�Xdðt0Þ, while using approximation (2.277) for

�Xdðt0Þ and averaging over the noise, then yields

h�ZZai0 ¼ ðJ�1ÞbahZbi0 þ kTJ
g
d

qXd

q�XXaq�XXg ðA:77Þ

The assumption of a nonsingular mobility has been used to obtain this last result.

By using Eq. (A.14) for the derivative of a determinant, to show that

q ln J�1

qXa ¼ J
g
d

qðJ�1Þgd
q�XXa ¼ J

g
d

qXd

q�XXaq�XXg ðA:78Þ

we obtain Eq. (2.286).
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I. Transformation of Kinetic SDEs

Here, we consider the transformation of the set of f kinetic SDEs given in

Eq. (2.314) under a coordinate transformation to a set of f variables �XX1; . . . ; �XXL.

As in Section H of this appendix, we restrict ourselves in this section to the case

of a nonsingular mobility tensor. By combining Eq. (2.323) for the drift

velocites in the original coordinate system with the Ito transformation rule for

drift velocities, we find that the variables �XX1; . . . ; �XXL experience drift velocities

�VVa ¼ q�XXa

qXb Ab þ qDgb

qXg

� �
þ Dbg q2�XXa

qXb qXg

¼ q�XXa

qXb A
b þ q

qXg Dgb q�XX
a

qXb

� � ðA:79Þ

in which the quantity in parentheses in the first line is Vb. The drift coefficients

for the transformed kinetic SDEs can then be obtained by applying Eq. (2.323) to

the transformed SDEs, which yields

�AAa ¼ �VVa � q�DDda

q�XXd ðA:80Þ

where

�DDda ¼ q�XXd

qXg D
gb q�XX

a

qXb ðA:81Þ

is the transformed diffusivity tensor. Expanding the divergence of �DD then yields

q�DDda

q�XXd ¼
qXE

q�XXd

q
qXE

q�XXd

qXg D
gb q�XX

a

qXb

� �
¼ q

qXg Dgb q�XX
a

qXb

� �
þ qXE

q�XXd

q�XXd

qXE qXg D
gb q�XX

a

qXb ðA:82Þ

By substituting Eqs. (A.79) and (A.82) into Eq. (A.80), and canceling terms, then

yields

�AAa ¼ q�XXa

qXb Ab � Dbg q�XXd

qXg qXE

qXE

q�XXd

� �
ðA:83Þ

Finally, by applying Eq. (A.14) to the determinant of the Jacobian matrix of

Eq. (2.287) to show that

q ln J
qXg ¼

qJdE
qXg ðJ�1Þ

E
d ¼

q�XXd

qXg qXE

qXE

q�XXd ðA:84Þ

we obtain Eq. (2.331).
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J. Projected versus Unprojected Random Forces

We now show that the same drift velocity is obtained from a Stratonovich

interpretation of the Langevin equation with unprojected and projected random

forces that have the same soft components but different hard components. We

consider an unprojected random force gmðtÞ and a corresponding projected

random force �ggmðtÞ that are related by a generalization of Eq. (2.300), in which

�ggmðtÞ ¼ �PP ;n
m ðtÞ � gnðtÞ ðA:85Þ

in which �PPm
;nðtÞ is a generic projection tensor. We calculate the difference dVm

between the drift velocity obtained by applying Eq. (2.296) to the Langevin

equation with an unprojected random force gm and that obtained, for the same

value of the Stratonovich drift coefficient Am, by using the corresponding

projected force �ggm. This difference may be expanded as a sum

dVm ¼ dVm
ð1Þ þ dVm

ð2Þ ðA:86Þ

where

dVm
ð1Þ � kTðP ;l

n � �PP ;l
n Þ:

qKnm

qRl ðA:87Þ

is the difference arising from the use of different projection tensors in the

projected derivative of K on the RHS of Eq. (2.296), and where

dVm
ð2Þ � lim

t!0

1

t
Kmn �

ðt
0

dt0hgnðt0Þ � �ggnðt0Þi0 ðA:88Þ

is a difference arising from the different values obtained for the force bias in the

two cases. Focusing on dVm
ð2Þ we may use Eq (A.85) for �ggm to rewrite this as an

integral:

dVm
ð2Þ ¼ lim

t!0

1

t
Kmn �

ðt
0

dt0 ½Irn � �PP ;r
n ðt0Þ� � grðt0Þ

� �
0

ðA:89Þ

Taylor-expanding Irn � �PP ;r
n ðt0Þ to linear order in �Rlðt0Þ around its value at

t0 ¼ 0 within the integrand, we find that the contribution involving the value of

this tensor at t0 ¼ 0 vanishes, but that the next term in the expansion yields

dVm
ð2Þ ¼

�1
t
Kmn �

ðt
0

dt0 �Rlðt0Þ � q
�PP ;r
n

qRl � grðt0Þ

 �

0

ðA:90Þ

186 david c. morse



whereKmn and q�PP ;r
n =qR are evaluated at t ¼ 0. Evaluating the average then yields

dVm
ð2Þ ¼ �kT P ;l

r :
q�PPr

;n

qRl �Knm ðA:91Þ

By differentiating ðIrn � �PPr
;nÞ �Knm ¼ 0 with respect to Rl, we may show that

q�PPr
;n

qRl �Knm ¼ ðIrn � �PPr
;nÞ � qK

nm

qRl ðA:92Þ

to obtain the equivalent expression

dVm
ð2Þ ¼ �kT ðIrn � �PP ;r

n Þ � P ;l
r

h i
:
qKnm

qRl ðA:93Þ

Using the fact that �PP ;r
n � P ;l

r ¼ �PP ;l
n , we then obtain

dVm
ð2Þ ¼ �kTðP ;l

n � �PP ;l
n Þ:

qKnm

qRl ðA:94Þ

Since this is opposite to Eq. (A.87) for dVm
ð1Þ, we conclude that

dVm ¼ dVm
ð1Þ þ dVm

ð2Þ ¼ 0 ðA:95Þ

and thus that the same overall drift velocity is obtained with either type of

random force.

K. Fixman’s Analysis

The analysis given in Section III of Fixman’s 1978 article [9] is consistent with

that given Section IX.C.5 of this chapter through Fixman’s Eq. (3.26), which is

consistent with our Eq. (2.306), aside from the difference caused by Fixman’s

neglect of any bias in the Cartesian random forces. In Fixman’s Eq. (3.27), he

then asserts that

qamb
qqc
¼ d

bc

� �
a
m
d ðA:96Þ

where

d

bc

� �
� 1

2
ð~gg�1Þde q~ggeb

qqc
þ q~ggec

qqb
� q~ggbc

qqe

� �
ðA:97Þ

¼ ~bbdm �
qamb
qqc

ðA:98Þ

is the Christoffel symbol for the constraint surface with a metric ~ggab. Equation
(A.97) is the standard definition of a Christoffel symbol [36]. Equation (A.98)
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may be obtained by using Eq. (2.21) for ~ggab in Eq. (A.97) and differentiating.

Substituting expansion (A.96) into Eq. (2.306) and using Eq. (A.18) for

q ln ~gg=dqb, yields an average value

hZbi0 ’ a
m
b � hgmi0 þ kT

q ln
ffiffiffi
~gg
p

qqb
t ðA:99Þ

This equation is identical to Fixman’s Eq. (3.29), except for the absence in

Fixman’s expression of the term proportional to gm
� �

0
.

Equations (A.96) and (A.99) are, however, incorrect. The RHS of Eq. (A.96),

and of Fixman’s Eq. (3.27), is a vector that is manifestly parallel to the

constraint surface, since it is expressed as an expansion in tangent vectors. The

vector
qam

b

qqc on the LHS can instead have nonzero components normal to this

surface, which reflect the curvature of the constraint surface. For example, in the

simple case of a two-dimensional surface Rðq1; q2Þ in three dimensions, for

which there is only one normal direction, the normal components of qab
qqc define

an extrinsic curvature tensor

Cbc � n � qab
qqc
¼ n � q2R

qqbqqc
ðA:100Þ

which vanishes only for a flat surface. By using Eq. (A.98) for the Christoffel

symbol and Eq. (2.213) for the projection tensor ~PPm
n, it is straightforward to show

that the RHS of Eq. (A.96) gives only the projection of
qam

b

qqc onto a plane parallel to

the constraint surface

~PPm
n �

qanb
qqc
¼ d

bc

� �
a
m
d ðA:101Þ

and thus neglects any perpendicular components of
qan

b

qqc.

Equation (A.99) may, however, also be obtained by explicitly using projected

random forces, as Hinch did in order to reproduce Fixman’s result. The use of

the projected friction tensor for Zmn in Eq. (2.306), rather than the unprojected

tensor fmn, has the same effect in that equation as did Fixman’s neglect of the

hard components of
qan

b

qqc, because the RHS of Eq. (2.306) depends only on the dot

product
qam

b

qqc � Zmn. Hinch was thus able to recover Fixman’s result by introducing

the notion of a projected random force.
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The physical properties of magnetic nanoparticles have been investigated with

focus on the influence of dipolar interparticle interaction. For weakly coupled

nanoparticles, thermodynamic perturbation theory is employed to derive

analytical expressions for the linear equilibrium susceptibility, the zero-field

specific heat and averages of the local dipolar fields. By introducing the

averages of the dipolar fields in an expression for the relaxation rate of a single

particle, a nontrivial dependence of the superparamagnetic blocking on

the damping coefficient is evidenced. This damping dependence is interpreted

in terms of the nonaxially symmetric potential created by the transverse

component of the dipolar field.

Strongly interacting nanoparticle systems are investigated experimentally in

terms of spin glass behavior. Disorder and frustration arise in samples consisting

of frozen ferrofluids from the randomness in particle position and anisotropy

axis orientation. A strongly interacting FeC system is shown to exhibit critical

dynamics characteristic of a spin glass phase transition. Aging, memory, and

rejuvenation phenomena similar to those of conventional spin glasses are

observed, albeit with much weaker rejuvenation effects than in both a Ag(11 at%

Mn) Heisenberg and an Fe0:5Mn0:5TiO3 Ising spin glass. Differences in the

nonequilibrium dynamics of the strongly interacting nanoparticle system and

the two spin glass samples are discussed in terms of anisotropy and different

timescales, due to the much longer microscopic flip time of a magnetic moment

than of an atomic spin.
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I. INTRODUCTION

Ferro- and ferrimagnetic nanoparticles are important examples of how a

reduction in size changes the properties of a magnetic material. For small

particles it is energetically favorable to avoid domain walls and form only one

magnetic domain. The magnetism of such single-domain particles has been an

active field of research since the pioneering work of Stoner and Wohlfarth [1]

and Néel [2] in the late 1940s. Because of new fabrication methods and

characterization techniques, understanding of and interest in nanosized materials

have increased explosively within the disciplines of physics, chemistry, material

science, and medicine. This development is driven by a large number of

applications; nanosized magnetic materials are used in, for example, magnetic

recording media, ferrofluids, catalysts, and refrigerators; as well as by a large

interest of fundamental nature. Nanomagnets made up of a small number of

spins can be used to study quantum tunneling of magnetization [3]. In ferrofluids

the dipolar interparticle interaction can be tuned by the particle concentration,

and frozen ferrofluids have been shown to change their magnetic behavior from

superparamagnetic at low concentrations to spin-glass-like in dense systems.

The research on spin glasses started in the 1970s after the discovery by

Cannella and Mydosh [4] of a peak in the alternating-current (ac)-susceptibility

of diluted gold–iron alloys. Several different materials with various interaction

mechanisms were soon found to exhibit this ‘‘new’’ magnetic behavior, all with

two properties in common—disorder and frustration. Spin glasses have since

been widely studied, partly because they are excellent model systems of

materials with quenched disorder. An understanding of spin glasses can thus

contribute to the understanding of other, more complex disordered systems,

such as ceramic superconductors, polymers, gels, and dense nanoparticle

systems.

This article reviews the dynamic properties of magnetic nanoparticle systems

with different interparticle interaction strength. In Section II we discuss basic

properties of noninteracting particle systems, and thermodynamic perturbation

theory is used to study weakly interacting particle systems. In Section III we

discuss the behavior of strongly interacting magnetic nanoparticle systems in

the light of recent results in the field of spin glasses.

II. SINGLE-DOMAIN MAGNETIC NANOPARTICLES

The study of single-domain magnetic particles has been an active field of

research since the pioneering work of Stoner and Wohlfarth [1], who studied the

hysteretic rotation of the magnetization over the magnetic–anisotropy energy

barrier under the influence of an applied field, and Néel [2], who predicted that

at nonzero temperature the magnetization can overcome the energy barrier as a
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result of thermal agitation. Later, Brown [5] derived the Fokker–Planck

equation for the probability distribution of spin orientations, starting from the

stochastic Landau–Lifshitz equation, and calculated approximate expression for

the relaxation time of particles with uniaxial anisotropy. The theoretically most

well studied systems are noninteracting classical spins (representing the

magnetization of the nanoparticles) with axially symmetric magnetic aniso-

tropy. A great step forward in comparing experiments and theory was taken

when measurements on individual particles were reported [6]. A profound

knowledge of the physical properties of isolated particles is a prerequisite for

further studies of phenomena such as quantum tunneling in molecular

nanomagnets or dipole–dipole interaction in dense samples.

In this section, some general properties of magnetic nanoparticles are first

recalled (for more details, see, e.g., Refs. 7–9). The definition of a magnetic

nanoparticle is rather wide and includes ferro- and ferrimagnetic materials (e.g.,

g-Fe2O3, Fe3O4, and Fe1�xCx) as well as magnetic nanoclusters (e.g., Mn12 and

Fe8). Subsequently, thermodynamic properties of spins weakly coupled by the

dipolar interaction are calculated. Dipolar interaction is, due to its long range

and reduced symmetry, difficult to treat analytically; most previous work on

dipolar interaction is therefore numerical [10–13]. Here thermodynamic

perturbation theory will be used to treat weak dipolar interaction analytically.

Finally, the dynamical properties of magnetic nanoparticles are reviewed with

focus on how relaxation time and superparamegnetic blocking are affected by

weak dipolar interaction. For notational simplicity, it will be assumed

throughout this section that the parameters characterizing different nanoparti-

cles are identical (e.g., volume and anisotropy).

A. General Properties

The current studies of magnetic single-domain nanoparticles are limited to

systems where the particles are fixed in space (realized, e.g., in frozen

ferrofluids, single crystals of molecular magnets, and magnetic nanoparticles in a

solid matrix). We will also assume that every single-domain nanoparticle is in

internal thermodynamic equilibrium and that its constituent spins rotate

coherently. Moreover, we are considering only temperatures much lower than

the Curie temperature, so the spontaneous magnetization is approximately

constant with temperature. Hence, the only relevant degree of freedom is the

orientation of the net magnetic moment.

The Hamiltonian of a single isolated nanoparticle consists of the magnetic

anisotropy (which creates preferential directions of the magnetic moment

orientation) and the Zeeman energy (which is the interaction energy between

the magnetic moment and an external field). In the ensembles, the nanoparticles

are supposed to be well separated by a nonconductive medium [i.e., a ferrofluid

in which the particles are coated with a surfactant (surface-active agent)]. The
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only relevant interparticle interaction mechanism is therefore the dipole–dipole

interaction.

1. Magnetic Anisotropy

The term magnetic anisotropy is used to describe the dependence of the internal

energy on the direction of the spontaneous magnetization of the ferro/

ferrimagnetic nanoparticle, creating ‘‘easy’’ and ‘‘hard’’ directions of magne-

tization. In general, a bulk sample of a ferromagnet exhibits magnetic

anisotropy with the same symmetry as in the crystal structure. This anisotropy

energy originates from spin–orbit coupling and is called magnetocrystalline

anisotropy [14]. The two most common symmetries are uniaxial and cubic. For

uniaxial symmetry the energy is given by

Euni
a ¼ K1V sin2 yþ K2V sin4 yþ � � � ð3:1Þ

where V is the particle volume, K1 and K2 are anisotropy constants, and y is the

angle between the magnetic moment and the symmetry axis. For cubic symmetry

the anisotropy can be expressed in terms of the direction cosines (ai) as

Ecubic
a ¼ K1Vða21a22 þ a22a

2
3 þ a23a

2
1Þ þ K2Va21a

2
2a

2
3 þ � � � ð3:2Þ

where the ai are defined through a1 ¼ sin y cosf, a2 ¼ sin y sinf and

a3 ¼ cos y, y is the angle between the magnetization and the z axis, and f is

the azimuthal angle.

For a single-domain ferromagnet, any nonspherical particle shape gives rise

to shape anisotropy due to the internal magnetostatic energy. The magnetostatic

energy, for an ellipsoid of revolution, is equal to

Em ¼ 1
2
m0V M2

s ðNz cos
2 yþ Nx sin

2 yÞ ð3:3Þ

where y is the angle between the magnetic moment and the polar axis ẑz,Ms is the

saturation magnetization, Nz is the demagnetization factor along the polar axis,

and Nx ¼ Ny is the demagnetization factor along an equatorial axis. Both the

magnetostatic energy for an ellipsoid and the uniaxial magnetocrystalline

anisotropy energy [Eq. (3.1)] can, to first order—except for a constant term—

be written as

Ea ¼ �A cos2 y ð3:4Þ

where A ¼ KV is the anisotropy energy barrier and the uniaxial anisotropy

constant K ¼ 1
2
m0M

2
s ðNx � NzÞ in the case of shape anisotropy. For a prolate

ellipsoid, K > 0 and the anisotropy is of ‘‘easy axis’’ type, since there exist two
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minima of the anisotropy energy along 
ẑz (the anisotropy axis). For an oblate

ellipsoid, K < 0 and the anisotropy energy has its minimum in the whole xy

plane. In this case the anisotropy is of ‘‘easy plane’’ type.

With decreasing particle size, the magnetic contributions from the surface

will eventually become more important than those from the bulk of the particle,

and hence surface anisotropy energy will dominate over the magnetocrystalline

anisotropy and magnetostatic energies. A uniaxial anisotropy energy propor-

tional to the particle surface S

Esurface
a ¼ KsS cos

2 y ð3:5Þ
has been observed experimentally by ferromagnetic resonance [15].

Hereafter, we will assume uniaxial anisotropy, of easy-axis type, given by

Eq. (3.4) (if not otherwise indicated), since it is the simplest symmetry that

contains the basic elements (potential minima, barriers) responsible for the

important role of magnetic anisotropy in superparamagnets. Experimental

evidence for uniaxial anisotropy is given in Refs. 15 and 16.

2. Superparamagnetic Relaxation

The uniaxial anisotropy energy creates two potential wells separated by the

energy barrier A. The magnetic moment is subjected to thermal fluctuations and

may undergo a Brownian-type rotation surmounting the potential barriers. This

relaxation process was proposed and studied by Néel in 1949 [2] and further

developed by Brown in 1963 [5]. In the high potential barrier range, bA� 1,

where b ¼ 1=kBT , the characteristic time for the overbarrier rotation t can

approximately be written in the Arrhenius form

t ’ t0 expðbAÞ ð3:6Þ

where t0 � 10�9 � 10�12 s. For observation times tobs much longer than the

relaxation time, ~mm maintains the thermal equilibrium distribution of orientations

as in a classical paramagnet; however, because of the much larger magnetic

moment than a single spin, this phenomenon was called superparamagnetism

[17]. The condition of superparamagnetism (tobs � t) corresponds to a

temperature range that fulfills lnðtobs=t0Þ > bA. For tobs � 10 s, due to the

small value of t0, this equilibrium range extends down to low thermal energies

compared to the anisotropy energy (25 > bA). Hence, within the equilibrium

regime, the system displays an isotropic behavior at high temperatures (bA
 1),

but a strongly anisotropic behavior at low temperatures (bA� 1).

If tobs 
 t, the magnetic moment is blocked in one of the potential wells, a

state that corresponds to stable magnetization in a bulk magnet. If the

measurement time is of the same order as the relaxation time (tobs � t),
dynamical time-dependent effects are observed.
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3. Effects of a Magnetic Field

The Hamiltonian of a noninteracting nanoparticle with uniaxial anisotropy is

given by

H ¼ � A

m2
ð~mm �~nnÞ2 � m0~mm � ~HH ð3:7Þ

where ~mm is the magnetic moment with m ¼ MsV , A ¼ KV and~nn is a unit vector

along the symmetry axis of the anisotropy energy (anisotropy direction). By

introducing unit vectors for the magnetic moment (~ss ¼ ~mm=m) and the external

magnetic field (ĥh ¼ ~HH=H) and defining dimensionless parameters for the

anisotropy and magnetic field

s ¼ bA; x ¼ bm0mH ð3:8Þ
we can write a dimensionless Hamiltonian as

�bH ¼ sð~ss �~nnÞ2 þ xð~ss � ĥhÞ ð3:9Þ
The bistable character of the zero-field Hamiltonian will be destroyed by a

sufficiently large field. The critical field for ~nnjjĥh is called the anisotropy field,

and is expressed by

HK ¼ 2A

m0m
¼ 2K

m0Ms

ð3:10Þ

We can define another dimensionless field quantity

h ¼ H

HK

¼ x
2s

ð3:11Þ

which is the field measured in units of the anisotropy field. The Hamiltonian, as a

function of the angle y between the anisotropy axis and the magnetic moment

(~ss �~nn ¼ cos y), is shown in Figure 3.1 for different values of the longitudinal

field.

4. Interparticle Interaction

Dipole–dipole interaction is present in all magnetic spin systems, but usually

other interaction mechanisms such as exchange interaction dominate. The

relative weakness of the dipolar coupling between magnetic ions in paramag-

netic systems results in characteristic temperatures lying in the range of 0.01–

0.1 K. For superparamagnetic nanoparticles (for which care has been taken to

avoid direct contact between the particles by, e.g., applying a surfactant to a

ferrofluid), exchange interaction and other interaction mechanisms can usually

be discarded so that the dipolar interaction is the only relevant interparticle

interacting magnetic nanoparticle systems 197



interaction. In addition, the size of the typical magnetic moment (S � 102 � 105

magnetic spins) shifts the relevant temperatures up to the range of a few

kelvins, making it possible to observe effects of dipolar interaction in

conventional magnetization experiments.

The dipolar field, created by all other spins, at the position~rri of the spin~ssi, is
given by

~HHi ¼ m

4pa3
X
j

Gij �~ssj ð3:12Þ

where the term j ¼ i is omitted from the summation, a is defined in such a way

that a3 is the mean volume around each spin, and

Gij ¼ 1

r3ij
3 r̂rijr̂rij � 1
	 
 ð3:13Þ

~rrij ¼~rri �~rrj; r̂rij ¼ r̂rij

rij
ð3:14Þ

where 1 is the unit tensor.

By introducing the dimensionless coupling constant

xd ¼
m0m

2

4pa3
1

kBT
ð3:15Þ
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Figure 3.1. Magnetic energy versus y in the case of a longitudinal field for different values of

the reduced field h ¼ H=HK .
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and noting that the dipolar energy Ed ¼ m0
2

P
i 6¼j ~mm � ~HHi, we can write the total

dimensionless Hamiltonian of an interacting nanoparticle system as

�bH ¼ s
X
i

ð~ssi �~nniÞ2 þ x
X
i

ð~ssi � ĥhÞ þ xd
X
i> j

oij ð3:16Þ

where oij ¼~ssi �Gij �~ssj. Note that the interaction strength can also be measured

by the temperature independent coupling parameter

hd ¼ xd
2s
¼ Ms

4pHK

c ð3:17Þ

which is the magnitude of the field, measured in units of the anisotropy field HK ,

produced at a given position by a dipole at a distance a. Here, c ¼ V=a3 is the
volume concentration of particles.

Dipole–dipole interaction is long-ranged and anisotropic, which makes it

cumbersome to treat both analytically and numerically. Randomness in particle

positions and anisotropy directions yields frustration and magnetic disorder

leading to glassy dynamics for strongly interacting systems [18]. We will

therefore use analytical and numerical treatment only for weakly interacting

particle systems, while strongly interacting systems will be discussed in terms

of collective spin glass behavior in Section III.

B. Thermal Equilibrium Properties

The thermal equilibrium average of any quantity Bð~ss1; . . . ;~ssNÞ is given by

hBi ¼ 1

Z

ð
d�B expð�bHÞ ð3:18Þ

whereZ¼ Ð d� expð�bHÞ is the partition function and d� ¼Qi d�i, with the

solid angle d�i ¼ d2~ssi=2p. In the case of non-interacting spins, Eq. (3.18) has

already been solved analytically for different quantities and anisotropies (for a

review, see, e.g., Ref. 8). For isotropic spins, the magnetization is given by

the Langevin function and the linear susceptibility follows a 1=T dependence,

wiso ¼ 1
3
bm0m

2, while the nonlinear susceptibility follows a 1=T3 dependence,

wð3Þiso ¼ � 1
45
b3m30m

4. Magnetic anisotropy generally causes deviations from

these well-known laws [8,19–21] and also dipole–dipole interparticle interaction

will cause deviations from the Langevin behavior [22,23]. It is important to know

the nature of such deviations in order to avoid confusion with, for example,

deviations due to quantum effects [24–26].

In the case of dipole–dipole interaction, the calculation of any thermo-

dynamic property becomes a many-body problem and approximations and/or
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numerical simulations are needed in order to solve Eq. (3.18). Here we will use

thermodynamic perturbation theory to expand the Boltzmann distribution in the

dipolar coupling parameter—an approximation that is valid for weakly coupled

spins.

The analysis presented in this section is restricted to spins with Hamiltonians

having inversion symmetry [Hð~mmÞ ¼Hð�~mmÞ]. This assumption is valid for

any kind of anisotropy or dipolar interaction, but if a bias field is applied in

addition to the probing field, the condition of inversion symmetry breaks down.

1. Thermodynamic Perturbation Theory for Weakly

Interacting Superparamagnets

We will consider dipolar interaction in zero field so that the total Hamiltonian is

given by the sum of the anisotropy and dipolar energies H ¼ Ea þ Ed. By

restricting the calculation of thermal equilibrium properties to the case xd 
 1,

we can use thermodynamical perturbation theory [27,28] to expand the

Boltzmann distribution in powers of xd. This leads to an expression of the

form [23]

W ¼ Wa 1þ xdF1 þ 1
2
x2dF2 þ � � �

	 
 ð3:19Þ
where F1 is linear in Ed and F2 is (up to) quadratic in Ed, while

Wa ¼Z�1a expð�bEaÞ ð3:20Þ
is the Boltzmann distribution of the noninteracting ensemble. Expressions for F1

and F2 in are given in the Appendix, Section A.1. By keeping all averages

weighted with Wa, the thermal-equilibrium quantities calculated with this

method will be exact in the anisotropy and only perturbational in the dipolar

interaction. An ordinary high-temperature expansion corresponds to expanding

Eq. (3.20) further in powers of b.
All results obtained below with the thermodynamic perturbation theory are

limited to the case of axially symmetric anisotropy potentials (see the

Appendix, Section A.2), and all explicit calculations are done assuming

uniaxial anisotropy (see the Appendix, Section B).

2. Linear Susceptibility

The equilibrium linear susceptibility is, in the absence of an external bias field,

given by

w ¼ m0m
2

kBT

1

N

�
s2z
�
; sz ¼

X
i

ð~ssi � ĥhÞ ð3:21Þ

where ĥh is a unit vector along the probing field direction and sz is the field

projection of the net magnetic moment. Calculating hs2z i using thermodynamic
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perturbation theory yields an expansion of the susceptibility of the form

w ¼ m0m
2

kBT
a0 þ xda1 þ 1

2
x2da2

	 
 ð3:22Þ

with the general expressions for the coefficients an given in the Appendix,

Section A.3. Simplified expressions for the coefficients can be obtained for some

orientational distributions of the anisotropy axes, such as parallel anisotropy axes

and randomly distributed axes.

For systems with parallel axes (e.g., single crystals of magnetic molecular

clusters or a ferrofluid frozen in a strong field), the coefficients for the

longitudinal response read

a0;k ¼ 1þ 2S2

3
ð3:23Þ

a1;k ¼ 1þ 4S2 þ 4S22
9

C ð3:24Þ

1
2
a2;k ¼ � 1þ 4S2 þ 4S22

27
ð1� S2Þ

	
�RR�S


þ 3S2 T�Uð Þ� �
þ 7þ 10S2 � 35S22 þ 18S4

315
½ð1� S2Þ ð �RR�RÞ þ 3S2

	
T� 1

3
�RR

� ð3:25Þ

where C, R ( �RR), S, T, and U are lattice sums whose properties are discussed

in Section II.B.5. The properties of SlðsÞ are discussed in the Appendix,

Section B.

A common experimental situation is an ensemble of nanoparticles with

the anisotropy axes oriented randomly (e.g., frozen ferrofluids). To obtain the

susceptibility when the anisotropy axes are distributed at random, we average

the general expressions for the an over ~nn, getting

a0;rand ¼ 1
3

ð3:26Þ
a1;rand ¼ 1

9
C ð3:27Þ

1
2
a2;rand ¼ � 1

27

	
�RR�S


þ 1

45
ð1� S22Þ ð �RR�RÞ ð3:28Þ

Note that in the limit of isotropic spins (where Sl ! 0), the results for coherent

axes and for random anisotropy duly coincide and agree with ordinary high-

temperature expansions.

It can easily be shown that a0;rand is independent of anisotropy for any type of

anisotropy, not only axially symmetric [21]. Changing the coordinate system of

Eq. (3.21) to the local one determined by the anisotropy direction of each spin,
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the field becomes a randomly distributed vector and by performing random

averaging with respect to ĥh by means of Eq. (A.14), one obtains

w ¼ m0m
2

kBT

1

3N

X
i

ð~ssi �~ssiÞ
* +

¼ m0m
2

3kBT
ð3:29Þ

which is same expression as for isotropic spins. It is, however, only for the linear

susceptibility term that randomly distributed anisotropy axes erase all traces of

the anistropy. For the nonlinear susceptibility, the anisotropy is of importance

even for systems with randomly distributed anistropy axis [8,19–21].

3. Specific Heat

The specific heat at constant volume can be obtained directly from the partition

function

cv

kB
¼ b2

q2

qb2
ðlnZÞ ¼ s2 q2

qs2
ðlnZÞ ð3:30Þ

where, to take the s derivative, the coupling parameter xd is expressed as

xd ¼ 2shd [Eq. (3.17)]. As in the calculation of w, we consider only the zero-

field specific heat. In that case, the term linear in xd vanishes and the expansion of
the specific heat to second order in xd reads

cv

NkB
¼ s2b0 þ 1

2
x2db2 ð3:31Þ

where the zeroth-order coefficient

b0 ¼ 4

315
ð18S4 � 35S22 þ 10S2 þ 7Þ ð3:32Þ

gives the specific heat in the absence of interaction [8]. The general formula for

b2 is given in the Appendix, Section A.4. Again, it is possible to obtain simplified

formulas for coherent anisotropy axes and for random anisotropy. In the first case

(~nni ¼~nn, 8 i), we obtain

b2;k ¼ 1
3

1� S22 � 4sS2S02 � s2½S2S002 þ ðS02Þ2�
n o

R

þ 1
3

	
2S2ð1� S2Þ þ 4sS02ð1� 2S2Þ

þ s2fS002 � 2½S2S002 þ ðS02Þ2�g

ð �RR�RÞ

þ S22 þ 4sS2S02 þ s2½S2S002 þ ðS02Þ2�
n o

T ð3:33Þ
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where S02 ¼ dS2=ds. For randomly distributed axes, on averaging the general

expression for b2 over~nn, one simply gets

b2;rand ¼ 1
3
R ð3:34Þ

This is the same correction term as that obtained for isotropic spins by Waller

[29] and van Vleck [30] using ordinary high-temperature expansions.

4. Dipolar Fields

We are interested in calculating thermodynamical averages of the dipolar field,

to introduce them in the expression for the relaxation rate in a weak but arbitrary

oriented field, in order to obtain an expression for the relaxation rate of weakly

interacting dipoles (we will argue in Section II.C.3 that the effect of weak

dipolar interaction can be accounted for by the thermodynamic averages of the

dipolar field). Because of the inversion symmetry of the anisotropy, only the

square of the field will enter the low-field expression for the relaxation rate and

not the field itself. In addition, the effects of longitudinal and transversal fields

will be different. To be able to calculate the dipolar field is also of interest in the

study of quantum tunneling of the magnetization of molecular magnets (e.g.,

Fe8 and Mn12) [3,31].

The general expressions for hx2i;ki and hx2i;?i ¼ hx2i i � hx2i;ki to second order

in xd are given in the Appendix, Section A.5. If we consider infinite systems, the

index i can be removed since all spins have the same surroundings. For a system

with aligned anisotropy axes, the averaged fields are given in terms of the lattice

sums by

�
x2k
� ¼ x2d

3
1� S2ð Þ �RRþ 3S2T½ �

�
x2?
� ¼ x2d

3
3R� ð1� S2Þ �RRþ 3S2ðR� �RR�TÞ½ �

ð3:35Þ

while for randomly distributed anisotropy axes they read

�
x2k
� ¼ x2d

3
R;

�
x2?
� ¼ x2d

3
2R ð3:36Þ

Note that the result for random anisotropy is identical to the result for isotropic

dipoles.
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5. The Lattice Sums

An essential element of the expressions derived for w, cv, and the dipolar fields

are the following ‘‘lattice sums:’’1

C ¼ 1

N

X
i

X
j6¼i

ĥh �Gij � ĥh ð3:37Þ

R ¼ 2

N

X
i

X
j6¼i

r�6ij ð3:38Þ

�RR ¼ 1

N

X
i

X
j6¼i

ĥh �Gij �Gij � ĥh ð3:39Þ

S ¼ 1

N

X
i

X
j6¼i

X
k 6¼j

ĥh �Gij �Gjk � ĥh ð3:40Þ

T ¼ 1

N

X
i

X
j6¼i
ðĥh �Gij � ĥhÞ2 ð3:41Þ

U ¼ 1

N

X
i

X
j6¼i

X
k 6¼j
ðĥh �Gij � ĥhÞ ðĥh �Gjk � ĥhÞ ð3:42Þ

The long range of the dipole–dipole interaction leads to a sample shape2

dependence of the physical quantities dependent on an external magnetic field

[32,33]. In the expressions obtained for the susceptibility, this sample shape

dependence is borne by the slowly convergent lattice sums C, S, and U. If we

consider ‘‘sufficiently isotropic’’ lattices, in the sense of fulfilling
PðrxÞn ¼PðryÞn ¼PðrzÞn, such as cubic and completely disordered lattices (inciden-

tally, the type of arrangements for which in the classical Lorentz cavity–field

calculation the contribution of the dipoles inside the ‘‘small sphere’’ vanishes)

these lattice sums vanish for large spherical samples. The sums R, �RR, and T,

on the other hand, contain r�6ij , which make them rapidly convergent and sample

shape-independent. For sufficiently symmetric lattices �RR ¼ R ¼ 16:8, 14.5,

14.5 for simple cubic (sc), body-centered cubic (bcc), and face-centered cubic

(fcc) structures, respectively [34], andT ¼ 13:54 (sc), 3.7 (bcc), 4.3 (fcc). Note
that since �RR�R ¼ 0, some terms vanish in the above expressions for w, cv, and
the dipolar fields.

1ĥh should be replaced by ~nn in the formulas for cv and the dipolar fields.
2 Sample shape refers to the shape of the whole ensemble of nanoparticles, not to the shape of the

individual particles. The linear susceptibility exhibits a sample shape dependence, while the zero-

field specific heat and the dipolar fields do not.
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a. Sample Shape and Anisotropy Dependence. The sample shape dependence

of the linear susceptibility is illustrated in Figure 3.2. The susceptibility is

calculated for small systems using both thermodynamic perturbation theory and

a Monte Carlo technique [35], taking the dipolar interaction into account
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Figure 3.2. Equilibrium linear susceptibility in reduced units �ww ¼ wðHK=mÞ versus

temperature for three different ellipsoidal systems with equation x2=a2 þ y2=b2 þ z2=c2 � 1,

resulting in a system of N dipoles arranged on a simple cubic lattice. The points shown are the

projection of the spins to the xz plane. The probing field is applied along the anisotropy axes, which

are parallel to the z axis. The thick lines indicate the equilibrium susceptibility of the corresponding

noninteracting system (which does not depend on the shape of the system and is the same in the three

panels); thin lines show the susceptibility including the corrections due to the dipolar interaction

obtained by thermodynamic perturbation theory [Eq. (3.22)]; the symbols represent the susceptibility

obtained with a Monte Carlo method. The dipolar interaction strength is hd ¼ xd=2s ¼ 0:02.
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without any approximation. It can be seen that w obtained by thermodynamic

perturbation theory accurately describes the simulated susceptibility at high

temperatures, while the results start to deviate at the lowest temperatures

displayed. An estimate of the lowest temperature attainable by the thermo-

dynamic perturbation theory is xd � 1=6, which is milder than the a priori

restriction xd 
 1.

For the linear susceptibility, the zero-field specific heat as well as the dipolar

fields, the anisotropy dependence cancels out in the case of randomly distributed

anisotropy (at least for sufficiently symmetric lattices). In other cases the

anisotropy is a very important parameter as shown for the linear susceptibility in

Figure 3.3 for an infinite (macroscopic) spherical sample. The susceptibility is

divided by wiso ¼ 1
3
bm0m

2 in order to single out effects of anisotropy and dipolar

interaction. It can be seen in this figure that the effect of the dipolar interaction

is much stronger for a system with parallel anisotropy axes than for a system

with random anistropy (which coincide with the case of isotropic spins). At low

temperatures, the susceptibility of a system with parallel anisotropy approaches

that of Ising spins (calculated with an ordinary high-temperature expansion),

while at high temperatures it is close to that of isotropic spins.

0.05 0.5
0

1

2

3
χ  

/ χ
is

o

1/σ ∝ T

Ising spins 

Random anisotropy, isotropic spins

Parallel anisotropy 

Figure 3.3. Equilibrium linear susceptibility (w=wiso) versus temperature for an infinite

spherical sample on a simple cubic lattice. The dotted lines are the results for independent spins,

while the solid lines show the results for parallel and random anisotropy calculated with

thermodynamic perturbation theory, as well as for Ising spins calculated with an ordinary high-

temperature expansions. We notice in this case that the linear susceptibility for systems with random

anisotropy is the same as for isotropic spins calculated with an ordinary high-temperature expansion.

The dipolar interaction strength is hd ¼ xd=2s ¼ 0:004.
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The specific heat for uncoupled spins does not depend on the orientations of

the anisotropy axes; however, the corrections due to the dipolar coupling do, as

can be seen in Figure 3.4. As for the linear susceptibility, the effect of dipolar

interaction is stronger in the case of parallel anistropy than for random

anistropy.

C. Dynamic Properties

At high temperatures, a nanoparticle is in a superparamagnetic state with

thermal equilibrium properties as described in the previous section. At low

temperatures, the magnetic moment is blocked in one potential well with a small

probability to overcome the energy barrier, while at intermediate temperatures,

where the relaxation time of a spin is comparable to the observation time,

dynamical properties can be observed, including magnetic relaxation and a

frequency-dependent ac susceptibility.

For applications, such as magnetic recording media, it is necessary to know

how different parameters will affect the relaxation time in order to avoid

spontaneous data erasure (caused by thermal fluctuations) on the lifetime of the

device. Because of the ongoing effort to increase the information/volume ratio,

it is of special importance to know how the dipolar interaction of densely

packed nanoparticles will affect the relaxation time.

0.1 0.15 0.2 0.25
1.15

1.2

1.25

1.3

1.35

1/σ

c v
 / 

k B
N

0 0.5 1
0

0.5

1

1.5

1/σ

c v / 
k B

N

Figure 3.4. The specific heat per spin versus temperature for noninteracting spins (thick line)

and weakly interacting spins with randomly distributed anisotropy axes (dashed lines) and parallel

axes (thin lines) arranged on a simple cubic lattice. In each case, hd ¼ xd=2s ¼ 0:003 and 0:006

from bottom to top. The inset shows the specific heat for noninteracting spins over a wider

temperature interval.
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In 1963 Brown [5] derived the Fokker–Planck equation for the probability

distribution of the spin orientation, starting from the stochastic Gilbert equation,

and calculated the relaxation time for particles with uniaxial anisotropy in a

longitudinal field. More recent work on spins with nonaxially symmetric

potential revealed a large dependence of the relaxation time on the damping

coefficient l in the medium–weak damping regime [36–38]. Experiments on

individual nanoparticles analyzed with accurate asymptotes of the relaxation

time [39] gave damping coefficients in the range l � 0:05� 0:5. Nonaxially
symmetric potentials are, for example, created when applying a field at an

oblique angle to a uniaxial spin. This oblique field can either be a bias field [40]

or a nonlinear probing field [41]. In the case of interacting particles a transverse

field component arises from the dipolar field of the surrounding particles. This

explains the dependence on l of the blocking temperature that was first

observed in numerical simulations by Berkov and Gorn [13] (see Fig. 3.5).

The importance of including the damping in models describing the dynamic

response of spins with nonaxially symmetric potentials (e.g., interacting

uniaxial spins) tells us that models based only on how the energy barriers

change [42,43] necessarily overlook the precession of the magnetic moment

(l!1) and therefore cannot account for the numerical results of Berkov and

Gorn. A simple approach to include the damping in the dynamics of weakly

coupled spin systems was proposed in Ref. 44.

1. The Equation of Motion

We will present the equation of motion for a classical spin (the magnetic

moment of a ferromagnetic single-domain particle) in the context of the theory

of stochastic processes. The basic Langevin equation is the stochastic Landau–

Lifshitz(–Gilbert) equation [5,45]. More details on this subject and various

techniques to solve this equation can be found in the reviews by Coffey et al.

[46] and Garcı́a-Palacios [8].

a. Deterministic Equations. The motion of a magnetic moment can be

described by the Gilbert equation [47]

1

g
d~mm

dt
¼ ~mm� ~HHeff � l

gm
~mm� d~mm

dt
ð3:43Þ

where g is the gyromagnetic ratio (which includes m0), l is a dimensionless

damping coefficient, and the effective field is given by

~HHeff ¼ � m�10 qH
q~mm

ð3:44Þ

The first term on the right side of Eq. (3.43) represents the precession of the

magnetic moment about the axis of the effective field, while the second one is
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the damping term, which rotates ~mm toward the potential minima and is

responsible for the dissipation of the energy.

The Gilbert equation can be cast into the Landau–Lifshitz form [48]

1

g
d~mm

dt
¼ ~mm� ~HHeff � l

m
~mm� ð~mm� ~HHeffÞ ð3:45Þ

Figure 3.5. The out-of-phase component of the ac susceptibility versus temperature for two

different values of the damping l ¼ 0:1 and 1.0. gMso ¼ 0:03, Edem ¼ M2
s V=kB, and hd ¼

ðm0=4pÞðc=bÞ with b ¼ 2:0. From Ref. 13.
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with a ‘‘renormalized’’ gyromagnetic ratio g! g=ð1þ l2Þ [8,48]. In the case of
uniaxial anisotropy and a Hamiltonian given by Eq. (3.7), ~HHeff ¼ ðHK=mÞ
ð~mm �~nnÞ~nnþ ~HH, where HK is the anisotropy field and ~HH is an external field. The

ferromagntic resonance frequency o for the precession about ~HHeff is given by

o ¼ gm0Heff [49].

b. Stochastic Equations. At T 6¼ 0 the magnetic moment will interact with the

microscopic degrees of freedom (phonons, conducting electrons, nuclear spins,

etc.). The complexity of this interaction allows an idealization, namely, to

introduce them through a stochastic model. The simplest model is the Brownian,

in which the interaction of ~mm with the surroundings is represented by a

randomly fluctuating magnetic field. This fluctuating field is necessarily

combined with a dissipation (damping) term, and these two terms are linked

by fluctuation–dissipation relations [50].

In the work of Brown [5] and Kubo and Hashitsume [45] the starting

equation is the Gilbert equation (3.43), in which the effective field is increased

by a fluctuating field yielding the stochastic Gilbert equation. This equation can,

as in the deterministic case, be cast into the Landau–Lifshitz form as

1

g
d~mm

dt
¼ ~mm� ½~HHeff þ~bbflðtÞ� � l

m
~mm� f~mm� ½~HHeff þ~bbflðtÞ�g ð3:46Þ

known as the stochastic Landau–Lifshitz–Gilbert (LLG) equation. The fluctuat-

ing field is assumed to be Gaussian distributed white noise

hbfl;aðtÞi ¼ 0; hbfl;aðtÞbfl;bðt0Þi ¼ 2Ddabdðt � t0Þ ð3:47Þ

with a; b ¼ x; y; z. Garcı́a-Palacios and Lázaro [51] showed that the stochastic

Landau–Lifshitz–Gilbert equation [Eq. (3.46)] and the simpler stochastic

Landau–Lifshitz (LL) equation

1

g
d~mm

dt
¼ ~mm� ½~HHeff þ~bbflðtÞ� � l

m
~mm� ð~mm� ~HHeffÞ ð3:48Þ

both give rise to the same Fokker–Planck equation, describing the average

properties of the magnetic moment, but with different Einstein-type relations

between the amplitude of the fluctuating field and the temperature:

DLLG ¼ l

1þ l2
kBT

gm
; DLL ¼ l

kBT

gm
ð3:49Þ
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2. Relaxation Time in a Weak but Arbitrary Field

We are interested in knowing how the relaxation time of uniaxial spins is

affected by a weak field at an arbitrary direction, since it will allow us to study

how the superparamagnetic blocking is affected by a field. This field dependence

of the relaxation time can be obtained by expanding the relaxation rate � ¼ 1=t
in powers of the field components. As the spins have inversion symmetry in the

absence of a field, � should be an even function of the field components, and to

third order it is given by

� ’ �0ð1þ ckx
2
k þ c?x2?Þ ð3:50Þ

where xk and x? respectively are the longitudinal and transversal components of

the field [given in temperature units, see Eq. (3.8)] with respect to the anisotropy

axis. �0 is the zero-field relaxation rate, which for low temperatures (s > 1) is

given by Brown’s result [5]

�0 ¼ 1

tD

2ffiffiffi
p
p s3=2e�s ð3:51Þ

where tD ¼ m=ð2glkBTÞ is the relaxation time of isotropic spins. The coefficient

ck can be obtained by expanding the expression for � in the presence of a

longitudinal field [5,52]

�ðxk; x? ¼ 0Þ ¼ 1

tD

s3=2ffiffiffi
p
p ½ð1þ hÞe�sð1þhÞ2 þ ð1� hÞe�sð1�hÞ2 �

’ �0 1þ 1
2
x2k

� �
ð3:52Þ

There is no general expression for the relaxation rate in the presence of a nonzero

transversal field valid for all values of the relevant parameters [53], but Garanin

et al. have derived a low-temperature formula valid for weak transversal fields

[38], which can be used to determine the coefficient c?:

�ðxk ¼ 0; x?Þ ’ �0 1þ 1
4
FðaÞx2?

� � ð3:53Þ

FðaÞ ¼ 1þ 2ð2a2eÞ1=ð2a2Þg 1þ 1

2a2
;

1

2a2

� �
ð3:54Þ

Here a ¼ ls1=2 and gða; zÞ ¼ Ð z
0
dt ta�1 e�t is the incomplete gamma function. It

can be noted that for the axially symmetric potential with a longitudinal field, the

only dependence on l is the trivial one in tD, while in the nonaxially symmetric

potential obtained with a transversal field the relaxation rate will strongly depend

on l through FðaÞ, which is plotted in Figure 3.6.

Collecting these results, we can finally write the expression for the relaxation

rate in a weak field [44]:

� ’ �0 1þ 1
2
x2k þ 1

4
FðaÞx2?

h i
ð3:55Þ
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3. Relaxation Time of Weakly Interacting Nanoparticles

The relaxation time for weakly interacting nanoparticles with uniaxial anisotropy

can be obtained by inserting the thermodynamical averages of the dipolar fields

(calculated in Section II.B.4) in the expression for the relaxation rate in a weak

field [Eq. (3.55)], yielding � ’ �0½1þ 1
2
hx2ki þ 1

4
FðaÞhx2?i�. Other models

[42,43,54] are energy-barrier-based and therefore neglect the l dependence on

relaxation time. For instance, the model by Mørup and Tronc [43] is basically the

same as the one presented here in the particular case of high damping and

random anisotropy. The Mørup–Tronc model predicts a decrease of the blocking

temperature with increasing interaction strength for weak interaction as was

observed in high-frequency Mössbauer experiments, while the Dormann–

Bessias–Fiorani model [42] predicts an increase of the blocking temperature with

increasing interaction strength as commonly observed in magnetization measure-

ments. These discrepancies led to some controversy [55,56]. Berkov and Gorn

[13] showed, by numerical integration of the stochastic LLG equation [Eq. (3.46)],

that for strong anisotropy (or weak interaction) the blocking temperature

decreases with interaction (see Fig. 3.5), while for weak anisotropy (or

moderate–high interaction) the energy barriers are governed by the interaction and

hence grow with hd. An increase of the apparent blocking temperature is clearly

the case for the strongly interacting nanoparticle samples (see Section III) in which

the relaxation time increases with hd due to spin–spin correlations (see Fig. 3.21).

In order to determine the characteristics of the superparamagnetic blocking

we use the equilibrium susceptibility weq calculated using the thermodynamic

10
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0
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20

F
(α

)

α = λσ1/2

Figure 3.6. F versus a ¼ ls1=2 (solid line) and the overdamped value F ¼ 1 (dashed line).
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perturbation theory Eq. (3.22) and the relaxation rate � obtained when the

dipolar fields [Eq. (3.35) or (3.36)] are introduced in Eq. (3.55). Combining

these expressions in a Debye-type formula

w ¼ weq
�

�þ io
ð3:56Þ

provides us with a simple model for the dynamic response. The dynamic

susceptibility of a large spherical sample with parallel anisotropy axis and a

simple cubic structure is shown in Figure 3.7. In the overdamped case, the

blocking temperature is not noticeably affected by the dipolar interaction,

while for low damping the blocking temperature decreases significantly as the
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Figure 3.7. Imaginary component of the dynamical susceptibility versus temperature (the real

component is shown in the inset) for a spherical sample and spins placed in a simple cubic lattice.

The anisotropy axes are all parallel, and the response is probed along their common direction. The

dipolar interaction strength hd ¼ xd=2s is hd ¼ 0 (thick lines), 0.004, 0.008, 0.012, and 0.016 from

(a) right to left and (b) top to bottom. The frequency is otD=s ¼ 2p� 0:003.
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interaction strength increases. These results are in agreement with the simulations

by Berkov and Gorn [13] shown in Figure 3.5.

An interpretation of the strong damping dependence found in the presence of

a transverse field component was given in Ref. 41—the transverse field creates a

saddle point in the potential barrier. A thermally excited spin with high damping

will ‘‘fall’’ directly back to the bottom of the potential well if the thermal

excitation is not sufficient for an overbarrier jump. On the other hand, a weakly

damped spin in the same situation will precess (�1=l times) about the

anisotropy axis and therefore has an increased probability for overbarrier jumps

each time it passes close to the saddle point. In the case of noninteracting

particles the transverse field component must come from either a nonlinear

probing field [41] or a bias field [40], while the transverse field here naturally

arises from the dipolar interaction.

D. Numerical Methods

Because of the long-range and reduced symmetry of the dipole–dipole

interaction, analytical methods such as the thermodynamic perturbation theory

presented in Section II.B.1. will be applicable only for weak interaction.

Numerical simulation techniques are therefore indispensable for the study of

interacting nanoparticle systems, beyond the weak coupling regime.

The Monte Carlo (MC) method can be used to efficiently calculate thermal

equilibrium properties (see Fig. 3.2). However, since it is an energy-barrier-

based method, it will fail to generate dynamic features such as the precession of

the spins, and will be able to generate the dynamic magnetization in the

overdamped limit (l!1) only if an appropriate algorithm is used [35].

Using a Langevin dynamics approach, the stochastic LLG equation

[Eq. (3.46)] can be integrated numerically, in the context of the Stratonovich

stochastic calculus, by choosing an appropriate numerical integration scheme

[51]. This method was first applied to the dynamics of noninteracting particles

[51] and later also to interacting particle systems [13] (see Fig. 3.5).

Because of the long-range nature of the dipolar interaction, care must be

taken in the evaluation of the dipolar field. For finite systems the sums in

Eq. (3.12) are performed over all particles in the system. For systems with

periodic boundary conditions the Ewald method [57–59], can be used to

correctly calculate the conditionally convergent sum involved. However, in most

work [12,13] the simpler Lorentz-cavity method is used instead.

III. STRONGLY INTERACTING NANOPARTICLE SYSTEMS—

SPIN-GLASS-LIKE BEHAVIOR

A large number of applications use densely packed magnetic nanoparticles. It is

thus important to know how interparticle interaction affects the physical
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properties of magnetic nanoparticle systems. In particular, it is important to

understand how the thermal stability of magnetic recording media is changed by

interparticle interactions due to the current effort of shrinking the volume of

storage devices.

It has been suggested that dense nanoparticle samples may exhibit glassy

dynamics due to dipolar interparticle interaction [18]; disorder and frustration

are induced by the randomness in the particle positions and anisotropy axis

orientations. In order to investigate such systems, one needs to use the

experimental techniques (protocols) developed in studies of spin glasses.

Examination of the effects of dipolar interactions using standard experimental

protocols (zero-field-cooled (ZFC)/field-cooled (FC) magnetization) indicates

no dramatic change in these quantities, and one can be misled to believe that the

only effect of the dipolar interaction is to increase the blocking temperature due

to enhanced energy barriers. However, glassy dynamics has been observed in

strongly interacting nanoparticle systems [60–62], and for strongly interacting

systems with narrow size distributions, evidence has been given for a spin-glass-

like phase transition [63–66].

In frozen ferrofluids the strength of the dipolar interaction between the

single-domain nanoparticles can be continuously varied by changing the particle

concentration. With increasing particle concentration the magnetic behavior

may evolve from superparamagnetic to spin-glass-like. We will begin this

section by recalling some fundamental properties of spin glasses. Furthermore,

experimental results will be presented on a ferrofluid of Fe1�xCx nanoparticles.

The glassy dynamics of dense nanoparticle samples will be compared with those

of an Ising and a Heisenberg spin glass.

A. Spin Glasses

This section is intended as a brief introduction to spin glasses, focusing

on the most recent work. For reviews on spin glasses, see, for example,

Refs. 67–69.

1. Material

The canonical spin glass consists of a noble metal (Au, Ag, Cu, or Pt) diluted

with a transition metal ion, such as Fe or Mn. The magnetic interaction in such

systems is mediated by the conduction electrons, leading to an indirect

exchange interaction—the RKKY (Ruderman and Kittel [70], Kasuya [71], and

Yosida [72]) interaction, whose coupling constant JðRÞ oscillates strongly with

distance r between the spins as

JðrÞ ¼ J0
cosð2kFr þ j0Þ
ðkFrÞ3

ð3:57Þ
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Here J0 and j0 are constants and kF is the Fermi wavevector of the host metal.

Since the spins are randomly placed in the host metal, some spin–spin interaction

will be positive and favor parallel alignment, while other will be negative, thus

favoring antiparallel alignment.

The pure RKKY interaction is isotropic, and the canonical spin glass systems

are therefore often referred to as Heisenberg spin glasses. However, some

anisotropy is also present in those systems originating from dipolar interaction

and interaction of the Dzyaloshinsky–Moriya (DM) type [73]. The latter is due

to spin–orbit scattering of the conduction electrons by non-magnetic impurities

and reads

EDM ¼ �~DDij � ð~ssi �~ssjÞ; ~DDij /~rri �~rrj ð3:58Þ

where ~DDij is a random vector due to the randomness of the spin positions~rri. The
dipolar interaction is, as discussed in Section II.A.4, weak for atomic spin

systems, while the DM interaction is enhanced by the presence of nonmagnetic

transition-metal impurities [73,74]. However, for macroscopic spins (magnetic

moments), the dipolar interaction is important, and if the particles are dispersed

in a nonconductive medium (e.g., a frozen ferrofluid), it is the dominating

interparticle interaction. If the magnetic particles are randomly placed, the

dipolar interaction will be both positive and negative.

A widely studied model system for an Ising spin glass is single crystals of

FexMn1�xTiO3 with x � 0:5 [75–77]. Both FeTiO3 and MnTiO3 are antiferro-

magnets having the easy axis along the hexagonal c axis of the ilmenite struc-

ture. The Fe2þ spins in FeTiO3 are coupled ferromagnetically within a c layer

and antiferromagnetically between adjacent c layers. In MnTiO3, on the other

hand, both the intralayer and interlayer coupling of Mn2þ spins are anti-

ferromagnetic. The compound FexMn1�xTiO3 behaves as an Ising spin glass

for 0:49 x9 0:57, due to the mixing of ferromagnetic and antiferromagnetic

interaction [77].

There are essential differences between the systems we have presented here,

even in the limit of very strong anisotropy. The RKKY spin glasses are

Heisenberg systems with random unidirectional anisotropy. Ferrofluids frozen

under zero field are Heisenberg systems with random uniaxial anisotropy, while

an Ising system is characterized by parallel uniaxial anisotropy.

2. Spin Glass Models

The Hamiltonian of an Ising spin glass, given by Edwards and Anderson (EA)

[78], is

H ¼ �1
2

X
i; j

Jijsisj � H
XN
i¼1

si ð3:59Þ
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where the spin si ¼ 
1 and the coupling constants Jij are chosen from some

random distribution fulfilling
P

i; j Jij ¼ 0 in the case of a symmetric spin glass.

In the EA model the spin–spin interaction is only of the nearest-neighbor type.

The Sherrington–Kirpatrick (SK) model [79] is the infinite-range version of the

EA model. It is most useful as a basis for mean-field calculations. One such

solution is the replica symmetry breaking theory of Parisi [80–82].

For a ferromagnet the order parameter is the magnetization, while for

antiferromagnets it is the sublattice magnetization. For spin glasses the

magnetization is zero at all temperatures, and an appropriate order parameter

was proposed by Edwards and Anderson [78] as the average value of the

autocorrelation function

qEA ¼ lim
t!1h~ssið0Þ �~ssiðtÞi ð3:60Þ

The order parameter susceptibility, which diverges at the transition temperature,

is the nonlinear susceptibility w2, defined asM=h ¼ w0 þ w2h
2 þ � � �, where w0 is

the linear susceptibility [83]. The divergency of the nonlinear susceptibility was

first shown on a Au(Fe) spin glass in 1977 by Chikazawa et al. [84] and more

recently for a strongly interacting nanoparticle system by Jonsson et al. [64].

3. Critical Dynamics

Close to the transition temperature Tg, the dynamics of a spin glass system

will be governed by critical fluctuations, but critical fluctuations are also of

importance on experimental timescales quite far from Tg. At temperatures both

below and above Tg, length scales shorter than the coherence length of the

critical fluctuations

x � L0jEj�n ð3:61Þ

will be dominated by critical fluctuations. Here L0 is a microscopic length scale

and the reduced temperature E ¼ ð1� T=TgÞ. The coherence length can be

transformed into a timescale according to conventional critical slowing down;

the critical correlation time is given by

tc � tm
xðTÞ
L0

� �z

� tmjEj�zn ð3:62Þ

where tm is a microscopic timescale. For spin glasses, tm � 10�13 s is the

fluctuation time of an atomic moment. For nanoparticles, tm can be assigned to

the superparamagnetic relaxation time of a single particle of average size, which,

in the relevant temperature range for our studies, can be approximated by the

Arrhenius–Néel expression [Eq. (3.6)].
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At temperatures below Tg, there is a crossover between critical dynamics on

short length (time) scales and activated dynamics on long length (time) scales.

The length scale of critical dynamics as a function of temperature is illustrated

in Figure 3.8. For T > Tg, the system is in equilibrium on length (time) scales

longer than x (tc) and hence the magnetic response is paramagnetic. The

‘‘freezing’’ temperature (TfðtcÞ) of the crossover from a paramagnetic response

to slow spin glass dynamics, as a function of observation time, can be obtained

from experiments. Such a dynamic scaling analysis is performed in Section

III.B.2 for two samples of a nanoparticle system with two different volume

concentrations. Dynamic scaling analyzes have given evidence for critical

slowing down in a wide range of spin glass materials [67,68,85]. The critical

exponents obtained are rather scattered. However, the critical exponents of Ising

and Heisenberg systems are clearly different [86,87].

4. Nonequilibrium Dynamics

Aging phenomena in glassy materials were first discovered and thoroughly

investigated in the field of structural glasses [88]. Magnetic aging in spin glasses

was first observed by Lundgren et al. in 1983 [89]. It was found that the ZFC

relaxation depends on the wait time tw during which the system has been

allowed to age at the measurement temperature, before applying the probing

field and recording the magnetization as a function of time t. The measurement

protocol is illustrated in Figure 3.9 and ZFC relaxation measurements on a

Ag(11 atomic percent (at%) Mn) spin glass are shown in Figure 3.10. It can be

seen that the relaxation rate SðtÞ ¼ h�1dM=d log t exhibits a maximum at t � tw

Tg

Critical dynamics 

Activated dynamics Paramagnetic behavior

Temperature

Coherence length 

ξ
−

∼ (1−T /Tg)−ν ξ
+

∼ (T /Tg−1)−ν

Figure 3.8. Illustration of length (time) scales in spin glasses.
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Figure 3.9. Schematic representation of a ZFC relaxation experiment. The sample is cooled to

the measurement temperature Tm under zero field, after a wait time tw, a small probing field h is

applied and the ZFC magnetization is recorded as a function of time.
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spin glass. Tm ¼ 30 K and h ¼ 0:5 G. (b) Relaxation rate SðtÞ ¼ h�1 qM
q log t of the ZFC susceptibility

curves shown in (a).
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[89,90]. Many different types of materials were later shown to exhibit aging and

nonequilibrium dynamics, including polymers [91], orientational glasses [92],

gels [93], and ceramic superconductors [94].

Spin glass systems represent ideal model systems for studying non-

equilibrium dynamics experimentally, numerically, and theoretically. The

dynamic properties of spin glasses can accurately be investigated by supercon-

ductive quantum interference device (SQUID) magnetometry on specially

designed magnetometers with low-background field (<1 mOe) and optimized

temperature control (�T < 100 mK) [95]. Spin glasses exhibit nonequilibrium

dynamics on all timescales from tm to infinity. Experimental studies are,

however, limited to a finite time window t=tm � 108 � 1017, while numerical

simulations are limited to much shorter timescales t=tm � 1� 105. Because of

the larger spin–flip time of a magnetic moment compared to an atomic spin,

interacting nanoparticle systems can be investigated in an experimental time

window in between those of ordinary spin glasses and numerical simulations. In

addition, the strength of the dipolar interaction can be tuned by the particle

concentration of the nanoparticle system. Strongly interacting nanoparticle

systems are therefore also interesting as model systems for glassy dynamics.

a. The Droplet Model. The ‘‘droplet’’ theory [96–100] is a real-space theory,

based on renormalization group arguments for the Ising EA model with

a continuous distribution of independent exchange. It makes predictions

concerning the nonequilibrium dynamics within the spin glass phase. Important

concepts are domain growth—growth of the coherence length for equilibrium

spin-glass order, and temperature chaos. Both these concepts can also be applied

to less anisotropic spin glasses [87,101–103] and generalized to other glassy

systems [104].

At each temperature the equilibrium spin glass state is considered to consist

of a ground state plus thermally activated droplet excitations of various sizes. A

droplet is a low-energy cluster of spins with a volume Ld and a fractal surface

area Lds . The typical droplet free-energy scales as

F
typ
L � �ðTÞ L

L0

� �y

; �ðTÞ � JEyn ð3:63Þ

where y is the stiffness exponent and �ðTÞ is the stiffness. The droplet free

energy is broadly distributed, and because of the presence of configurations that

are almost degenerate with the ground state, the distribution of FL will have

weight down to zero energy:

rLðFLÞ �
~rrðFL=F

typ
L Þ

F
typ
L

~rrð0Þ > 0 ð3:64Þ
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If y < 0, large droplets can be flipped at a low energy cost so that the large

droplets will not be stable against small fluctuations and the system will be

paramagnetic. Hence, a negative value of y indicates that the system is below its

lower critical dimension [96,105]. On the other hand, if y > 0, very few of the

large-scale droplets will be thermally activated since F
typ
L > kBT . Since rLðFLÞ

has non-zero weight near zero energy, a certain fraction of droplets will be

thermally active and dominate most of the equilibrium physics.

The dynamics of droplets is considered to be a thermally activated process.

The energy barrier for annihilation of a droplet will scale as

B
typ
L � �ðTÞ L

L0

� �c

; �ðTÞ � JEcn ð3:65Þ
where �ðTÞ sets the free-energy scale of the barriers and c is an exponent

satisfying y < c < d � 1. The characteristic time tL that a thermally activated

droplet will last for is given by an Arrhenius law

ln
tL

t0ðTÞ �
BL

kBT
ð3:66Þ

where t0ðTÞ is the unit timescale for the activated process. For activated hopping

processes the unit timescale is not simply given by the real microscopic

timescale [106], which is tm � �h=J � 10�13 s in spin systems. A plausible

choice for t0ðTÞ is instead the critical correlation time tc [Eq. (3.62)] as proposed
in Ref. 100. The Arrhenius law implies that droplets of length scale L ¼ LTðtÞ

LTðtÞ � kBT lnðt=t0ðTÞÞ
�ðTÞ

� �1=c
ð3:67Þ

can be activated within a timescale t.

LTðtwÞ will be the characteristic length scale of equilibrium spin glass order

at a time tw after a quench from a temperature above Tg to a temperature T in

the spin glass phase. In a magnetization measurement the system is probed by

applying a small magnetic field. The magnetization arises through the

polarization of droplets. Since this polarization also is a thermally activated

process, it will affect droplets of size LðtÞ, where t is the time elapsed after the

application of the magnetic field in a ZFC relaxation experiment or t ¼ 1=o in

an ac experiment at a given angular frequency o. The peak observed in the

relaxation rate of the ZFC magnetization at t � tw (see Fig. 3.10) has, within the

droplet model, been interpreted as a crossover from quasiequilibrium dynamics

at LðtÞ < LðtwÞ to nonequilibrium dynamics at LðtÞ > LðtwÞ (see Ref. 107 for a

detailed discussion).

According to the droplet theory, typical spin configurations of a pair of

equilibrium states at two different temperatures, say, T1 and T2, are essentially
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the same on short length scales much below the so-called overlap length L�T ,

but completely different on large length scales much beyond L�T . This

temperature chaos is due to a subtle competition between energy and entropy in the

spin glass phase. In the limit of small temperature differences j�T=Jj 
 1, the

overlap length between the two temperatures T1 and T2 ¼ T1 þ�T is supposed

to scale as [99,100,108]

L�T � L0
�T

J

���� ������; � ¼ 2

ds � 2y
ð3:68Þ

where � is the chaos exponent.

Experimentally, temperature chaos can be evidenced by aging the system at a

temperature Ti and changing the temperature to a Ti þ�T . If the temperature

shift is large enough, the equilibrium domain configurations at Ti and Ti þ�T

are completely different on the length scales relevant for the experiment. Hence,

if the magnetic response at Ti þ�T is the same as after a direct quench, the

system appears rejuvenated.

b. Experiments: Aging, Memory, and Rejuvenation. After discovery of the

aging effect in the spin glass phase, experimental protocols with temperature

steps and cyclings were proposed [109]. These experiments showed not only

rejuvenation effects but also that spin glass order, characteristic of different

temperatures, can coexist on different length scales; hence the spin glass keeps a

memory of its thermal history.

A simple experimental protocol [85] was employed to illustrate memory and

rejuvenation effects [110–113]; the sample is cooled from a high temperature

with one (or more) halts of the cooling at one (or more) temperatures in the spin

T

t

Tg

T1

T2

t w1
t w2

Figure 3.11. The experimental procedure of a ‘‘memory’’ experiment with two halts on cooling.
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glass phase. The experimental procedure of a double-stop experiment is

illustrated in Figure 3.11. The ac susceptibility is subsequently recorded on

heating. An ‘‘ac memory’’ experiment is shown in Figure 3.12 for a Ag(11 at%

Mn) spin glass and in Figure 3.13 for an Fe0:50Mn0:50TiO3 spin glass. The ac

susceptibility is measured on cooling with two intermittent stops. During a stop

the ac susceptibility relaxes downward as shown in the inset of Figure 3.12. The

level of the ac susceptibility is hence related to the age of the system (a lower

susceptibility indicates an older system). As the cooling is resumed, the ac

susceptibility merges (quite rapidly) with the reference curve, and the system is

rejuvenated. On subsequent reheating the ac susceptibility shows a dip around

each aging temperature—the system has kept a memory of each equilibration at

constant temperature. The memory experiment is an efficient tool to study spin-

glass-like properties in various materials [114–118].

For the Ag(11 at% Mn) sample, the ac susceptibility curve measured on

cooling lies below the curve subsequently measured on heating, except close to

the lowest temperature (see Fig. 3.12). If the aging at different temperatures

is accumulative, the heating curve would appear older than the cooling curve

and therefore lower in amplitude. For the Fe0:50Mn0:50TiO3 sample this is

indeed the case (see Fig. 3.13). The nonaccumulative behavior observed in the
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Figure 3.12. w00ðoÞ versus temperature for the Ag(11 at% Mn) sample measured during

cooling (circles) and during the subsequent reheating (pluses). Two intermittent halts were made

during the cooling: one at 27 K for 10,000 s and another at 23 K for 30,000 s. The susceptibility

measured on constant cooling and on constant heating is shown as reference (solid lines). The arrows

indicate the cooling and heating curves, respectively. The inset shows w00ðoÞ versus time during the

halt at T ¼ 23 K; o=2p ¼ 510 mHz. The cooling and heating rate is �0:2 K/min.
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cooling–heating curves of the ac susceptibility of the Ag(11 at% Mn) sample

can qualitatively be explained by rejuvenation during cooling and heating due to

strong temperature chaos. For the Fe0:50Mn0:50TiO3 sample, the double-memory

experiment shown in Figure 3.13 indicates that temperature chaos does exist,

but that it is much weaker than for Ag(11 at% Mn).

The memory experiments presented above yield, in a simple and illustrative

way, information about aging, memory, and rejuvenation effects for the two spin

glass systems. However, cooling and heating rate effects as well as memory and

rejuvenation phenomena are all mixed in a nontrivial way. Specially designed

thermal protocols have been used to quantitatively investigate aging and rejuve-

nation proprieties of the Fe0:50Mn0:50TiO3 and Ag(11 at% Mn) sample

[87,102,103,119]. It was shown that the temperature dependence of LTðtÞ is
stronger for the Ag(11 at% Mn) sample than for the Fe0:50Mn0:50TiO3 sample.

Also, the rejuvenation effects are much stronger for the Ag(11 at% Mn) sample.

B. FeC Nanoparticle Systems

We now focus on a ferrofluid of single-domain particles of the amorphous alloy

Fe1�xCx (x � 0.2–0.3). The particles were coated with a surfactant (oleic acid)

and dispersed in a carrier liquid (xylene). The particle shape is nearly spherical

(see Fig 3.14) and the average particle diameter d ¼ 5:3
 0:3 nm. The
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Figure 3.13. (a) w00 versus temperature measured on cooling (diamonds), with two intermittent

stops at 20 K for 10,000 s and at 16 K for 30,000 s, and on the subsequent reheating (pluses), for the

Fe0:50Mn0:50TiO3 sample. The reference cooling and heating curves are drawn with solid lines. Inset:

w00 � w00ref versus temperature derived from the heating curves for single and double stops.

o=2p ¼ 510 mHz.
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saturation magnetization was estimated to Ms ¼ 1� 106 A/m, the microscopic

flip time to t0 ¼ 1� 10�12 s, and the uniaxial anisotropy constant K ¼
0:9� 105 J/m3 [65]. The interparticle interaction can be varied by changing the

particle concentration of the ferrofluid. The strength of the interaction for a

given concentration is determined by the anisotropy constant and the saturation

magnetization according to Eq. (3.17) with the parameters given above

hd � 0:56c, where c is the volume concentration of nanoparticles. The samples

studied here originate from the same batch as those in Refs. 65, 114, 120, and

121. Earlier studies use samples from different batches having slightly different

physical properties [63,64,122–124].

Figure 3.15 shows the real and imaginary part of ac susceptibility versus

temperature for three different particle concentrations of the FeC sample:

c ¼ 0:06, 5, and 17 vol%. With increasing concentration, the peak in the ac

susceptibility is shifted to higher temperatures and the curve is simultaneously

suppressed. This behavior is different from that of the weakly interacting

nanoparticle systems shown in Figures 3.5 and 3.7. In this section we will argue

that the dynamics of the 5 and 17 vol% samples is spin-glass-like, and hence

fundamentally different from the superparamagnetic behavior of noninteracting

and weakly interacting nanoparticle systems.

1. Nonequilibrium Dynamics

Magnetic aging can be evidenced by measuring the ZFC relaxation at constant

temperature after a fast cooling through the transition temperature using

different wait times before applying the magnetic field. The experimental

procedure was depicted in Figure 3.9 together with a typical measurement on a

Ag(11 at% Mn) spin glass in Figure 3.10. In a noninteracting nanoparticle

system, the low-field ZFC relaxation is governed only by the distribution of

relaxation times of the particles and their temperature dependence. It does not

Figure 3.14. TEM picture of typical Fe1�xCx nanoparticles.
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depend on the wait time at Tm before applying the probing field,3 as was shown

experimentally in Ref. 60. The relaxation rate SðtÞ of the ZFC magnetization

measured at different temperatures between 20 and 40 K are shown in

Figure 3.16 for the 5 vol% sample. The measurements are repeated for two

different wait times 300 and 3000 s. A clear difference between the Sðt; twÞ
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Figure 3.15. Ac susceptibility versus temperature at frequencies o=2p ¼ 125 Hz (filled

symbols) and o=2p ¼ 1000 Hz (open symbols).

3 The only wait time dependence that could exist is the adjustment of the position of the magnetic

moment to the Boltzmann distribution at Tm. This adjustment does however only involve intrawell

rotation and is therefore a much faster process than the slow cooling to Tm and the time needed to

stabilize the temperature.
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curves for tw ¼ 300 and 3000 s can be seen for all temperatures <40 K,

presenting evidence for glassy nonequilibrium dynamics at those temperatures.

The shapes of the SðTÞ curves are, however, rather different from those of

canonical spin glasses (see Fig. 3.10). A peak in SðtÞ at t � tw as in ordinary

spin glasses is observed only at T ¼ 30K. The difference arises largely from the

strong temperature dependence of the individual particle relaxation time com-

pared to the almost temperature independent relaxation time of individual spins.

The 5 vol% sample has also been investigated with ac susceptibility

measurements. w0ðTÞ is shown in Figure 3.17 for a low frequency. The insets

show how the ac susceptibility relaxes with time if the cooling is halted at

Ts ¼ 33 or 23 K. The relative relaxation of the ac susceptibility is smaller than

for ordinary spin glasses. w0 relaxes more in absolute units than w00 and w0 has
therefore been chosen to illustrate the nonequilibrium dynamics. For a waiting

time of 30,000 s at low temperature �w00=w00ref � 3% compared to � 8% for the

Fe0:50Mn0:50TiO3 sample (see Fig. 3.13) and � 30% for the Ag(11 at% Mn)

sample (see Fig. 3.12).

Memory experiments with one and two temporary stops during cooling are

shown in Figure 3.18. The nonequilibrium effects are more clearly revealed

by subtracting the reference curves obtained on constant cooling and reheating.

The features are qualitatively similar to those of ordinary spin glasses

(see Section III.A.4); during a halt in the cooling, the system ages—the

ac susceptibility decreases. When the cooling is resumed, the ac susceptibility

slowly regains the reference level. On the subsequent heating, the
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relaxation measurements with tw ¼ 300 s (open symbols) and 3000 s (filled symbols); h ¼ 0:05 Oe.

interacting magnetic nanoparticle systems 227



ac susceptibility exhibits a ‘‘dip’’ centered around Ts in a single-stop

experiment. In a double-stop experiment it exhibits two dips if the two halts

are well separated in temperature [Fig. 3.18(a)], but if the two halts are close in

temperature [Fig. 3.18(b)], only one large dip is observed on heating as a result

of the two aging processes. In both cases, the difference curve w0 � w0ref of the
double-stop experiment equals the sum of w0 � w0ref of the two single-stop

experiments. As for the Fe0:50Mn0:50TiO3 sample, the ac susceptibility measured

on heating lies below the one measured on cooling. In conclusion, the

rejuvenation effect in particle systems is weaker than in ordinary spin glasses

and as a consequence, the memory of both one and two aging processes is better

preserved on reheating than in the spin glass case.

This nanoparticle sample exhibits strong anisotropy, due to the uniaxial

anisotropy of the individual particles and the anisotropic dipolar interaction.

The relative timescales (t=tm) of the experiments on nanoparticle systems are

shorter than for conventional spin glasses, due to the larger microscopic flip

time. The nonequilibrium phenomena observed here are indeed rather similar to

those observed in numerical simulations on the Ising EA model [125,126],

which are made on much shorter time (length) scales than experiments on

ordinary spin glasses [127].

2. A Spin Glass Phase Transition?

Aging and nonequilibrium dynamics indicate but give by no means evidence for

a thermodynamic phase transition at finite temperature to a low-temperature

20 30 40 50 60 70
0

5

10

15

20

25

30

35

T (K)

χ′
 (

ar
bi

tr
ar

y 
un

its
)

0 5400
20.6

20.9

t (s)

0 36,000
10.4

10.6

t (s)

5 vol%  

T=33 K 

T=23 K 
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spin-glass-like phase. For example, two-dimensional (2D) spin glasses (Tg ¼ 0)

have been shown to exhibit similar nonequilibrium dynamics as 3D spin glasses

[128,129]. A detailed analysis of the magnetic response close to the assumed

transition temperature is needed in order to evidence a spin glass phase

transition (see, e.g., Ref. 85 and references cited therein).

The existence of a second-order phase transition can be evidenced from

critical slowing down [Eq. (3.62)] approaching the phase transition from the
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Figure 3.18. w0ðTÞ � w0refðTÞ versus T measured on cooling (symbols) and heating (lines) for

the 5 vol% sample. Circles—the cooling was halted at 33 K for 5400 s; diamonds—the cooling was

halted at (a) 23 K for 36, 000 s (b) 28K for 25, 200 s; pluses—the cooling was halted at T1 ¼ 33 K

for tw1
¼ 5400 s and at (a) T2 ¼ 23 K for tw2

¼ 36; 000 s (b) T2 ¼ 28K for tw2
¼ 25,200 s. w0ref is

shown in Fig. 3.17. o=2p ¼ 510 mHz.
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paramagnetic phase. Defining a criterion to determine the freezing tempera-

ture Tf associated with a certain relaxation time, it is possible to derive the

‘‘transition’’ line (tc) between thermodynamic equilibrium and critical

dynamics as in Figure 3.8. In ac susceptibility measurements the relaxation

time t ¼ 1=o, and a possible criterion for the freezing is where w00ðT;oÞ attains
a certain fraction, say, 15%, of its maximum value.

Ac susceptibility data for a large set of frequencies are shown in Figure 3.19

for the 17 vol% sample and in Figure 3.20 for the 5 vol% sample. These curves
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Figure 3.19. Alternating-current susceptibility versus temperature for the 17 vol% sample.

o=2p ¼ 0:017, 0.051, 0.17, 0.51, 1.7, 5.1, 17, 55, 170 Hz.
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were used to extract the Tfð1=oÞ plotted in Figure 3.21. The corresponding

blocking temperatures for the 0.06 vol% sample are plotted in the same figure as

a reference for the behavior of a noninteracting system of the same particle

ensemble. A dynamic scaling analysis according to critical slowing down

[Eq. (3.62)] with the microscopic timescale given by an Arrhenius law

[Eq. (3.6)], tcðTfÞ ¼ t0 expðA=kBTfÞðTf=Tg � 1Þzn, was performed for the

two concentrated samples. Two assumptions concerning the anisotropy energy

was used: (1) A ¼ 0, which correspond to a temperature-independent
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Figure 3.20. Alternating-current susceptibility versus temperature for the 5 vol% sample.

o=2p ¼ 0:017, 0.051, 0.17, 0.51, 1.7, 5.1, 17, 55, 170, 510, 1700 Hz.
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microscopic flip time; and (2) A=kB ¼ 500 K, which is approximately the

anisotropy barrier energy for a particle of average size. The values obtained for

zn, Tg, and t0 in each case are given in Table III.1. The quality of the fits of the

experimental data to Eq. (3.62) are equally good for assumptions (1) and (2). In

fact, in Figure 3.21, the line corresponds to both assumptions; in the

experimental temperature–frequency interval the two assumptions cannot be

distinguished. In addition, the values of Tg and the critical exponents depend

quite strongly on the criterion used when determining Tf . The error bars on the

exponents obtained are therefore large.
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Figure 3.21. Relaxation time t ¼ o�1 versus Tf . For the 5 vol% and 17 vol% samples the lines

are fits to the critical slowing down relation [Eq. (3.62)] with the parameters given in Table III.1. The

assumptions E ¼ 0 and E ¼ 500 yield exactly the same line. For the 0.06 vol% sample Tf is the

superparamagnetic blocking temperature defined as the maximum of w00.

TABLE III.1

Parameters Obtained from Dynamic Scaling Analysis

Sample (vol%) E=kB (K) zn Tg (K) t0 (s)

17 0 11.4 48.8 2� 10�8

17 500 8.8 49.9 5� 10�11

5 0 10.3 36.0 2� 10�5

5 500 6.4 37.9 1� 10�8
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In a full dynamics scaling analysis, the imaginary component of the dynamic

susceptibility of a spin glass is scaled according to [130]

w00ðT;oÞ
weqðTÞ

¼ EbGðotcÞ; T > Tg ð3:69Þ

where o ¼ 1=t and GðxÞ is a scaling function. The asymptotic behavior of

GðxÞ / xy with y ¼ 1 and b=zn for small and large values of x, respectively. It is

shown in Figure 3.22 that the w00 data for the 17 vol% sample could be collapsed

into a master curve according to this relation. In this figure the assumption A ¼ 0

is used, but an equally good collapse could be obtained by assuming A ¼ 500 K

(and changing Eb to tb=znm ). The critical exponent b ¼ 1:0
 0:3. For the 5 vol%

sample, the dynamic susceptibility could not be scaled according to Eq. (3.69). In

addition, if data for larger values of t (obtained from ZFC relaxation data) are

included in the critical slowing-down analysis, deviations from the power law is

observed [65]. To conclude, the dynamic scaling analysis indicates that the

5 vol% sample does not exhibit a thermodynamic phase transition although it

clearly exhibits spin glass dynamics. Because of the temperature dependence of

tm, a static scaling analysis as performed in Ref. 64 is a crucial additional tool to

disclose a possible spin glass phase transition in interacting nanoparticle

systems.
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Figure 3.22. Scaling of E�bw00ðT;oÞ=weq data for T > Tg for the 17 vol% sample. The

assumption A ¼ 0 is used and b ¼ 1:0. The other parameters are those of Table I. The two lines are
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The time dependence of the dynamic correlation function qðtÞ was investi-
gated numerically on the Ising EA model by Ogielski [131]. An empirical

formula for the decay of qðtÞ was proposed as a combination of a power law at

short times and a stretched exponential at long times

qðtÞ ¼ ct�xe�wt
y ð3:70Þ

where c, x, w, and y are temperature-dependent parameters. qðtÞ follows a pure
power-law behavior below Tg. It was shown in Ref. 132 that ½weq � w0ðtÞ�=weq
measured on the Fe0:50Mn0:50TiO3 spin glass sample also behaves according to

Eq. (3.70). In Figure 3.23 ½weq � w0ðtÞ�=weq is shown for the 17 vol% sample at

temperatures around Tg. The temperature dependence of the exponent x is shown

in the inset. The behavior of the 17 vol% sample shown here is similar to that

observed in the numerical simulation on the EA Ising model [131] and to the

experimental result obtained for the Fe0:50Mn0:50TiO3 spin glass [132]. However,

the stretched–exponential behavior is less pronounced than for the Fe0:50
Mn0:50TiO3 spin glass. One reason for this is that the investigated timescales t=tm
are shorter for the nanoparticle sample because of the larger value of tm. In the

numerical simulation, performed on even shorter timescales, it was possible to

observe the stretched–exponential behavior by investigating qðtÞ far from Tg.

The resolution of our experimental data does not allow such an investigation.
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Figure 3.23. ½weq � w0ðtÞ�=weq versus time for the 17 vol% sample. Inset: Temperature

dependence of the exponent x in Eq. (3.70).
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3. Dynamics in a Field

All measurements presented so far are performed with a probing field in the

linear response regime and without an external bias field. We will now

investigate the effect of a nonzero bias field on the nonequilibrium dynamics

(still probing the system with a weak magnetic field in the linear response

regime). The question as to whether a spin glass-like phase exists under a finite

field in a strongly interacting nanoparticle system will not be addressed.

Figure 3.24 shows the ac susceptibility as a function of temperature with bias dc

fields in the range 0–250 G for 1 and a 5 vol% samples. The magnetic field

affects the superparamagnetic behavior of individual spins (as discussed in

Section II) as well as the nonequilibrium dynamics. It can be seen in the figure

that the dynamic response of the two systems in low fields is rather different,

while with increasing bias field the dynamic response of the two systems
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Figure 3.24. Alternating-current susceptibility versus temperature for different superimposed

dc fields; H ¼ 0, 50, 100, 150, 200, 250 Oe. o=2p ¼ 125 Hz.
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becomes more and more similar. This indicates that the effects of dipolar

interaction are suppressed by a sufficiently strong magnetic field.

The effect of an external field on the glassy dynamics can be studied by

recording the ac susceptibility as a function of time for different bias fields. w00

normalized by its value just after the quench, w00ðt0Þ, is shown in Figure 3.25 for

the 5 vol% sample. It can be seen in this figure that the ac relaxation diminishes

with increasing bias field. For the highest field, almost no relaxation exists. The

field has in addition the effect that it makes the measurement more noisy. The

effects of the field is also temperature-dependent and the ac susceptibility is

more affected by a field at high temperatures. A qualitatively similar result was

found for the (Fe0:15Ni0:85)75P16B6Al3 spin glass [121].

C. Discussion

We have seen that the magnetic properties of a strongly interacting nanoparticle

system are of spin-glass-like nature, and hence very different from the super-

paramagnetic behavior of noninteracting systems and weakly interacting spins

discussed in Section II. Any model for interparticle interaction based on a

modified superparamagnetic behavior [42–44,54] will therefore fail to describe

the dynamics of a strongly interacting nanoparticle system.

The value of the dipolar coupling parameter hd [Eq. (3.17)] determines the

strength of the dipolar interaction, but the width of the distribution of energy

barriers is equally important for the dynamic properties. For example, Jonsson
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Figure 3.25. Alternating-current susceptibility versus time for different superimposed dc

fields; H ¼ 0, 40, 80, 120, 160, 200 Oe. o=2p ¼ 510 Hz.
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et al. studied [133] a g-Fe2O3 nanoparticle sample that had a value of xd
comparable to the 17 vol% sample investigated here, but with a much broader

energy barrier distribution. That sample showed glassy dynamics, but it did not

exhibit a spin glass phase transition.

It would be interesting to examine the nonequilibrium dynamics of a strongly

interacting system for different concentrations (different dipolar coupling

strengths). Such a study could give more detailed insight into how the aging and

rejuvenation phenomena depend on the interaction strength and the experi-

mental timescale.

IV. SUMMARY AND CONCLUSION

The effects of interparticle dipolar interaction in magnetic nanoparticle systems

have been investigated. For weak dipolar coupling strengths equilibrium

quantities can be calculated using thermodynamic perturbation theory, treating

the anisotropy exactly and the dipolar interaction perturbatively. Such an

approach is always valid at sufficiently high temperatures, but it is valid around

the blocking temperature only in the case of weak dipolar coupling. In a simple

model, the relaxation rate is modified by the dipolar interaction in the same way

as by a field, where the field components of the dipolar field can be calculated

using thermodynamic perturbation theory [44]. The dipolar field also plays an

important role for quantum tunneling of the magnetization of crystals of

magnetic molecules [3].

Superparamagnetic blocking depends strongly on the damping parameter in

the case of weak–medium damping due to the transverse component of the

dipolar field [38]. Any energy-barrier-based model overlooks that damping

dependence and can therefore only be valid in the overdamped case. The effect

of a magnetic field is to decrease the relaxation time. Hence, in the case of weak

interparticle interaction, a decrease of the blocking temperature is predicted and

also observed in high-frequency measurements, such as Mössbauer spectro-

scopy [43] and Langevin dynamics simulations [13]. However, for stronger

interparticle interaction, the dipolar interaction does not modify but creates

energy barriers, and hence the blocking temperature increases with increasing

interaction strength. A blocking temperature that increases with the interaction

strength is commonly observed in magnetization measurements.

The existence of glassy dynamics in dense frozen ferrofluids, specifically,

strongly interacting nanoparticle systems with randomness in the particle

positions and anisotropy axes, has been evidenced by experimental techniques

developed in the study of conventional spin glasses. Hence, the dynamics of

such systems is radically different from simple superparamagnetic blocking.

The nonequilibrium dynamics observed in strongly interacting nanoparticle
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systems exhibits qualitatively similar aging, memory, and rejuvenation effects

as ordinary spin glasses, but the aging and rejuvenation effects are weaker. The

differences observed can be explained at least qualitatively by the longer

microscopic relaxation time of a magnetic moment compared to an atomic spin.

Only strongly interacting nanoparticle systems with a narrow anisotropy barrier

distribution have been shown to exhibit a phase transition to a low-temperature

spin glass phase.
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APPENDIX

A. Thermodynamic Perturbation Theory

1. Expansion of the Boltzmann Distribution in the

Dipolar Coupling Parameter

Thermodynamic perturbation theory is used to expand the Boltzmann distribu-

tion in the dipolar interaction, keeping it exact in the magnetic anisotropy (see

Section II.B.1). A convenient way of performing the expansion in powers of xd
is to introduce the Mayer functions fij defined by 1þ fij ¼ expðxdoijÞ, which
permits us to write the exponential in the Boltzmann factor as

expð�bHÞ ¼ expð�bEaÞ
Y
i> j

ð1þ fijÞ ðA:1Þ

Expanding the product to second order in the fij givesY
i> j

ð1þ fijÞ ¼ 1þ xdG1 þ 1
2
x2dG2 þ Oðx3dÞ ðA:2Þ

where [134]

G1 ¼
X
i> j

oij ðA:3Þ

G2 ¼
X
i> j

o2
ij þ

X
i> j

X
k> l

oijoklqik:jlqil:jk ðA:4Þ
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and the symbol qik:jl annihilates terms containing duplicate pairs: qik:jl ¼ 1
2
ð2 �

dik � djlÞð1þ dikÞð1þ djlÞ.
To obtain the average of any quantity B, we introduce the expansion (A.2)

in both the numerator and denominator of hBi ¼ Ð d�B expð�bHÞ=Ð d�
expð�bHÞ, and work out the expansion of the quotient, getting

hBi ’ hBia þ xdhBG1ia þ 1
2
x2d hBG2ia � hBiahG2ia½ � ðA:5Þ

Here we have utilized the fact that the single-spin anisotropy has inversion

symmetry [Wað�~ssiÞ ¼ Wað~ssiÞ] in the absence of a bias field and that

hG1ia ¼ h
P

i> j oijia ¼ 0 since a dipole does not interact with itself.

We have now obtained expressions for F1 and F2 in Eq. (3.19):

F1 ¼ G1; F2 ¼ G2 � hG2ia ðA:6Þ

To complete the calculation, we need to obtain averages of low-grade powers of~ss
weighted by the noninteracting distribution (moments), which is the only place

where one needs to specify the form of Ea. In the next section we will do that for

systems with axially symmetric anisotropy.

2. Averages Weighted with an Axially Symmetric Boltzmann Factor

Assuming an axially symmetric potential, the anisotropy energy of Eað~ss �~nnÞ will
be an even function of the longitudinal component of the magnetic moment~ss �~nn.
The averages we need to calculate are all products of the form Im ¼
hQm

n¼1ð~ccn �~ssÞia, where the ~ccn are arbitrary constant vectors. Introducing the

polar and azimuthal angles of the spin ð#;jÞ, we can write Im as

Im ¼
Ð 2p
0

dj
Ð p
0
d# sin#

Qm
n¼1ð~ccn �~ssÞ exp½�bEað~ss �~nnÞ�Ð 2p

0
dj
Ð p
0
d# sin# exp½�bEað~ss �~nnÞ�

For odd m, Im is an integral of an odd function over a symmetric interval and

hence Im ¼ 0. To calculate the susceptibility and specific heat to second order in

xd, we require I2 and I4, which will be calculated using symmetry arguments

similar to those employed to derive the s ¼ 0 unweighted averages (see, e.g.,

arguments in Ref. 135).

Note that I2 is a scalar bilinear in~cc1 and~cc2. The most general scalar with this

property that can be constructed with the vectors of the problem (~cc1,~cc2, and~nn)
has the form

I2 ¼ A~cc1 �~cc2 þ B ð~cc1 �~nnÞð~cc2 �~nnÞ
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To find the coefficients A and B, one chooses particular values for the~ccn:

1. If ~cc1 k~cc2 ?~nn then I2 ¼ A. Thus, setting ~nn ¼ ẑz and ~cc1 ¼~cc2 ¼ x̂x, one has

~ss �~nn ¼ cos# � z and ð~cc1 �~ssÞð~cc2 �~ssÞ ¼ ð1� z2Þ cos2 j, so the integral

reads

A ¼
Ð 2p
0

dj cos2 j
Ð 1
�1 dzð1� z2Þ exp½�bEaðzÞ�Ð 2p

0
dj
Ð 1
�1 dz exp½�bEaðzÞ�

¼ 1
2
½1� hz2ia� ¼

1� S2

3

where S2 ¼ hP2ðzÞia is the average of the second Legendre polynomial

P2ðzÞ ¼ 1
2
ð3 z2 � 1Þ over the noninteracting distribution.

2. If ~cc1 k~cc2 k~nn, then I2 ¼ Aþ B. Putting ~nn ¼~cc1 ¼~cc2 ¼ ẑz, the integral is

given by

Aþ B ¼
Ð 1
�1 dz z

2 exp½�bEaðzÞ�Ð 1
�1 dz exp½�bEaðzÞ�

¼ hz2ia ¼
1þ 2S2

3

Therefore, since I2 ¼ hð~cc1 �~ssÞð~cc2 �~ssÞia, we get the following for the second-order
moment:

hð~cc1 �~ssÞð~cc2 �~ssÞia ¼
1� S2

3
~cc1 �~cc2 þ S2ð~cc1 �~nnÞð~cc2 �~nnÞ ðA:7Þ

We can similarly calculate I4 by constructing the most general scalar fulfilling

certain properties, getting

hð~cc1 �~ssÞð~cc2 �~ssÞð~cc3 �~ssÞð~cc4 �~ssÞia ¼ �4½ð~cc1 �~cc2Þð~cc3 �~cc4Þ þ ð~cc1 �~cc3Þð~cc2 �~cc4Þ
þ ð~cc1 �~cc4Þð~cc2 �~cc3Þ� þ�2½ð~cc1 �~cc2Þð~cc3 �~nnÞð~cc4 �~nnÞ
þ ð~cc1 �~cc3Þð~cc2 �~nnÞð~cc4 �~nnÞ þ ð~cc1 �~cc4Þð~cc2 �~nnÞð~cc3 �~nnÞ
þ ð~cc2 �~cc3Þð~cc1 �~nnÞð~cc4 �~nnÞ þ ð~cc2 �~cc4Þð~cc1 �~nnÞð~cc3 �~nnÞ
þ ð~cc3 �~cc4Þð~cc1 �~nnÞð~cc2 �~nnÞ� þ S4ð~cc1 �~nnÞð~cc2 �~nnÞð~cc3 �~nnÞð~cc4 �~nnÞ

ðA:8Þ

where �2 and �4 are combinations of the first SlðsÞ

�2 ¼ 1
7
ðS2 � S4Þ; �4 ¼ S4

35
� 2S2

21
þ 1

15
ðA:9Þ
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Therefore, Eq. (A.8) involves S2 as well as S4 ¼ hP4ðzÞia, the average

of the fourth Legendre polynomial P4ðzÞ ¼ 1
8
ð35 z4 � 30 z2 þ 3Þ with respect

to Wa.

Finally, introducing the following tensor and scalar shorthands

C ¼ 1� S2

3
1þ S2~nn~nn ðA:10Þ

K ¼
ffiffiffiffiffiffi
�4

p
1þ �2ffiffiffiffiffiffi

�4

p ~nn~nn; � ¼ S4 � 3
�2

2

�4

ðA:11Þ

where 1 is the identity tensor, the results for the moments can compactly be

written as

hð~cc1 �~ssÞð~cc2 �~ssÞia ¼ ð~cc1 � C �~cc2Þ ðA:12Þ
hð~cc1 �~ssÞð~cc2 �~ssÞð~cc3 �~ssÞð~cc4 �~ssÞia ¼ ð~cc1 � K �~cc2Þð~cc3 � K �~cc4Þ

þ ð~cc1 � K �~cc3Þð~cc2 � K �~cc4Þ
þ ð~cc1 � K �~cc4Þð~cc2 � K �~cc3Þ
þ �ð~cc1 �~nnÞð~cc2 �~nnÞð~cc3 �~nnÞð~cc4 �~nnÞ ðA:13Þ

which facilitates the manipulation of the observables.

The quantities Sl are calculated in the case of uniaxial anisotropy in

this appendix, Section B. Note finally that in the isotropic limit (Sl ! 0),

Eqs. (A.7) and (A.8) reduce to the known moments for the isotropic distribution

[134,135]

hð~cc1 �~ssÞð~cc2 �~ssÞiiso ¼ 1
3
~cc1 �~cc2 ðA:14Þ

hð~cc1 �~ssÞð~cc2 �~ssÞð~cc3 �~ssÞð~cc4 �~ssÞiiso ¼ 1
15
½ð~cc1 �~cc2Þð~cc3 �~cc4Þ
þ ð~cc1 �~cc3Þð~cc2 �~cc4Þ þ ð~cc1 �~cc4Þð~cc2 �~cc3Þ� ðA:15Þ

These expressions are formally identical to those for the average of a quantity

involving the anisotropy axes ~nni, when these are distributed at random
1
N

P
i f ð~nniÞ !

Ð
d2~nn
4p f ð~nnÞ � f . For instance, for arbitrary ~nn-independent vectors

~vv1 and~vv2, we have

1

N

X
i

ð~vv1 �~nniÞð~vv2 �~nniÞ�!ð~vv1 �~nnÞð~vv2 �~nnÞ ¼ 1
3
~vv1 �~vv2 ðA:16Þ

interacting magnetic nanoparticle systems 241



3. General Formulas for the Coefficients of Susceptibility

The general expression for the equilibrium linear susceptibility is given by

Eq. (3.22) with the following expressions for the coefficients

a0 ¼ 1

N

X
i

ĥh � Ci � ĥh ðA:17Þ

a1 ¼ 1

N

X
i

X
j 6¼i

ĥh � ðCi �Gij � CjÞ � ĥh ðA:18Þ

a2 ¼ � 2

N

X
i

X
j 6¼i

ĥh � ðCi �Gij � Cj �Gij � CiÞ � ĥh

þ 2

N

X
i

X
j 6¼i

X
k 6¼j

ĥh � ðCi �Gij � Cj �Gjk � CkÞ � ĥh

þ 1

N

X
i

X
j 6¼i

�
1� S2

r6ij
½ðĥh � Ki � ĥhÞðr̂rij � Ki � r̂rijÞ þ 2ðĥh � Ki � r̂rijÞ2

þ �ðĥh �~nniÞ2ð~nni � r̂rijÞ2� þ S2½ðĥh � Ki � ĥhÞð~nnj �Gij � Ki �Gij �~nnjÞ
þ 2ðĥh � Ki �Gij �~nnjÞ2þ�ðĥh �~nniÞ2ð~nni �Gij �~nnjÞ2�

�
� 1

N

X
i

X
j 6¼i
ðĥh � Ci � ĥhÞ

�
1� S2

r6ij
ðr̂rij � Ci � r̂rijÞ:

þ S2ð~nnj �Gij � Ci �Gij �~nnjÞ
�

ðA:19Þ

whereGij,~rrij and r̂rij are defined in Eq. (3.13), and C, K, and � in Eqs. (A.10) and

(A.11) and also involve the SlðsÞ.
When calculating these coefficients, the same type of averages appear as in

the isotropic case (see Refs. 30 and 134 for details of the calculation) and with

the same multiplicities. The only difference is the weight function and hence the

formulas required to calculate those averages [Eqs. (A.7) and (A.8) instead of

Eqs. (A.14) and (A.15)].

4. General Formula for the Coefficient b2 of Specific Heat

In the general expression (3.31) for the specific heat the coefficient b0 is given

by Eq. (3.32), while b2 reads

Nb2 ¼ 1
3
f2ð1� S2Þ � 4sS02 � s2S002g

X
i

X
j 6¼i

r�6ij þ 1
2
f2S2ð1� S2Þ þ 4sS02ð1� 2S2Þ

þ s2½S002ð1� 2S2Þ � 2ðS02Þ2�g
X
i

X
j 6¼i

r�6ij

�ðr̂rij �~nniÞ2 þ ðr̂rij �~nnjÞ2�
þ �S22 þ 4sS2S02 þ s2½S2S002 þ ðS02Þ2�

�X
i

X
j 6¼i
ð~nni �Gij �~nnjÞ2 ðA:20Þ
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where f 0 ¼ df=ds. General formulas for S0l in the case of uniaxial anisotropy

are given in Section B of this appendix.

5. Dipolar Field

The dipolar field averages we want to calculate are hx2i;ki ¼ hð~xxi �~nniÞ2i and
hx2i;?i ¼ hx2i i � hx2i;ki. The general expressions for these quantities are [44]

hx2i;ki ¼
x2d
3

X
j

½ð1� S2Þ ð~nni �Gij �Gij �~nniÞ

þ 3S2ð~nni �Gij �~nnjÞ2� ðA:21Þ

hx2i;?i ¼
x2d
3

X
j

½6r�6ij þ 3S2r
�3
ij ð~nnj �Gij �~nnjÞ

� ð1� S2Þð~nni �Gij �Gij �~nniÞ
� 3S2 ð~nni �Gij �~nnjÞ2� ðA:22Þ

Since we want to use the dipolar fields in order to examine the blocking

behavior (see Section II.C.3), one may wonder about the validity of these field

averages below the superparamagnetic blocking, where the spins are not in

complete equilibrium. However, since at those temperatures the spins are still

in quasiequilibrium confined to one of the two wells, we can repeat the

derivation of the algorithm (A.7) restricting the phase space for integration to

one well. In this case, averages of the form h~ss �~vv1ia do not vanish, and should be

considered together with hð~ss �~vv1Þð~ss �~vv2Þia, which, being even in ~ss is not

modified. The extra terms associated with h~ss �~vv1ia will, however, vanish if the

overall state is demagnetized, and Eqs. (A.21) and (A.22) are recovered.

B. Sl for Uniaxial Anisotropy

The thermodynamical average SlðsÞ over the Legendre polynomials Pl occur in

the expressions for the susceptibilities, the specific heat, and the dipolar fields in

Section II.B. For uniaxial anisotropy these averages read

SlðsÞ ¼ hPlia ¼
1

Za

ð1
�1

dzPlðzÞesz2 ðA:23Þ

In particular, S0 ¼ 1 and S2 ¼ 1
2
h3z2 � 1ia can be written

S2 ¼ 3

2

es

sZa

� 1

2s

� �
� 1

2
ðA:24Þ
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The one-spin partition functionZa ¼
Ð 1
�1 dz expðsz2Þ can be written in terms of

error functions of real and ‘‘imaginary’’ argument as

Za ¼
ffiffiffiffiffiffiffiffiffi
p=s

p
erfið ffiffiffiffisp Þ; s > 0ffiffiffiffiffiffiffiffiffiffiffi

p=jsjp
erfð ffiffiffiffiffiffijsjp Þ; s < 0

(
ðA:25Þ

The less familiar erfiðxÞ is related to the Dawson integral DðxÞ, so in the easy-

axis case one can write Za ¼ ð2es=
ffiffiffiffi
s
p ÞDð ffiffiffiffisp Þ and compute DðxÞ with the

subroutine DAWSON of Ref. 136.

For l > 2, the Sl can be computed using the following homogeneous three-

term recurrence relation [137]:

1� 2s
ð2l� 1Þð2lþ 3Þ

� �
Sl � 2s

2lþ 1

l� 1

2l� 1
Sl�2 � lþ 2

2lþ 3
Slþ2

� �
¼ 0 ðA:26Þ

The derivative of any Sl can be computed by means of the differential recurrence

relation [23]

S0l ¼
dSl

ds
¼ ðl� 1Þl
ð2l� 1Þð2lþ 1Þ Sl�2 þ

2lðlþ 1Þ
3ð2l� 1Þð2lþ 3Þ Sl

þ ðlþ 1Þðlþ 2Þ
ð2lþ 1Þð2lþ 3Þ Slþ2 �

2

3
S2Sl ðA:27Þ

The approximate behavior of S2 and S4 for weak (jsj 
 1) and strong (jsj � 1)

anisotropy are

S2ðsÞ ¼
2
15
sþ 4

315
s2 þ � � � jsj 
 1

1� 3
2s� 3

4s2 þ � � � s� 1

� 1
2
1þ 3

2s

	 
þ � � � s
 �1

8><>: ðA:28Þ

S4ðsÞ ¼
4

315
s2 þ � � � jsj 
 1

1� 5
sþ 25

4s2 þ � � � s� 1
3
8
1þ 5

sþ 35
4s2

	 
þ � � � s
 �1

8><>: ðA:29Þ
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I. INTRODUCTION

This chapter deals with the theory underlying the application of wavepackets to

molecular photodissociation and reactive scattering. The objective will be to

derive and gather together the equations and theoretical methods needed in such

calculations. No attempt will be made to reference all calculations that have been

undertaken in this very popular field. Several alternative related methods will be

discussed, but it will not be possible to do full justice to all the different methods

that have been proposed, many of which are being successfully used.

Photodissociation has been referred to as a ‘‘half-collision.’’ The molecule

starts in a well-defined initial state and ends up in a final scattering state. The

intial bound-state vibrational–rotational wavefunction provides a natural initial

wavepacket in this case. It is in connection with this type of spectroscopic

process that Heller [1–3] introduced and popularized the use of wavepackets.

In a reactive scattering process both the initial and final states of the system

are scattering states. In this case the initial wavepacket, representing the nuclear

wavefunction of the reactive system, must be artificially introduced. This initial

wavepacket is located in the entrance valley of the potential energy surface and

must be given an inward momentum toward the strong interaction region. As the

momentum eigenfunctions are of the form eikx, the initial wavepacket is

intrinsically complex. The wavepacket is localized in space and consequently,

as a result of Heisenberg’s uncertainty principle, it contains a range of energies.

The power of wavepacket techniques rests on this observation. As the energy is

a conserved quantity, each energy component within the wavepacket propagates

independently. Thus, by correctly analyzing the results of the dynamics of the

wavepacket, it should be possible to compute observable quantities, such as

cross sections, for all energies contained within the initial wavepacket. A single

calculation of the wavepacket dynamics should therefore yield cross sections

over a wide range of energies. Both photodissociation theory and reactive

scattering theory were initially treated using methods of time-independent

scattering theory [4–7]. It is evident from the number of wavepacket

calculations now appearing in the literature that time-dependent methods have

become increasingly popular.

The review is divided into two major parts. The first deals with

photodissociation theory and the second, with reactive scattering methods.
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Many aspects of these two parts overlap, as the dynamics and analysis of the

wavepacket is the same in the two cases. This should be borne in mind when

reading the review. Photodissociation theory is in many ways simpler than the

theory of reactive scattering. This is because the initial wavepacket in the

photodissociation process has a well-defined total angular momentum, which is

conserved throughout (see text below for a more precise discussion), while the

calculation of a reactive scattering cross section requires the calculation of

wavepacket dynamics over a wide range of total angular momenta [8–10]. Some

technical aspects of the theory are covered in detail in three appendix sections,

and a short conclusion is given at the end of the chapter.

II. PHOTODISSOCIATION THEORY

Three reviews [11–13], a book [14], and a conference proceedings [15] have

been published on the subject of photodissociation theory. A review on time-

dependent quantum dynamics [16] and several important papers comparing the

different methods for evaluating the action of the time evolution operator on a

wavepacket [17–19] have also appeared, as well as a review on the use of grid

methods in photodissociation and reactive scattering [20]. The first quantum

mechanical treatments of photodissociation theory [21–35] were based on time-

independent quantum scattering techniques [4–6]. In 1978 Heller [1,2,36]

introduced both an exact and an approximate semiclassical time-dependent

quantum mechanical computational method for the calculation of photodissocia-

tion cross sections. In 1983 Kosloff proposed the very stable and numerically

accurate Chebyshev expansion technique [37–40] for evaluating the action of the

time evolution operator on a wavepacket. These publications led a huge advance

in both time-dependent [41–61] and time-independent [62–74] theoretical

molecular dynamics.

In this section of the review the time-dependent wavepacket approach for the

treatment of photodissociation processes is outlined. The time-dependent theory

of photodissociation has been thoroughly discussed elsewhere [1–3,20,37,

75,76]. I start with a definition of the energy-dependent photodissociation cross

sections. This is followed by discussion of how the integral cross section can be

computed using a time-dependent formalism and of the construction of

the initial wavepacket and finally a derivation of a time-dependent treatment of

the partial and differential cross sections for the production of the different final

quantum states of the photofragments. Important technical aspects concerning

the details of the body-fixed form of the energy normalized scattering

wavefunction, the construction of the initial wavepacket, and the derivation of

the time-dependent theory of the partial and differential photofragmentation

cross sections are treated in three appendixes. In all cases I specialize the
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treatment to that for a triatomic system, although the principles and the general

approach may easily be generalized to larger molecules.

A. Definition of Cross Sections

1. Total Integral Cross Section

Within the semiclassical, perturbational treatment of the interaction of radiation

with matter [77,78] and within the dipole approximation [79], the total energy

absorption cross section may be written in the form [11,12,20,80]

stotðEÞ ¼ 2p2n
cE0

X
f

ð
dk̂kjhcf j~EE �~mmjciij2 ð4:1Þ

where ci and cf are the wavefunctions of the nuclear motion corresponding to

the initial and final states, respectively;~EE is the polarization vector of the electric
field of the light; and ~mm is the transition dipole vector (which depends on the

nuclear geometry). Note that the factor of 1
3
, which is often present on the right-

hand side of this equation, is absent. This is because it is assumed that the

customary average over the initial MJ states (z components of the total angular

momentum) and the sum over all final MJ0 states has not yet been performed.

The integration over k̂k is an integration over all scattering directions. This is

needed as the final-state wavefunctions cf correspond to scattering into the

direction k̂k (see discussion below).

The cross section is defined by the relationship

stotðEÞ ¼ radiative energy absorbed per second

incident radiative energy flux
ð4:2Þ

and has the units of area.

a. The Continuum Wavefunction. For a photodissociation process the final-

state wavefunction cf is a continuum wavefunction, and it is important that it be

normalized correctly. The correct normalization is ‘‘normalization on the energy

scale’’ [81]. In order to give a concrete framework to the derivation of the

equations of photodissociation theory, we specialize to the case of the

photodissociation of a triatomic molecule to form an atom plus a diatomic

molecule, neither of which have any electronic angular momentum. The final-

state quantum numbers, f , [see Eq. (4.1)] therefore become the vibrational–

rotational quantum numbers of the fragment diatomic ðv; jÞ. If c�vjmj
ðr;R ; k̂k;EÞ

is the continuum wavefunction, which replaces cf in Eq. (4.1), we can write its
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asymptotic form as [80]

cf � c�vjmjðr;R; k̂k;EÞ �
R!1

mkvj
�h2ð2pÞ3

 !1=2�
eik�RwvjðrÞYjmj

ðr̂rÞ

þ
X
v0j0m0

j

fv0j0m0
j
;vjmj
ðk; R̂RÞ e

�ikv0 j0R

R
wv0j0 ðrÞYj0m0

j
ðr̂rÞ
�

ð4:3Þ

where k̂k denotes the direction of observation (i.e., the direction in which the two

fragments scatter), r is the vector joining the two atoms of the diatom fragment,

and R is the distance between the center of mass of the diatom and the atomic

fragment.

The summation over final states in Eq. (4.1) also includes an integration

over all the directions of dissociation, k̂k. The boundary conditions of

the wavefunction c�vj mj
ðr;R; k̂k;EÞ correspond to a pure outgoing wave where

the diatomic fragment has vibrational–rotational quantum numbers vj and is

associated with the wavefunction wvjðrÞYjmðr̂rÞ.
The total angular momentum is a conserved quantity and the initial

wavefunction, ci in Eq. (4.1), also has a well-defined total angular momentum.

For these reasons it is highly advantageous, both theoretically and computa-

tionally, to reexpress the final state wavefunction in terms of a basis of angular

functions that are eigenfunctions of the total angular momentum J and of its z

component, M. It is only through such a reformulation that we are able to

benefit from the immense numerical simplifications that stem from the fact that

J is a ‘‘good’’ quantum number. It is also convenient to work in a body-fixed

coordinate system, rather than in the space-fixed system [4] used in Eq. (4.3).

The transformation from the space-fixed to the body-fixed coordinate system is

discussed in detail in Ref. 80 and also in the books of Edmonds [82] and Zare

[83] and in a previous review by the present author [4]. Using these techniques,

we can show that the continuum wavefunction can be written in the form (see

the Appendix, Section A):

c�vjmj
ðr;R; k̂k;EÞ ¼

X
JM

X
lmlp

Y�lml
ðk̂kÞð jlJMj jmjlmlÞ

XJ
K¼l
ðJjl0jJKj� KÞ

�
XJ
K0¼l

��JvjKpK0 ðr;R; y;EÞjJ;K 0;M; pi ð4:4Þ

where

��JvjKpK 0 ðr;R; y;EÞ ¼ mkvj
�h2ð2pÞ3
 !1=2

4p
X
v0j0

2ð�1Þ j�Kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ d0;KÞ

p( )

� �
ðJvjKpÞ
v0j0K0 ðRÞ

R
	j0K 0 ðyÞwv0j0 ðrÞ ð4:5Þ
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and jJ;K;M; pi are parity-adapted eigenfunctions [84] of the total angular

momentum ðJÞ corresponding to specified space-fixed (M) and body-fixed ðKÞ z
components; ��JvjKpðr;R; y;EÞ is a body-fixed wavefunction with the correct

boundary conditions [80] so as to yield the asymptotic behavior specified in

Eq. (4.3); ðJjl0jJKj� KÞ are Clebsch Gordan angular momentum coupling

coefficients [82,83]; and the coordinates r;R; y are the body-fixed Jacobi

coordinates where y is the angle between the scattering coordinate R and the

diatomic molecular axis direction, r [84].

The parity-adapted total angular momentum eigenfunctions [84] are defined

as

jJ;K;M; pi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

8p2

r
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1þ d0;KÞ
p DJ

K;MðoÞ þ ð�1ÞJþKþpDJ
�K;MðoÞ

n o
ð4:6Þ

and

l ¼ 1� ð�1ÞJþp
2

ð4:7Þ

The parity is given by ð�1ÞJþKþp, where p can take the values p ¼ 1 or p ¼ 2,

thereby yielding positive or negative parity states, depending on the values of J

and jKj. The DJ
K;MðoÞs are Wigner D matrices and are functions of the three

Euler angles, oð� a; b; gÞ, which orient the three-atom system in the space-fixed

frame [82]. The DJ
K;MðoÞ matrix elements corresponding to the same absolute

value, but different signs, of K must be combined to form parity eigenfunctions

[80,83].

The asymptotic form of the body-fixed radial scattering wavefunction,

�
ðJvjKÞ
v0j0K 0 ðRÞ, is [4,80]

�
ðJvjKÞ
v0j0K 0 ðRÞ �R!1

1

2ikvj
eikv0 j0Rdvv0djj0dKK 0 � S

Jp�
vjK;v0j0K 0

kv0j0

kvj

� �1=2

e�ikv0 j0R
" #

ð4:8Þ

The S matrix elements, which occur in Eq. (4.8), contain information about

the dynamics or scattering on the final or upper-state electronic energy surface.

As they refer only to the asymptotic form of the continuum wavefunction, they

do not contain information about the probability of the photodissociation

process.

The form of the scattering wavefunction has been represented in a very

general manner, specifically, as a product of a function in body-fixed

coordinates ½��JvjKpðr;R; y;EÞ�, the parity-adapted total angular momentum
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eigenfunctions ðjJ;K;M; piÞ, and angular momentum coupling coefficients.

This is exactly the form needed in the time-dependent wavepacket formulation

discussed below.

b. The Initial Wavefunction. The initial wavefunction, ci, appearing in Eq. (4.1)

is also an eigenfunction of the total angular momentum J, of its space-fixed z

component M and of the parity, ð�1ÞJþKþp. It may be written in the form

ci � 
Ji;Mi;pðr;R; y;oÞ ¼
XJi
K¼l

cJi;Ki;pðr;R; yÞjJi;K;Mi; pi ð4:9Þ

where the functions jJ;K;M; pi have been defined above [see Eq. (4.6)].

2. Partial Integral Cross Section

We will be interested not only in the total absorption cross section [Eqs. (4.1)

and (4.2)], which gives us a measure of the total probability that the molecule

will absorb light and dissociate, but also in the probability that different product

quantum states will be formed. This probability is given by a partial cross

section sf ðEÞ. From Eq. (4.1) we see that this partial integral cross section may

be written as

sf ðEÞ ¼ 2p2n
cE0

ð
dk̂kjhcf j~EE �~mmjciij2 ð4:10Þ

The partial cross section gives the probability of absorbing light and producing a

particular final product quantum state. The total photodissociation cross section

is clearly given by the sum over all partial photodissociation cross sections:

stotðEÞ ¼
X
f

sf ðEÞ ð4:11Þ

3. Partial Differential Cross Section

The definition of the final quantum state [see Eqs. (4.3) and (4.4)] of the system

includes the direction k̂k into which the separating fragments are scattered. If we

omit the integrals over all final scattering directions in Eqs. (4.1) and (4.10),

we obtain a cross section for scattering into a specific final direction. These are

called differential cross sections. Below I will briefly outline the definition and

properties of the partial differential cross section, which is the probability of

producing a specific final quantum state of the system scattered into a well-

specified direction.
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The partial differential cross section may be defined, in analogy to Eqs. (4.1)

and (4.10), as

svjmj
ðE; k̂kÞ ¼ 2p2n

c E0
hc�vjmj

ðr;R; k̂k;EÞj~EE �~mm jcii
��� ���2 ð4:12Þ

where I have used a specific form [see Eq. (4.4)] for the final-state wavefunction

cf to emphasize its directional properties.

Substituting Eq. (4.4) into Eq. (4.12), we obtain

svjmj
ðE; k̂kÞ ¼ 2p2n

c E0

�����X
JM

X
KK 0p

X
lml

Y�lml
ðk̂kÞð jlJMj jmjlmlÞðJjl0jJKj� KÞ

( )

� hJ;K 0;M; pj��JvjKpK 0 ðr;R; y;EÞ j~EE �~mmjcii
�����
2

ð4:13Þ

where Y�lml
ðk̂kÞ ¼ Y�lml

ðyk;fkÞ. Using Eq. (33) of Ref. 80, we can rewrite the curly
bracket in Eq. (4.13) as follows:X

lml

Y�lml
ðk̂kÞð jlJMj jmjlmlÞðJjl0jJKj� KÞ

¼ 2J þ 1

4p

� �1=2

ð�1Þj�mjDJ
K;Mðfk; yk; 0ÞDj

�K;�mj
ðfk; yk; 0Þ ð4:14Þ

Substituting Eq. (4.14) into Eq. (4.13), we obtain

svjmj
ðE; k̂kÞ ¼ 2p2n

c E0

1

4p

����X
JM

X
KK 0p

2J þ 1ð Þ1=2DJ
K;Mðfk; yk; 0ÞD j

�K;�mj
ðfk; yk; 0Þ

� hJ;K 0;M; pj��JvjKpK 0 ðr;R; y;EÞ j~EE �~mmjcii
����2 ð4:15Þ

The product of Wigner D matrix elements in Eq. (4.15) ½DJ
K;Mðyk;fk; 0Þ

D
j
�K;�mj

ðyk;fk; 0Þ� determines the form of the angular distribution of the

photofragments [80,85]. In particular, this form shows clearly that if either the

polarization of the initial molecular state (i.e., the Mi quantum number) or

the polarization of the product diatomic rotational state mj is selected, then

the angular distribution of the photofragments is more complex than is normally

assumed. In particular, if linearly polarized light is used to accomplish the

photodissociation, the angular distribution will require terms of the form

P4ðcosðykÞ (i.e., fourth-order Legendre polynomials in the scattering angle) for

its description and the conventional b parameter, associated with second-order

Legendre polynomials will not be sufficient [80]. Also, more recently Pe’er,

Shapiro and the author have argued [85] that the backward–forward symmetry
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of the angular distribution of the photofragments may be destroyed under the

same circumstances. The integral on the right-hand side (RHS) of Eq. (4.15)

contains the essential molecular dynamics of the photodissociation process. The

form of this integral has been analyzed in some detail in two previous

publications, first in conjunction with a time-independent formulation [80] and

later in the context of a time-dependent formulation [84]. We will develop the

form of the expression for the partial differential cross sections further after we

have discussed the time-dependent wavepacket treatment of photodissociation

processes.

B. The Time-Dependent Formulation; Total Integral
Photodissociation Cross Section

The key to reexpressing the integral cross section [Eq. (4.1)] in terms of time-

dependent quantities is the recognition that the continuum functions

c�vjmj
ðr;R; k̂k;EÞ [Eqs. (4.3) and (4.4)] form a complete set for the space of

functions with energy E. This fact can be expressed as follows [1,2,86]:

X
vjmj

ð
dk̂kjc�vjmj

ðr;R; k̂k;EÞihc�vjmj
ðr;R; k̂k;EÞj ¼ dðĤH� EÞÎI ð4:16Þ

The Dirac delta function may be represented as a Fourier transform over time:

dðĤH� EÞ ¼ 1

2p�h

ð1
�1

dt exp
�iðĤH� EÞt

�h

" #
ð4:17Þ

Replacing the final-state wavefunction cf in Eq. (4.1) by c�v0j0mj0
ðr;R; k̂k;EÞ [see

Eqs. (4.3) and (4.4)] and replacing the summation over the final states f in

Eq. (4.1) by a summation over v0, j0, and mj0 together with an integration over all

continuum channels, we can write

stotðEÞ ¼ 2p2n
c E0

X
v0j0mj0

ð
dk̂k
��hc�v0j0mj0

ðr;R; k̂k;EÞj~EE �~mmjciij2

¼ 2p2n
c E0

X
v0j0mj0

ð
dk̂khcij~EE �~mmjc�v0j0mj0

ðr;R; k̂k;EÞihc�v0j0mj0
ðr;R; k̂k;EÞj~EE �~mmjcii

¼ 2p2n
c E0
hcij~EE �~mm

X
v0j0mj0

ð
dk̂k
��c�v0j0mj0

ðr;R; k̂k;EÞihc�v0j0mj0
ðr;R; k̂k;EÞ��

8<:
9=;

�~EE �~mmjcii ð4:18Þ
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Inserting Eqs. (4.16) and (4.17) into Eq. (4.18) then yields

stotðEÞ ¼ pn
c E0�h

hcij~EE �~mmj
ð1
�1

dt exp
�iðĤH� EÞt

�h

" #( )
j~EE �~mmjcii ð4:19Þ

If we now define the ‘‘initial wavepacket’’ as

�iðr;R; t ¼ 0Þj i ¼~EE �~mmjcii ð4:20Þ

we can reexpress the energy-dependent total photodissociation cross section as

stotðEÞ ¼ pn
c E0�h

�iðr;R; t ¼ 0Þh j
ð1
�1

dt exp
�iðĤH� EÞt

�h

" #( )
�iðr;R; t ¼ 0Þj i

¼ pn
c E0�h

ð1
�1

dt exp
iEt

�h

� �
�iðr;R; t ¼ 0Þh jexp �iĤHt

�h

" #
�iðr;R; t ¼ 0Þj i

ð4:21Þ
The time-dependent Schrödinger equation is

i�h
q�ðtÞ
qt
¼ ĤH�ðtÞ ð4:22Þ

If the Hamiltonian ĤH does not depend on time, this equation has the analytic

solution:

�ðtÞ ¼ exp
�iĤHt

�h

" #
�ðt ¼ 0Þ ð4:23Þ

Using Eq. (4.23) in the RHS of Eq. (4.21), we can rewrite the expression for the

total absorption cross section as follows:

stotðEÞ ¼ pn
c E0�h

ð1
�1

dt exp
iEt

�h

� �
�iðr;R; t ¼ 0Þj�iðr;R; tÞh i ð4:24Þ

The time-dependent quantity in the integrand of Eq. (4.24), �iðr;R; t ¼ 0Þjh
�iðr;R; tÞi, is called the autocorrelation function. It is the integral over all

space of the product of the initial wavepacket with the wavepacket at time t.

Rama Krishna and Coalson [86] have shown that the Fourier transform over

time in Eq. (4.24) can be replaced by twice the half–Fourier transform where the

time integral runs from t ¼ 0 to t ¼ 1. Using this result we obtain the final

expression:

stotðEÞ ¼ 2pn
c E0�h

ð1
0

dt exp
iEt

�h

� �
�iðr;R; t ¼ 0Þj�iðr;R; tÞh i ð4:25Þ
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This equation expresses the total absorption cross section as the half–Fourier

transform of an autocorrelation function, h�ðt ¼ 0Þj�ðtÞi, where the angular

brackets indicate integration over all spatial coordinates.

C. The Initial Wavepacket

The initial wavefunction of the molecule, ci in Eq. (4.1), before the absorption

of the light is taken to be a pure quantum state or eigenstate of the system, with

a well-defined value of the initial total angular momentum Ji and its space-fixed

z component Mi [see Eq. (4.9)]. This initial state can be expanded as a linear

combination of the parity-adapted total angular momentum eigenfunctions [84]

jJi;K;Mi; pi, as defined in Eq. (4.6). The initial wavepacket, �iðr;R; t ¼ 0Þ
[Eq. (4.20)], is obtained by multiplying the initial wavefunction by~EE �~mm, where~EE
is the electric field polarization vector of the linearly (or circularly) polarised

light and~mm is the transition dipole moment for the electronic transition involved

and depends on the molecular geometry (i.e., on R, r, and yÞ. Note that ~EE is

defined in the space-fixed reference frame and must be rotated to the body-fixed

frame using Wigner D matrices. Despite the fact that the direction or sense of

the electric field of the lightwave oscillates, the vector ~EE takes on a constant,

although maybe arbitrarily defined, direction. For linearly polarized light, this

direction defines the space-fixed z axis. The oscillations of the electric field are

fully taken into account through the semiclassical theory [77–79] of the

interaction of light with matter. The derivation of the detailed form of the initial

wavepacket and its relationship to the initial bound-state wavefunction are fully

discussed in Ref. 84 [see also the Appendix, Section B (below)]. As expected,

from the vector property of the polarization vector of the incident lightbeam, the

result is that the initial wavepacket becomes a linear combination of functions

with up to three possible values of the total angular momentum, differing from

Ji by at most one

�iðr;R; t ¼ 0Þ ¼~EE �~mm jcii

¼~EE �~mm
XJi
K¼l

cJi;Ki;pðr;R; yÞjJi;K;Mi; pi

¼
XJiþ1

J0¼Ji�1
ð�1ÞmþMi

1 Ji J0

m Mi �ðmþMiÞ

� �

�
XJ0
K¼l0

�J0K
i ðr;R; y; t ¼ 0ÞjJ0;K;Mi þ m; p0i

( )
ð4:26Þ

where the detailed form of �J0K
i ðr;R; y; t ¼ 0Þ is given in the Appendix,

Section B.
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It should be noted that K, which is the z component of the total angular

momentum along the body-fixed z axis, is not a good quantum number and in

general the initial wavefunction ci will be a linear combination of parity-

adapted total angular momentum eigenfunctions corresponding to different

values of K but the same Ji. The label m relates to the nature of the space-fixed

electric field polarization vector. m ¼ 0 denotes linearly polarized light with the

electric field vector pointing along the space-fixed z axis, while m ¼ 
1
corresponds to circularly polarised light, with the space-fixed z axis pointing

along the propagation direction of the lightbeam. The parity factor, ð�1Þp0 , of
the wavefunction for nuclear motion is the same as that of the initial

wavefunction if the electronic transition is perpendicular, that is, if the transition

dipole moment is perpendicular to the molecular plane and is opposite to the

initial parity for a parallel electronic transition.

The functions �J0K
i ðr;R; y; t ¼ 0Þ involve a product of the initial wavefunc-

tion and the internal coordinate-dependent vector components of the transition

dipole moment (see the Appendix, Section B and Ref. 84). As the total angular

momentum is a conserved quantity during the time propagation of the

wavepacket, we may divide up the initial wavepacket [Eq. (4.26)] into three

components, one for each of the allowed values of J0. Thus Eq. (4.26) may

be rewritten as

�iðr;R; t ¼ 0Þ ¼
XJiþ1

J0¼Ji�1
ð�1ÞmþMi 1 Ji J0

m Mi �ðmþMiÞ
� �

�J0
i ðr;R; t ¼ 0Þ

ð4:27Þ

where the function �J0
i ðr;R; t ¼ 0Þ corresponds to the curly bracket in

Eq. (4.26):

�J0
i ðr;R; t ¼ 0Þ ¼

XJ0
K¼l0

�J0K
i ðr;R; y; t ¼ 0ÞjJ0;K;Mi þ m; p0i ð4:28Þ

and l0 takes on the value of 0 or 1 depending on the parity number p0 (see
Eq. (4.7)). Each of the wavepackets �J0

i ðr;R; t ¼ 0Þ corresponds to a single total
angular momentum value J0, and each may be propagated forward in time

independently of the other component wavepackets.

It should be noted that for values of J0 > 0 there will be J0 or J0 þ 1 different

values of K (depending on the value of p0Þ involved in the summation of

Eq. (4.28)). The set of body-fixed wavepackets, �J0K
i ðr;R; y; t ¼ 0Þ, correspond-

ing to the same value of J0 but to different values of K, must be propagated

together as they are coupled or mixed during the propagation process by the

centrifugal coupling [80,93].
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If we substitute Eqs. (4.27) and (4.28) into Eq. (4.25), average over the z

components of the initial total angular momentum, and sum over the z

components of the final total angular momentum, we obtain [84] (note that the

proof in Ref. 84 is specialized to the case of linearly polarized light, m ¼ 0Þ

stotðEÞ ¼ 2pn
3 c E0�h

XJiþ1
J0¼Ji�1

dðJ0; Ji; 1Þ

�
XJ0
K¼0

ð1
0

dt exp
iEt

�h

� �
�J0K

i ðr;R; y; t ¼ 0Þj�J0K
i ðr;R; y; tÞ

D E
ð4:29Þ

D. Partial Cross Sections, Product State Distributions,

and Differential Cross Sections

Equation (4.25) and its widespread application [1,3,36,43,76,84,87] clearly

show that total absorption cross sections may be computed by propagating an

initial wavepacket forward in time. The initial wavepacket is localized in space;

therefore, by Heisenberg’s uncertainty principle, it necessarily contains a range

of relative momenta and kinetic energies. This range of initial energies is

reflected in the fact that the use of Eq. (4.25) immediately yields the cross

section over the full range of energies from a single calculation (i.e., based on

the motion of a single wavepacket). The autocorrelation function is a time-

dependent function. The Fourier transform of a time-dependent function yields

an energy, or frequency, dependent quantity, namely, in this case, the total

absorption cross section.

It seems reasonable to suppose that some alternative analysis of the

properties of the same time-dependent wavepacket might also yield more

detailed information, such as the partial cross sections or the probability of

producing different quantum states of the products. This was realized at a very

early stage by Kulander and Heller [2], who discuss the evaluation of partial

cross sections by projection onto the final scattering states of the system.

Related methods have been developed by Kouri and coworkers [88,89] in the

context of inelastic scattering and were applied to photodissociation problems at

an early stage by the groups of Gray [90] and Schinke [91]. In this section an

alternative approach, which is ideally suited for use in conjunction with a grid or

discrete-variable representation (DVR) [92] of the final scattering coordinate is

presented.

Figure 4.1 shows a schematic of an excited-state potential energy surface and

superimposed on it is a wavepacket, which is the initial wavepacket for a

photodissociation process. An ‘‘analysis line’’ is drawn perpendicular to the

contour lines in the asymptotic region of the surface, where there is no longer

any substantial interaction between the separating fragments and the contour
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lines have become parallel. This line or surface is drawn at a constant value of

the scattering coordinate R ¼ R1.
The basic philosophy is that if the wavepacket is analyzed, at each timestep,

as it passes by the analysis line, it should be possible to extract from this

information all necessary measurable cross sections arising out of the breakup

process. The analysis consists in fixing the scattering coordinate at its value on

the analysis line ðR ¼ R1Þ and then expressing the cut through the wavepacket

along this line as a linear combination of fragment eigenfunctions. This yields a

set of time-dependent coefficients. The half–Fourier transform of these time-

dependent coefficients yields energy-dependent photofragmentation T matrix

elements in terms of which all the experimentally measurable cross sections

may be expressed. The theory is outlined in detail in the Appendix, Section C.

The treatment relies in turn on theoretical developments first published in

Ref. 75.

The most detailed possible photofragmentation cross section is the detailed

final-state resolved differential photofragmentation cross section defined in

Eq. (4.12), which measures the probability of the formation of a particular final

state, v; j;mj scattered into a specified scattering direction, k̂k ¼ yk;fk. This

cross section has been discussed in Ref. 80 in the context of time-independent

Figure 4.1. Schematic diagram of an excited-state potential energy surface showing an initial

wavepacket for a photodissociation calculation and indicatng its path toward the dissociation

products. The line marked R1 is the ‘‘analysis line.’’
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theory of photodissociation. In the Appendix, Section C the theory is developed

in the context of a time-dependent formalism. The partial differential cross

section may be written as [see Eqs. (4.15) and (A.46)]

svjmj
ðE; k̂kÞ ¼ 2p2n

c E0

1

4p

XJiþ1
J¼Ji�1

X
K

2J þ 1ð Þ1=2DJ
K;Miþmðfk; yk; 0ÞDj

�K;�mj
ðfk; yk; 0Þ

�����
� 1 Ji J

m Mi �ðmþMiÞ

� �
T
JKp0
vj

����2 ð4:30Þ

where

T
JKp0
vj ¼

X
K0
h��JvjKp0K0 ðr;R; y;EÞj�JK 0

i ðr;R; y; t ¼ 0Þi ð4:31Þ

Equations (4.30) and (4.31) have been developed and defined within a time-

dependent framework. These equations are identical to Eqs. (35) and (32),

respectively, of Ref. 80. They differ only in that a different, more appropriate,

normalization has been used here for the continuum wavefunction and that the

transition dipole moment function has not been expanded in terms of a spherical

harmonic basis of angular functions. All the analysis given in Ref. 80 continues

to be valid. In particular, the details of the angular distributions of the various

differential cross sections and the relationships between the various possible

integral and differential cross sections have been described in that paper.

The photofragmentation T matrix elements in Eq. (4.31) contain all possible

information concerning the dynamics of the photodissociation process. In

the Appendix, Section C, the time-dependent theory needed for evaluating these

centrally important matrix elements is developed. The first step is the calculation

of a set of time-dependent coefficients. This is done by fixing the scattering

coordinate in the time-dependent wavepacket at its value on the analysis line

R1, and then multiplying by the fragment eigenfunctions and integrating over

all the other coordinates

CJK
vj ðtÞ ¼ 	jKðyÞwvjðrÞ

����� X
K 0

�JK0
i ðr;R ¼ R1; y; tÞ

( )* +
ð4:32Þ

where the angular brackets h i indicate integration over the variables r and y and
it is implied that 	jKðyÞ on the left of the integral must only be associated with

the same value of K on the right. The sum over all the radial wavepackets

corresponding to the various different values of K are kept together in Eq. (A.34)

because the wavepackets corresponding to these different values interact and

amplitude or flux is exchanged between them as time progresses.
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We now take the half–Fourier transform of this integral over time to give us

an energy-dependent quantity:

AJK
vj ðEÞ ¼

1

2p

ð1
t¼ 0

exp iEt=�hð ÞCJK
vj ðtÞ ð4:33Þ

In Section C of the Appendix I show that the T matrix elements are related to

the AJK
vj ðEÞ coefficients by

T
JKp0
vj ¼ ið�1ÞK�jAJK

vj ðEÞ
2pkvj
m

� �1=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ d0;KÞ

p
2

( )
e�ikvjR1 ð4:34Þ

These equations enable us to compute all the possible photofragmentation cross

sections. An example of the use of these equations applied to the photodissocia-

tion of HOBr may be found in Ref. 84, and similar applications to electronically

nonadiabatic photofragmentation of HF, DF, and HCl can be found in Refs. 76,

97, and 96. Time-dependent methods have been used most recently to compute

vector correlations and alignment parameters [98,99]

III. REACTIVE SCATTERING THEORY

As in the case of photodissociation, the quantum theory of reactive molecular

scattering was initially entirely based on time-independent scattering theory

[4–7,100–123]. There were several early attempts to apply time-dependent

quantum theory to reactive scattering processes [124–131]. But the modern era

of the field really began with the seminal work of Kosloff et al. [37] and the

subsequent application of his grid-based methods to the reactive scattering

problem by Neuhauser and Baer and coworkers [45,132]. There have been many

developments in the field [93,133–138], and several reviews and a book have

been written on the topic [10,139–141]. My aim in the next section will be to

outline the basic methods of time-dependent quantum theory used in reactive

scattering calculations. While the review will cover many aspects of the theory,

it will not cover all the approaches currently in use (as of 2003).

A. Reactant and Product Coordinates

Jacobi coordinates involve the scattering coordinate R, which is the distance

between the centers of mass of the two fragments, the internal coordinates of the

fragment, and the angles between the fragment axes and the scattering

coordinate. Figure 4.2 shows the reactant and product Jacobi coordinates for the

atom–diatom reaction Aþ BC!ABþ C. These coordinates are by far the most

convenient because of the simplicity of the form of kinetic energy operator

when expressed in these coordinates [80,142]. The figure clearly illustrates one
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of the main difficulties bedevilling the quantum theory of chemical reactions

[101], namely, that the most appropriate coordinates for expressing the quantum

states of the reactants and the products are different. This has a particularly

significant effect on time-dependent wavepacket calculations, as in this case the

wavefunction of the system spreads over all of coordinate space, and may

simultaneously include both reactantlike and productlike nuclear coordinates.

In our work we have approached this problem in two ways. The first was to

start the wavepacket motion in reactant Jacobi coordinates, and to propagate the

wavepacket inward until the entire wavepacket is in the strongly interacting

region. At this stage the wavepacket is transformed to a grid in product Jacobi

coordinates. This method [47,132,143] involved setting up an initial wavepacket

that was specifically designed to yield a compact wavepacket in the strong

interaction part of the coordinate space. This property of the wavepacket assists

the process of transforming the wavepacket from a grid specified in terms of

reactant coordinates to one defined in terms of product coordinates. This

A

C

B

A

r′

R′

γ ′

C

B

R

r

γ

Reactant Jacobi coordinates for A + BC → AB + C

Product Jacobi coordinates for A + BC → AB + C

Figure 4.2. Jacobi coordinates for reactants and products in the reaction Aþ BC! ABþ C.
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transformation is in any case difficult and quite computationally demanding. It

is also difficult to generalize it to the case J > 0. This method has therefore not

been generally adopted. The second method we have adopted is to use only one

of the two coordinate systems illustrated in Figure 2.4. When we are interested

only in the total reaction cross section, we can use reactant Jacobi coordinates

[149,150]. In contrast, when information is needed about the product quantum

state distribution or state-to-state cross sections, then we have to use product

Jacobi coordinates [144]. This creates its own problems because it implies that

the initial reactant eigenfunctions must be described in terms of a product

coordinate grid, which in turn requires a very fine grid in these coordinates.

An alternative technique for handling this problem is to separate the reactant

and product parts of the process. This can be done by creating source and sink

terms to absorb the wavepacket as it leaves the reactant region and to reemit it

as a source term in product coordinates in the strong interaction or product

region of the potential [136,145]. There is, however, a fundamental problem

with this approach in that it implicitly assumes that there will be relatively little

recrossing of the chosen dividing line between the reactant and product regions.

B. The Initial Wavepacket

Figure 4.3 shows an initial wavepacket for a reactive scattering calculation

superimposed on a potential energy surface for the LiþHF!LiFþH reaction.

The initial wavepacket is placed in the asymptotic region of the reactant

channel, where there is no force between the reactant molecules. It is

constructed by calculating the desired initial vibrational–rotational eigenfunc-

tions of the reactant fragments and multiplying the product of these by a one-

dimensional wavepacket gðRÞ, where R is the scattering coordinate, which is the

distance between the centers of mass of the two reactants. This wavepacket is

then multiplied by exp½�ikR� so as to give it a momentum of magnitude k�h
toward the strong interaction or reactive region. This leads to an initial

wavepacket which is intrinsically complex (in the mathematical sense).

The most common form of the one-dimensional wavepacket in R is a

Gaussian wavepacket [133,144]. This wavepacket has a Gaussian shape in both

coordinate and momentum space. We have proposed the use of an alternative

form of wavepacket, a sinc wavepacket [146,147]. The two forms of wavepacket

are shown in Figure 4.4 as a function of initial collision energy for the case of

D þ H2. In general we will be interested in computing reactive scattering cross

sections over a range of initial collision energies. Using the sinc wavepacket, we

can see that the amplitude of the wavepacket is roughly constant over most of

the energy range of the wavepacket. The Gaussian wavepacket in contrast has a

long tail at both high and low energies. This makes it more difficult to determine

the energy range covered accurately by the Gaussian wavepacket, as cross

sections corresponding to energies associated with a small amplitudes of the
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initial wavepacket will be subject to greater round-off errors and cannot be

considered reliable. In principle, this is certainly the case, but for our typical

calculations, which are carried out entirely in double-precision arithmetic, we

have not observed a marked numerical benefit from the use of the sinc

wavepacket.

C. Analysis of the Wavepacket and Computation of

Integral Cross Sections

One of the key aspects of time-dependent reactive scattering theory arises from

the conservation of the total energy. This has the consequence that each energy

Figure 4.3. The initial wavepacket superimposed on an LiþHF potential energy surface. Also

shown (in a schematic manner) is the analysis line, marked R1, in the product channel. In an actual

calculation the analysis line would be placed at a much larger value of the product scattering

coordinate.
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component of the wavepacket propagates independently. In order to calculate

the cross sections, we must therefore know the amplitude of the initial

wavepacket with a given energy. Let us denote the initial one-dimensional

wavepacket by gðRÞ. The component of this wavepacket with momentum

component �k�h pointed toward the strong interaction or reactive scattering

Figure 4.4. One-dimensional wavepackets in the reactant scattering coordinate for use in

constructing the initial wavepacket. The wavepackets are shown as a function of the initial

translational energy. ðaÞ A Gaussian wavepacket; ðbÞ a sinc wavepacket.
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region is

gð�kÞ ¼ 1

2p

ð1
0

eikRgðRÞdR ð4:35Þ

The analysis of the wavepacket proceeds in exactly the same way as

described above for the case of photodissociation theory [47,133,148] (see

Section II.D). An analysis line is drawn corresponding to a fixed value of the

product Jacobi scattering coordinate R0 perpendicularly across the exit channel

in the the asymptotic region of the potential energy surface (see Figs. 4.1 and

4.3). Specializing the formulas as before to the case of an atom–diatom reaction

(i.e., a three-atom system), we may write the body-fixed wavepacket as

�JK 0 ðr0; y0;R0; tÞ, where the primes on the coordinates indicate the use of product

Jacobi coordinates and the wavepackets corresponding to the different K 0 values
are coupled by the propagation dynamics (see below). We must first take a cut

through the wavepacket along the analysis line and project this cut through the

wavepacket onto the product vibrational–rotational eigenfunctions. This yields

a time-dependent coefficient, CJK0
v0j0 ðtÞ:

CJK 0
v0j0 ðtÞ ¼ h	j0K 0 ðy0Þ wv0j0 ðr0Þj�JK 0 ðr0; y0;R0 ¼ R01; tÞi ð4:36Þ

We then take the half–Fourier transform of this to obtain an energy-dependent

quantity, AJK 0
v0j0 ðEÞ:

AJK 0
v0j0 ðEÞ ¼

1

2p

ð1
0

exp
iEt

�h
CJK 0
v0j0 ðtÞdt ð4:37Þ

Analysis of Ref. 75 (see also Ref. 133) enables us to relate this to the reactive S

matrix elements through the expression

SJv0j0K 0;vjKðEÞ ¼ �
�h2kvjk

0
v0j0

mm0

 !1=2

expð�ik0v0j0R01Þ
AJK0
v0j0 ðEÞ

gð�kvjÞ ð4:38Þ

where the primed variables indicate quantities relating to the products and the

unprimed to the reactants. Note the presence of the term gð�kvjÞ in the

denominator and the fact that the quantum numbers K and K 0 are associated

with the z components of the total angular momentum, referred to as body-fixed

reactant and product axes, respectively. I have purposely included here the

initial-state quantum numbers, vjK, which relate to the construction of the initial

wavepacket as they will be needed later when we discuss the calculation of

differential cross sections.
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The total reaction probability for a particular value of the total angular

momentum J, averaged over all values of mj and M for the reactants and

summed over all values of mj0 and M0 for the products, is given by

PJ
reactðEÞ ¼

1

2jþ 1

X
v0j0

X
KK 0

SJv0j0K 0;vjKðEÞ
��� ���2 ð4:39Þ

The total integral reactive cross section for reaction from a particular initial state

to all possible final states is then given by a summation over all total angular

momenta that can contribute to the reaction:

stot
all vj ¼

p
k2vj

X
J

ð2J þ 1ÞPJ
reactðEÞ ð4:40Þ

1. Reactant Coordinate Calculations for the Total Reactive Cross Sections

Calculation of the total reactive cross section does not necessarily require a

knowledge of the wavepacket dynamics in the exit channel of the reaction. All

that is required is a knowledge of the particle flux that results in the creation of

products. This can be accomplished by calculating the flux of particles passing

through a plane corresponding to a large constant value of the reactant diatom

separation [149–151]. This allows us to use reactant coordinates instead of

product coordinates and often greatly simplifies the calculation. It also permits

the use of the helicity decoupling or centrifugal sudden approximation

[149,150], in which we ignore the coupling between different K components

corresponding to a single J value (see discussion below for further details). This

important simplifying approximation is much more difficult to justify when

there is a transformation from reactant to product coordinates [93].

2. Capture Model and Total Reactive Cross Sections

The problem with Eqs. (4.39) and (4.40) is that they require exact calculation of

the scattering dynamics and the S matrix elements for many values of J. As we

will see below, when we discuss the propagation of the wavepacket, the

computational effort required for exact J > 0 calculations is very great. For

J > 0, jKj takes on either ðJ þ 1Þ or J values depending on the parity.

The wavepackets corresponding to each of these K values will be coupled by the

propagation dynamics of the wavepacket. In general, quite large values of J are

important for calculation of the total reactive cross section. Thus, in the case of

Oð1DÞ þ H2, J values up to 66 were required [144] in one calculation and up to

J ¼ 40 in another [149,150], while for heavier collision partners much higher

values of J are needed [152] [up to J ¼ 140 for Nð2DÞ þ O2]. These figures

depend, of course, on the range of collision energies covered by the

270 gabriel g. balint-kurti



calculations, but they clearly illustrate that J > 0 calculations are far more

computationally demanding than J ¼ 0 calculations.

The calculation of total reaction cross sections may be greatly simplified by

using any one of a family of approximations known as J-shifting approxima-

tions [155,156]. In this type of approximation the reaction probability is

calculated for a limited number of J values, or even just for J ¼ 0, and

approximate methods are used to estimate the reaction probability for required

values of J other than those for which more accurate calculations have been

performed. J-shifting approximations rely on the identification of a ‘‘bottle-

neck’’ geometry, such as a transition state. The changes in rotational energy of

the system, when fixed at this geometry, provide an energy shift, Eshift, which is

used in estimating the reaction probabilities:

~PPJ
reactðEÞ ¼ PJ¼0

reactðE � EJ
shiftÞ ð4:41Þ

where PJ¼0
reactðEÞ is the accurately computed reaction probability for J ¼ 0, at the

collision energy E, and ~PPJ
reactðEÞ is the estimated reaction probability for another

value of J.

The J-shifting method depends on our ability to identify a unique bottleneck

geometry and is particularly well suited to reactions that have a barrier in the

entrance channel. For cases where there is no barrier to reaction in the potential

energy surface, a capture model [149,150,152] approach has been developed. In

this approach the energy of the centrifugal barrier in an effective one-

dimensional potential is used to define the energy shift needed in Eq. (4.41). For

the case of K ¼ 0, we define the one-dimensional effective potential as (see

Ref. 150 for the case of jKj > 0Þ

VJ
effðRÞ ¼ hvjjV jvji þ

�h2JðJ þ 1Þ
2mR2

ð4:42Þ

where hvjjVjvji is the potential averaged over the initial vibrational–rotational

state of the reactants and is a function of the reactant scattering Jacobi

coordinate. Evj is the vibrational–rotational energy of the initial state of the

diatomic. The effective potential exhibits a centrifugal barrier in the entrance

channel. Let VJ� be the height of the effective potential barrier corresponding to a
total angular momentum quantum number J. In the capture model, the reaction

probability is now estimated as

~PPJ
reactðEÞ ¼ PJ¼0

reactðE � VJ�Þ ð4:43Þ

In both the J-shifting model and the capture model it is assumed that the

reaction probabilities are a function of the available energy, which is the energy
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in excess of the barrier height. This function of the excess energy is assumed to

be universal (i.e., the same for all J values). One can then take the results for

some particular J values and use them to define how reaction probability varies

as a function of the excess energy.

Rather than using just calculations for J ¼ 0 as a basis for approximating

reaction probabilities for all higher values of J, we have adopted the technique

of calculating reaction probabilities for a reasonably large number of J values,

in general using the helicity decoupling approximation [149,153,154], and

using capture model techniques to interpolate between the J values for which

more accurately computed reaction probabilities are available. Suppose that we

have calculated the reaction probability for J1 and J2 and that J lies between

these two J values ðJ1 < J < J2Þ. Then the reaction probability for J can be

estimated as

~PPJ
reactðEÞ ¼ PJ1

react E � ½VJ� � VJ1��	 
 ðJ2 � JÞ
ðJ2 � J1Þ

þ PJ2
react E þ ½VJ2� � VJ��	 
 ðJ � J1Þ

ðJ2 � J1Þ ð4:44Þ

For values of J greater than any for which actual dynamical calculations have

been performed, the reaction probability may be extrapolated from that

calculated for this highest value using the formula

~PPJ
reactðEÞ ¼ PJ1

react E � ½VJ� � VJ1��	 
 ð4:45Þ

where, in this case, J1 is the highest value of J for which helicity decoupled

wavepacket calculations were carried out.

3. Backward Propagation Method

The theory used to analyze the wavepacket and to determine the reaction

probability requires that the initial wavepacket be placed in the asymptotic

region, where there is very little interaction between the reactants [133,151].

This is because we require knowledge of the amplitude of the initial wavepacket

associated with a given relative translational energy in this asymptotic region.

For large values of the total angular momentum the centrifugal potential is very

long-ranged and it is in practice impossible to place the initial wavepacket

at sufficiently large separations so as to render the centrifugal potential

unimportant. In order to overcome this problem and other problems arising from

the intrinsically long-range nature of the potential energy surfaces, we place the

initial wavepacket at a large but manageable separation of the reactants, and

after calculating an effective potential, as in Eq. (4.42), we propagate the R-

dependent part of the initial wavepacket [i.e., gðRÞ as discussed in Eq. (4.35);
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see Section III.B] backward in one dimension. We then analyze the backward-

propagated wavepacket and use the resulting momentum distribution in the

analysis of the final wavepacket to yield the total reaction probability

[133,150,152].

4. Differential Reactive Cross Sections

The differential reactive state-to-state cross section may be written in the

following form [4,101,103,157]:

sv0;j0 v;jðE; yÞ ¼ 1

2jþ 1

X
KK 0

1

4 k2vj

X
J

ð2J þ 1Þ SJv0j0K 0;vjKðEÞ dJKK 0 ðyÞ
�����

�����
2

ð4:46Þ

As we have given an explicit expression for the S matrix in Eq. (4.38), there

would seem to be no problem in calculating the reactive differential cross

section. This is, however, not entirely true. The problem arises because the

definition of the cross section relates to the large R asymptotic form of

the wavefunction. Furthermore, the method I have presented for analysis of the

wavepacket relies on an analysis line R1 drawn in the asymptotic region of the

potential. The problem arises, as indicated in Section III.C.3, for larger values of

the total angular momentum J. In such cases the centrifugal potential and the

centrifugal coupling terms are very long-ranged. The long-range nature of these

terms is a result of using the body-fixed coordinate system rather than the space-

fixed one [80], and it is essential to transform back to the space-fixed system as

part of the process of calculating the S matrix elements. This was clearly

recognised in the recent reactive wavepacket scattering calculations of Althorpe

[136,158,159], and the discussion below borrows heavily from this work and

from the Ph.D. thesis of M. Hankel [160].

In the space-fixed axis system the channel quantum numbers for an atom–

diatom collision are jl, where j refers to the rotational quantum number of the

diatomic and l is the quantum number for the orbital angular momentum of the

relative motion of the two fragments. We have ignored the vibrational quantum

number for the purposes of this discussion. The part of the Hamiltonian with the

longest range, when working in this axis system, is the effective centrifugal

repulsion term ½�h2lðlþ 1ÞÞ=2mR2�. There is no kinetic energy coupling between

the different jl channels, and the long-range part of the effective centrifugal

repulsion is fully accounted for analytically through the use of the spherical

Bessel functions and of their analytic behavior at in the asymptotically large R

region [4,161]. In contrast, as we will discuss more explicitly in the next section,

the channels are labeled with the quantum numbers jK when body-fixed axes are

used, where K is the z component of the total angular momentum with respect to

the body-fixed z axis. Rotation to the body-fixed axes simplifies the coupling

arising from the potential energy term, but it creates new couplings in the

photodissociation and reactive scattering 273



kinetic energy term [4,80]. Thus there are couplings between different K

quantum numbers when the Hamiltonian is expressed in the body-fixed axes.

These couplings are, furthermore, very long-ranged and there is no satisfactory

means of including them analytically in the scattering formulation [80].

The solution to this problem is to transform, or half-transform, the S matrix

from the body-fixed to the space-fixed axis system; then to use the known

analytic properties of the spherical Bessel functions, which are the solutions to

the potential-free scattering problem in the space-fixed axes; and finally to

transform back to the body-fixed axes and then to use Eq. (4.46) to calculate the

differential cross section.

For a given value of J and the parity p, the first step is to calculate the

transformation matrix from the body-fixed jK basis to the space-fixed jl basis.

This transformation matrix has in fact already been derived in Eq. (A.17) of the

Appendix. Alternatively, the transformation matrix may be computed by using

the matrix elements of the kinetic energy operator in the body-fixed axis system.

These are just the diagonal and off-diagonal elements of the centrifugal

coupling, which we will discuss in more detail below (see also Ref. 80). If we

then diagonalize this matrix, the eigenvectors of this matrix form the desired

transformation matrix from the body-fixed to the space-fixed bases. This must

be the case because the kinetic energy operator is diagonal in the space-fixed

basis [162]. We denote this transformation matrix by T
Jp
lK, where p denotes the

parity, ð�1ÞJþKþp ¼ ð�1Þjþl. The S matrix in the space-fixed axes may then be

written as

S
Jp
v0j0l0;vjlðEÞ ¼

X
KK 0

T
Jp
l0K 0S

J
v0j0K0;vjKðEÞTJp

lK

¼ �il�l0 �h2kvjk
0
v0j0

mm0

 !1=2
expð�ik0v0j0R01Þ

gð�kvjÞ
X
KK 0

T
Jp
l0K 0 A

JK 0p
v0j0KðEÞTJp

lK

( )
ð4:47Þ

where the extra phase factor of il�l
0
is discussed below.

As the kinetic energy operator has no off-diagonal elements in the space-

fixed axis representation we may more easily correct for the fact that the

analysis line is not truly in the asymptotic region as far as the centrifugal

representation is concerned. We do this first by subtracting the residual

centrifugal repulsion, l0ðl0 þ 1Þ=ð2m0R02Þ, from the radial kinetic energy at the

analysis line in the product channel. Thus we use the expression

k0v0j0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 m0 E � ev0j0 þ l0ðl0 þ 1Þ

2 m0R021

� �� �s
ð4:48Þ
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to calculate the wavenumber of the products at the analysis line, which we use

in evaluating the S matrix elements in Eq. (4.47).

The analysis underlying the evaluation of the S matrix elements was

formulated for the J ¼ 0 (and l ¼ 0) case [75] and did not take proper account

of the correct asymptotic phases of the spherical Bessel functions [161]. This

phase should have been expð�iðk0v0j0R01 � l0p=2Þ rather than the phase given

in Eq. (4.47). To correct for this omission in both the reactant and product

channels, we must multiply by a phase of expð�il0p=2Þ ¼ i�l
0
for the products

and il for the reactants. These factors are included on the RHS of Eq. (4.47).

After making these adjustments to allow for the fact that the analysis line

cannot be located in the region of space where the centrifugal coupling in the

body-fixed coordinates is negligible, and also for the fact that the analysis of

Ref. 75 did not account for the long-range analytic form of the spherical Bessel

functions, the space-fixed S matrix of Eq. (4.47) must be transformed back to

the body-fixed axes and Eq. (4.46) must be used to compute the state-to-state

differential cross sections [136,160].

D. Propagation of the Wavepacket in Time

For an atom–diatom collision the initial wavepacket, in body-fixed coordinates,

is defined as [47,133]

�JKðR; r; y; t ¼ 0Þ ¼ gðRÞwvjðrÞ	jKðyÞ ð4:49Þ

where gðRÞ is the one-dimensional wavepacket in the reactant scattering

coordinate (see Section III.B), wvjðrÞ is the initial vibrational wavefunction, and
	jKðyÞ is a normalized associated Legendre polynomial that represents the

rotational wavefunction of the diatomic in the body-fixed coordinate system.

If reactant coordinates are to be used for the propagation, then this function is

propagated forward in time and analyzed [151] after it has reached the product

region at large values of r. If state-to-state reactive probabilities and cross

sections are required, the initial wavepacket must be transformed to the product

Jacobi coordinates and the propagation must be performed in these coordinates.

The general form of the transformation from reactant to product Jacobi

coordinates is

�JK 0 ðR0; r0; y0Þ ¼
X
K

�JKðR; r; yÞ R
0 r0

R r
d J
KK 0 ðbÞ ð4:50Þ

but as the initial value of K has been specified by the choice of initial conditions,

the summation over K may be omitted, and the equation becomes

�JK 0 ðR0; r0; y0Þ ¼ �JKðR; r; yÞ R
0 r0

R r
dJKK 0 ðbÞ ð4:51Þ
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where b is the angle between the reactant and product Jacobi scattering

coordinates.

Our main concern in this section is with the actual propagation forward in

time of the wavepacket. The standard ways of solving the time-dependent

Schrödinger equation are the Chebyshev expansion method proposed and

popularised by Kossloff [16,18,20,37–40] and the split-operator method of Feit

and Fleck [19,163,164]. I will not discuss these methods here as they have been

amply reviewed in the references just quoted. Comparative studies [17–19]

show conclusively that the Chebyshev expansion method is the most accurate

and stable but the split-operator method allows for explicit time dependence in

the Hamiltonian operator and is often faster when ultimate accuracy is not

required. All methods for solving the time propagation of the wavepacket

require the repeated operation of the Hamiltonian operator on the wavepacket. It

is this aspect of the propagation that I will discuss in this section.

The action of the Hamiltonian on a wavepacket may be accomplished in

many ways. An important decision to make is how the wavepacket will be

represented. I will opt here for a grid-based representation of the wavepacket.

As elegantly shown by Light et al. [92], when a grid or discrete-variable

representation (DVR) method is used, the potential is diagonal and we only

need to evaluate it at the specified grid points. In the present discussion we will

assume that we are using a uniform evenly spaced grid of points for the radial

variables and Gauss-Legendre points for the angular variable. The action of the

hamiltonian on the wavepacket may be written as

ĤH�JKðR; r; y; tÞ ¼ � �h2

2m
q2

qR2
� �h2

2mr

q2

qr2

� �
�JKðR; r; y; tÞ

� �h2

2mR2
þ �h2

2mrr2

� �
1

siny
q
qy

siny
q
qy
� K2

sin2y

� �
�JKðR; r; y; tÞ

þ VðR; r; yÞ�JKðR; r; y; tÞ þ �h2

2mR2

� �
JðJ þ 1Þ � 2K2
	 


� �JKðR; r; y; tÞ � �h2CþJK
2mR2

q
qy
� K cot y

� �
�JðKþ1ÞðR; r; y; tÞ

� �h2C�JK
2mR2

� q
qy
� K cot y

� �
�JðK�1ÞðR; r; y; tÞ ð4:52Þ

where

C
JK ¼ ½JðJ þ 1Þ � KðK 
 1Þ�1=2 ð4:53Þ

I will now discuss the evaluation of the first two of these terms in some detail.
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1. The Radial Terms

The action of the radial differential operator is accomplished through the use of

discrete Fourier transforms as proposed by Kosloff [20,37]. If we take the

example of the action of the differential operator in the scattering coordinate,

then

� �h2

2m
q2

qR2

� �
�JKðR; r; y; tÞ ð4:54Þ

The Fourier transform of the wavepacket over R and its inverse are

�JKðkR; r; y; tÞ ¼ 1ffiffiffiffiffiffi
2p
p

ð1
0

expð�ikRRÞ�JKðR; r; y; tÞdR ð4:55Þ

�JKðR; r; y; tÞ ¼ 1ffiffiffiffiffiffi
2p
p

ð1
�1

expðikRRÞ�JKðkR; r; y; tÞdkR ð4:56Þ

Substituting Eq. (4.56) into Eq. (4.54), we can write:

� �h2

2m
q2

qR2

� �
�JKðR; r; y; tÞ ¼ � �h2

2m
q2

qR2

� �
1ffiffiffiffiffiffi
2p
p

ð1
�1

expðikRRÞ�JKðkR; r; y; tÞdkR

¼ �h2

2m

� �
1ffiffiffiffiffiffi
2p
p

ð1
�1

k2R expðikRRÞ�JKðkR; r; y; tÞdkR
ð4:57Þ

Now using Eq. (4.55) in the equations above, we obtain

� �h2

2m
q2

qR2

� �
�JKðR; r; y; tÞ ¼ �h2

2m

� �
1ffiffiffiffiffiffi
2p
p

ð1
�1

k2R expðikRRÞ�JKðkR; r; y; tÞdkR

¼ �h2

2m

� �
1ffiffiffiffiffiffi
2p
p

ð1
�1

k2R expðikRRÞ
1ffiffiffiffiffiffi
2p
p

ð1
0

expð�ikRR0Þ�JKðR0; r; y; tÞdR0
� �

dkR

ð4:58Þ

We can describe the mathematics in the above process as follows:

1. Fourier-transform the wavepacket over R.

2. Multiply by � �h2k2R
2m

3. Back-Fourier-transform.

All of these operations may be performed very simply. The radial differential

operator in r is treated in exactly the same manner as described above.
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2. First Angular Term

We now turn our attention to the first angular term in Eq. (4.52):

� �h2

2mR2
þ �h2

2mrr2

� �
1

siny
q
qy

siny
q
qy
� K2

sin2y

� �
�JKðR; r; y; tÞ ð4:59Þ

In order to perform this operation, we expand the wavepacket in terms of

normalized associated Legendre polynomials

�JKðR; r; y; tÞ ¼
X
j

�JK
j ðR; r; tÞ	jKðyÞ ð4:60Þ

and use the fact that the associated Legendre polynomials are eigenfunctions of

the operator in Eq. (4.59):

� �h2

2mR2
þ �h2

2mrr2

� �
1

siny
q
qy

siny
q
qy
� K2

sin2y

� �
	jKðyÞ ¼ �h2 jð jþ 1Þ	jKðyÞ

ð4:61Þ

In practice we represent the wavepacket on an angular grid. We follow the

DVR philosophy of Light et al. [92] as extended by Leforestier [165] and by

Corey and Lemoine [166]. These authors show how we can use a single set of

angular Gauss–Legendre grid points for all values of K. The method we use is

explained more fully in Ref. 87. For convenience, we include a weighting offfiffiffiffiffiffi
wa
p

in the grid representation of the wavepacket, where wa ¼ sinya are the

Gauss–Legendre weights and ya are the grid points. The grid representation for

the wavepacket, ���JKðRi; rj; ya; tÞ, is therefore
���JKðRi; rj; ya; tÞ ¼ ffiffiffiffiffiffi

wa
p

�JKðRi; rj; ya; tÞ ð4:62Þ

The normalised associated Legendre functions constitute our fixed basis

representation (FBR) [92]. The transformation matrix from the DVR to the FBR

representation is given by

TK
ja ¼

ffiffiffiffiffiffi
wa
p

	jKðyaÞ ð4:63Þ

Using these equations, we can write one term in the expansion of the wavepacket

in terms of the associated Legendre polynomials [Eq. (4.60)] as

� JK
j ðRi; rj; tÞ	jKðyÞ ¼

X
a

TK
ja
���JKðRi; rj; ya; tÞ ð4:64Þ
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Armed with these equations, our strategy is as follows:

1. Use Eq. (4.64) to transform from the DVR representation to the expansion

of the wavepacket over the FBR basis.

2. Use the analytic properties of the FBR basis to act with the Hamiltonian

on the wavepacket, that is, multiply by jð jþ 1Þ�h2.
3. Backtransform the resultant function using the orthogonal transformation

matrix of Eq. (4.63).

The general philosophy is in fact identical to that used for the radial variables.

The reader is referred to Ref. 87 for further details of the manner in which the

operation of the Hamiltonian operator on the wavepacket is accomplished.

E. The Grid and the Absorbing Potential

In both photodissociation and reactive scattering theory the wavepacket is

eventually propagated to large values of the scattering coordinate. As we are

forced to use finite-sized grids for numerical reasons, the problem arises as to

what is to be done with the wavepacket when it approaches the edge of the grid.

If Fourier transforms are used to compute the action of the radial derivatives in

the Hamiltonian operator, then serious errors will arise if the wavepacket is

allowed to reach the edge of the grid. This arises from the fact that the Fourier

transform method implicitly assumes a cyclic boundary condition and, if the

function is nonzero at the grid edge, it will be reflected to the opposite side of

the grid, causing well-documented ‘‘aliasing’’ problems [167]. It is therefore impe-

rative that something be done to prevent the wavefunction reaching the grid edge.

Arbitrarily setting the wavepacket to zero at some large value of the

scattering coordinate is not an acceptable solution, because this would cause

reflection waves that would impact on the wavepacket in the physically

important inner region of coordinate space. Therefore the crucial criterion for

handling this problem is that any alteration of the wavepacket must be

sufficiently gentle so as not to change the computed values of the physical

observables of interest. But at the same time no part of the wavepacket must be

allowed to reach the edge of the grid.

There are two general methods for addressing this problem. The first is the

‘‘gobbler’’ method, which involves multiplying the part of the wavepacket near

the edges of the grid, at each timestep, by a positive function which is smaller

than unity and which will generally decrease toward grid edge [43,48,90,

168,169]. The other is the ‘‘negative imaginary potential’’ (NIP) method, in

which a negative imaginary potential, which is nonzero only in an absorbing

region close to the grid edge, is added to the potential. This method has a long

tradition within scattering theory and was previously known as the ‘‘optical

potential’’ method [170,171]. It has been popularized within the context of
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time-dependent and time-independent scattering theory through the work of

Neuhauser and Bear [172,173]. Several papers have been written suggesting

optimal forms and parameterisations for the NIPs [17,40,131,174–178] and

discussing the effectiveness of different functional forms of the negative

imaginary potentials [177,179].

In general we use a complex absorbing potential of the form

VdampðRÞ ¼
0:0 ; R < Rdamp

�iAdamp
R�Rdamp

Rmax�Rdamp

� �ndamp

; Rdamp � R � Rmax

(
ð4:65Þ

where ndamp is set equal to 2 or 3, and we choose the parameters Adamp and Rdamp

in accordance with the recommendations given in Refs. 177 and 178.

There have also been attempts to find optimal complex (as opposed to purely

imaginary) absorbing potentials [180–182] and to relate these to the gobbler

method [183]. Manolopoulos [184] has proposed a very interesting simple

potential of this type that guarantees zero transmission of the wavepacket. The

main practical problem with absorbing potentials is that it is very difficult to find

appropriate potentials that can absorb a component of a wavepacket with a low

translational energy, and therefore a long wavelength. This is at present the

major challenge to the wavepacket theory of reactive scattering (see, how-

ever, Ref. 148, where stable threshold reactive scattering probabilities were

successfully computed).

F. The Real Wavepacket Method

The initial wavepacket, described in Section III.B is intrinsically complex (in

the mathematical sense). Furthermore, the solution of the time-dependent

Schrödinger equation [Eq. (4.23)] also involves an intrinsically complex time

evolution operator, expð�iĤHt=�hÞ. It therefore seems reasonable to assume that

all the numerical operations involved with generating and analyzing the time-

dependent wavefunction will involve complex arithmetic. It therefore comes as

a surprise to realize that this is in fact not the case and that nearly all aspects of

the calculation can be performed using entirely real wavefunctions and real

arithmetic. The theory of the real wavepacket method described in this section

has been developed by S. K. Gray and the author [133].

Consider the propagation of a wavepacket forward in time, from time t to

ðt þ tÞ [see Eq. (4.23)]:

�ðt þ tÞ ¼ exp
�iĤHt
�h

" #
�ðtÞ

¼ cos
ĤHt
�h

" #
�ðtÞ � i sin

ĤHt
�h

" #
�ðtÞ ð4:66Þ
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The corresponding expression for the back propagation, from t to t � t is

�ðt � tÞ ¼ cos
ĤHt
�h

" #
�ðtÞ þ i sin

ĤHt
�h

" #
�ðtÞ ð4:67Þ

By adding Eqs. (4.66) and (4.67), we obtain:

�ðt þ tÞ ¼ ��ðt � tÞ þ 2 cos
ĤHt
�h

" #
�ðtÞ ð4:68Þ

This equation is exact and constitutes an iterative equation equivalent to the

time-dependent Schrödinger equation [185,186]. The iterative process itself

does not involve the imaginary number i; therefore, if �ðtÞ and �ðt � tÞ were
the real parts of the wavepacket, then �ðt þ tÞ would also be real and would be

the real part of the exact wavepacket at time ðt þ tÞ. Thus, if �ðtÞ is complex,

we can use Eq. (4.68) to propagate the real part of �ðtÞ forward in time without

reference to the imaginary part.

In Ref. 133 we show that all the observable cross sections and reaction

probabilities may be obtained from an analysis of the real part of the wave-

packet, with no reference to the imaginary part. The analysis itself is identical to

that described in Section III.C, but when the real part of the wavepacket is used

to compute AJK 0
v0j0 ðEÞ in Eq. (4.38), we must multiply by an extra factor of 2.

The iterative relationship in Eq. (4.68) is still very difficult to apply, just as

much so in fact as the original form of the evolution operator [Eq. (4.23)]. The

relationship can be dramatically simplified by applying a functional mapping of

the Hamiltonian. The presence of the cosine term in Eq. (4.68) suggests an

inverse cosine type of mapping. If such a mapping is to be used, it is necessary

to ensure that it is single-valued. So the next step is to shift and scale the

Hamiltonian operator in exactly the same way as in the Chebyshev expansion of

the evolution operator [20,37,133]. This shifting and scaling ensures that the

spectrum (or eigenvalues) of the Hamiltonian falls entirely within the range

(�1,1). The shifted and scaled Hamiltonian, ĤHs, is then subject to the following

mapping:

f ðĤHsÞ ¼ � �h

t
cos�1ðĤHsÞ ð4:69Þ

The use of this mapping means that we are no longer solving the time-dependent

Schrödinger equation, but rather a modified equation of the form:

i�h
q�f ðtÞ
qt

¼ f ðĤHsÞ�f ðtÞ ð4:70Þ
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where a subscript f has been placed on the wavefunction to emphasize that it is

the solution of a mapped equation rather than of the original time-dependent

Schrödinger equation. The same arguments that led to the iterative equation,

Eq. (4.68), now lead to the simplified form:

�f ðt þ tÞ ¼ ��f ðt � tÞ þ 2 ĤHs�f ðtÞ ð4:71Þ

In Ref. 133 we showed that analysis of the real part of �f ðtÞ, the solution of the

mapped Schrödinger equation, can yield all the observable cross sections.

We also showed that the arbitrary timestep t cancels out in all expressions for

the cross sections and can effectively be set to unity, namely, t ¼ 1.

In order to carry out the iteration process in Eq. (4.71), we need the

wavepacket at two previous iterations (i.e., at t � t and at t). If the initial

wavepacket is taken to be �f ðt � tÞ, the mapped version of Eq. (4.66)

�f ðtÞ ¼ ĤHs�f ðt � tÞ � i

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ĤH2

s�f ðt � tÞ
q

ð4:72Þ

can be used to find �ðtÞ, where the operator

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ĤH2

s

q
is evaluated using a

Chebyshev expansion [187]:

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ĤH2

s ¼
2

p
1� 2

Xsmax

s¼ 1

4s2 � 1ð Þ�1T2sðĤHsÞ�
"vuut ð4:73Þ

where T2sðxÞ is a Chebyshev polynomial of the first kind.

Taken together, the use of the real part of the wavepacket and the mapping of

the time-dependent Schrödinger equation lead to a very significant reduction of

the computational work needed to accomplish the calculation of reactive cross

sections using wavepacket techniques.

To summarize, a real wavepacket calculation proceeds as follows:

1. Define an initial complex wavepacket, �JK 0 ðr0; y0;R0; t ¼ 0Þ, as described
in Section III.B.

2. Use Eq. (4.72) to obtain the complete wavepacket after the first iteration at

t ¼ t, �JK0 ðr0; y0;R0; t ¼ tÞ.
3. Use Eq. (4.68) to propagate the real part of �JK 0 ðr0; y0;R0; tÞ forward in

time. For Dþ H2, 1000–1500 iterations are reqired [133]; while for a

system such as Nþ O2, about 40,000 iterations are required [152].

4. The analysis proceeds as in section IIIC, except that iteration numbers are

used in performing a discrete Fourier transform rather than a trapezoid

rule integration over time.
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Techniques similar to the those described in this section and in Ref. 133, but

used within a time-independent framework, have been developed by Kouri and

coworkers [188,189] and by Mandelshtam and Taylor [62,63]. Kroes and

Neuhauser [65–68] have used the methods developed in these papers to perform

time-independent wavepacket calculations using only real arithmetic. The

iterative equation that lies at the heart of the real wavepacket method, Eq. (4.68),

is in fact simply the Chebyshev recursion relationship [187]. This was realized

by Guo, who developed similar techniques based on Chebyshev iterations

[50,51].

IV. CONCLUSIONS

The review has discussed some of the methods underlying the use of

wavepackets in molecular dynamics. This field, which was initially popularized

through the work of Heller [1–3], has now reached maturity and is probably the

main technique currently used in the quantum theory of photodissociation and

reactive scattering. I have not attempted to cover every aspect of the field or to

list the vast number of applications in the literature. Nor have I done justice to

the areas of multiconfiguration time-dependent Hartree (MCTDH) theory [190–

193] or to that of collisions with surfaces [135,194–198], to name only two

areas inadequately covered in this review. The review has instead focused on

some of the basic aspects of time-dependent wavepacket theory. To make the

discussion more specific, and so as to avoid generalizations, I have concentrated

on the photodissociation of triatomic molecules and on atom–diatom reactive

scattering collisions. Many aspects of the theory discussed within this context

apply quite generally also to larger systems.

Time-independent and time-dependent theories are not really separate

disciplines. This should be clear from the work of Kouri [188,189] and Althorpe

[136,158], who use time-independent wavepacket techniques. These are easily

derived from the more natural time-dependent versions by Fourier transforming

the propagator over time. This is equivalent to transforming from the time

domain to the energy domain at the beginning rather than the end of the

calculation.

The first part of the review deals with aspects of photodissociation theory and

the second, with reactive scattering theory. Three appendix sections are devoted

to important technical details of photodissociation theory, namely, the detailed form

of the parity-adapted body-fixed scattering wavefunction needed to analyze the

asymptotic wavefunction in photodissociation theory, the definition of the initial

wavepacket in photodissociation theory and its relationship to the initial bound-

state wavepacket, and finally the theory of differential state-specific photo-

fragmentation cross sections. Many of the details developed in these appendix

sections are also relevant to the theory of reactive scattering.
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Key topics covered in the review are the analysis of the wavepacket in the

exit channel to yield product quantum state distributions, photofragmentation T

matrix elements, state-to-state S matrices, and the real wavepacket method,

which we have applied only to reactive scattering calculations.

Exciting new developments, not discussed in the review are the extension of

time-dependent wavepacket reactive scattering theory to full dimensional four-

atom systems [137,199–201], the adaptation of the codes to use the power of

parallel computers [202], and the development of new computational techniques

for acting with the Hamiltonian operator on the wavepacket [138].

Perhaps the most problematic area for the wavepacket theory of reactive

scattering is the treatment of the reactive scattering probabilities close the

threshold, where the wavelength of the relative translational motion of

the products is extremely large and it is very difficult to absorb the wavepacket

near the edge of the grid. This problem provides a strong motivation for

developing improved absorbing potentials [184].
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APPENDIX

A. Body-Fixed Form of Scattering Wavefunction

This section of the appendix is based on Appendix B of Ref. 80. It outlines the

transformation of the space-fixed form of the continuum wavefunction, Eq. (4.3),

to a body-fixed form. It differs from the previous development in that the

angular functions used in the final equations are all parity-adapted.

The plane wave appearing in Eq. (4.3) may be expanded as follows [81]:

eik�R ¼ 4p
X
lml

ilY�lml
ðk̂kÞYlml

ðR̂RÞjlðkvjRÞ ðA:1Þ

In Eq. (4.3) the plane wave is multiplied by the internal rotational wavefunction

Yjmj
ðr̂rÞ. Multiplying Eq. (A.1) by this function, we obtain

eik�RYjmj
ðr̂rÞ ¼ 4p

X
lml

ilY�lml
ðk̂kÞ Ylml

ðR̂RÞYjmj
ðr̂rÞ� �

jlðkvjRÞ ðA:2Þ

The term in curly brackets in this equation can be rewritten in terms of total

angular momentum eigenfunctions, YJM
jl ðR̂R; r̂rÞ, which are obtained by coupling
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the angular functions Ylml
ðR̂RÞ and Yjmj

ðr̂rÞ:

Ylml
ðR̂RÞYjmj

ðr̂rÞ ¼
X
JM

YJM
jl ðR̂R; r̂rÞð jlJMj jmjlmlÞ ðA:3Þ

Substituting into Eq. (A.2), we obtain

eik�RYjmj
ðr̂rÞ ¼ 4p

X
JM

X
lml

Y�lml
ðk̂kÞð jlJMj jmjlmlÞYJM

jl ðR̂R; r̂rÞiljlðkvjRÞ ðA:4Þ

Comparing this with the form of the scattering wavefunction given in Eq. (4.3),

we can write the scattering wavefunction in the following form:

c�vjmj
ðr;R; k̂k;EÞ ¼ mkvj

�h2ð2pÞ3
 !1=2

4p
X
JM

X
lml

Y�lml
ðk̂kÞð jlJMj jmjlmlÞ

�
X
l0v0j0

il
F
ðJvjlÞ
v0j0l0 ðRÞ
R

YJM
j0l0 ðR̂R; r̂rÞwv0j0 ðrÞ ðA:5Þ

The total angular momentum eigenfunctions, YJM
jl ðR̂R; r̂rÞ, have parity ð�1Þ jþl;

therefore, the summation in Eqs. (A.4) and (A.5) extends over both positive and

negative parities. The function F
ðJvjlÞ
v0j0l0 ðRÞ is the space-fixed radial scattering

function. It obeys the following boundary conditions:

F
ðJvjlÞ
v0j0l0 ðRÞ �

R!0
0

�
R!1

1

2ikvj

� �
eiðkvj�lp=2Þdvv0djj0dll0 � SJ�vjl;v0j0l0

kvj

kv0j0

� �1=2

e�iðkv0 j0�l
0p=2Þ

( )
ðA:6Þ

In the absence of any scattering, SJ�vjl;v0j0l0 ¼ dv;v0dj; j0dl;l0 and the right-hand

side (RHS) of Eq. (A.5) reduces to eik�RYjmj
ðr̂rÞwv0j0 ðrÞ. We will want to work in a

body-fixed frame [4], where the scattering channels will be specified by the

quantum numbers jK (i.e., the rotational quantum number of the diatomic and

the body-fixed z component of its angular momentum) rather than jl as is the

space-fixed frame.

In order to transform to the body-fixed representation, we will need to relate

the angular functions YJM
jl ðR̂R; r̂rÞ to angular functions defined relative to the

body-fixed axes [i.e.,jJ;K;M; pi	jKðyÞ, where jJ;K;M; pi are the parity-

adapted total angular momentum eigenfunctions of Eq. (4.5) and 	jKðyÞ are the
normalized associated Legendre polynomials of the body-fixed Jacobi angle].
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The function YJM
jl ðR̂R; r̂rÞ can be defined by using the inverse of Eq. (A.3):

YJM
j0l0 ðR̂R; r̂rÞ ¼

X
ml0mj0

Yl0ml0 ðR̂RÞYj0mj0 ðr̂rÞð j0mj0 l
0ml0 j j0l0JMÞ ðA:7Þ

If we now rotate the axis system for the two functions on the RHS of the

equation so that they are referred to the body-fixed, rather than space-fixed,

z axes, we can write

Yl0ml0 ðR̂RÞ ¼ Yl00ð0; 0ÞDl0
0ml0
ðoÞ

¼ 2l0 þ 1

4p

� �1=2

Dl0
0ml0
ðoÞ ðA:8Þ

where we have explicitly utilized the fact that the orbital angular momentum l0

is by definition perpendicular to the body-fixed z axis R̂R, and consequently its

body-fixed z component is zero.

Also

Yj0mj0 ðr̂rÞ ¼
X
K

Yj0Kðy; 0ÞDj0
Kmj0
ðoÞ

¼ 1

2p

� �1=2X
K

	j0KðyÞDj0
Kmj0
ðoÞ ðA:9Þ

where the body-fixed axis system is oriented so that the axis of the diatomic

molecules lies in the zx plane, and 	j0KðyÞ is a normalized associated Legendre

polynomial.

Substituting Eqs. (A.8) and (A.9) back into Eq. (A.7), we obtain

YJM
j0l0 ðR̂R; r̂rÞ ¼

2l0 þ 1

8p2

� �1=2X
K

X
ml0mj0

Dl0
0ml0
ðoÞDj0

Kmj0
ðoÞð j0mj0 l

0ml0 j j0l0JMÞ
8<:

9=;	j0KðyÞ

ðA:10Þ
We may now use the following relationship (see Ref. 82, Eqs. 4.3.1, 4.3.4, and

3.5.16):

X
ml0mj0

Dl0
0ml0
ðoÞDj0

Kmj0
ðoÞð j0mj0 l

0ml0 j j0l0JMÞ
8<:

9=;
¼ DJ

KMðoÞð j0l0JKj j0Kl00Þ ¼ DJ
KMðoÞð�1Þj

0�K 2J þ 1

2l0 þ 1

� �1=2

�ðJj0l00jJKj0 � KÞ

ðA:11Þ
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Substituting this into Eq. (A.10), we now obtain

YJM
j0l0 ðR̂R; r̂rÞ ¼

2J þ 1

8p2

� �1=2 XJ
K¼�J

DJ
KMðoÞð�1Þj

0�KðJj0l00jJKj0 � KÞ	j0KðyÞ

ðA:12Þ
In order to cast the RHS in terms of parity-adatpted functions, we now need

to restrict the summation to positive values of K:

YJM
j0l0 ðR̂R; r̂rÞ ¼

2J þ 1

8p2

� �1=2XJ
K¼0

DJ
KMðoÞð�1Þj

0�KðJj0l00jJKj0 � KÞ	j0KðyÞ
n

þDJ
�KMðoÞð�1Þ j

0þKðJj0l00jJ � Kj0KÞ	j0�KðyÞ
o 1

1þ d0;K

� �
¼ 2J þ 1

8p2

� �1=2XJ
K¼0

DJ
KMðoÞð�1Þj

0�KðJj0l00jJKj0 � KÞ
n

þDJ
�KMðoÞð�1Þj

0þ2KðJj0l00jJ � Kj0KÞ
o
	j0KðyÞ 1

1þ d0;K

� �
¼ 2J þ 1

8p2

� �1=2

ð�1Þ j0
XJ
K¼0
ð�1Þ�K DJ

KMðoÞ þ ð�1Þ3KþJþj
0�l
DJ
�KMðoÞ

n o
� ðJj0l00jJKj0 � KÞ	j0KðyÞ 1

1þ d0;K

� �
ðA:13Þ

Note that we have used the symmetry properties 	j0�KðyÞ ¼ ð�1ÞK	j0KðyÞ
(see Ref. 82, Eqs. 2.5.18 and 2.5.26) and ðJj0l00jJKj0 � KÞ ¼ ð�1ÞJþj0�l0 ðJj0l00j
J � Kj0KÞ (see Ref. 82, Eq. 3.5.17).

We now use the fact that the space-fixed functions YJM
j0l0 ðR̂R; r̂rÞ have parity

ð�1Þp ¼ ð�1Þj0þl0 . We can therefore multiply the second Wigner D matrix

element in the curly bracket in Eq. (A.11) by 1 ¼ ð�1Þp�j0�l0. This yields

YJM
j0l0 ðR̂R; r̂rÞ ¼

2 J þ 1

8p2

� �1=2

ð�1Þj0
XJ
K¼0
ð�1Þ�K DJ

KMðoÞ þ ð�1Þ3KþJ�2l
0þp

DJ
�KMðoÞ

n o
� ðJj0l00jJKj0 � KÞ 1

1þ d0;K

� �
	j0KðyÞ ðA:14Þ

We now assume that ð�1Þ2K�2l0 ¼ 1, which leads to

YJM
j0l0 ðR̂R; r̂rÞ ¼

2J þ 1

8p2

� �1=2

ð�1Þ j0
XJ
K¼0
ð�1Þ�K DJ

KMðoÞ þ ð�1ÞJþKþpDJ
�KMðoÞ

� �
� ðJj0l00jJKj0 � KÞ 1

1þ d0;K

� �
	j0KðyÞ ðA:15Þ
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The parity-adapted total angular momentum eigenfunctions are defined as

follows [see Eq. (4.5)]:

jJ;K;M; pi ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2J þ 1

8p2

r
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ð1þ d0;KÞ
p ðDJ

K;MðoÞ þ ð�1ÞJþKþpDJ
�K;MðoÞÞ

ðA:16Þ

Substituting this into Eq. (A.15), we obtain

YJM
j0l0 ðR̂R; r̂rÞ ¼

XJ
K¼l

2ð�1Þj0�Kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ d0;KÞ

p ðJj0l00jJKj0 � KÞ
( )

jJ;K;M; pi	j0KðyÞ

ðA:17Þ

This equation corresponds to a unitary transformation from the space-fixed basis

functions YJM
j0l0 ðR̂R; r̂rÞ to the body-fixed functions jJ;K;M; pi	j0KðyÞ.

The inverse transforamtion is

jJ;K;M; pi	j0KðyÞ ¼
XJ
l0¼0

2ð�1Þj0�Kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ d0;KÞ

p ðJj0l00jJKj0 � KÞ
( )

YJM
j0l0 ðR̂R; r̂rÞ

ðA:18Þ

This implies the orthogonality relationships

XJ
l0¼0

2ð�1Þ j�Kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ d0;KÞ

p ðJjl00jJKj� KÞ
( )

2ð�1Þj�K 0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ d0;K 0 Þ

p ðJjl00jJK 0j� K 0Þ
( )

¼ 2 dK;K0 ðA:19Þ

and

XJ
K¼l

2ð�1Þj�Kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ d0;KÞ

p ðJjl0jJKj� KÞ
( )

2ð�1Þj�Kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ d0;KÞ

p ðJjl00jJKj� KÞ
( )

¼ dl;l0

ðA:20Þ

288 gabriel g. balint-kurti



Using Eq. (A.17) in Eq. (A.5), we obtain

c�vjmj
ðr;R; k̂k;EÞ ¼ mkvj

�h2ð2pÞ3
 !1=2

4p
X
JM

X
lml

Y�lml
ðk̂kÞð jlJMj jmjlmlÞ

X
v0j0

X
l0

�
X
p

il
F
ðJvjlÞ
v0j0l0 ðRÞ
R

XJ
K0¼l

2ð�1Þj0�K 0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ d0;K 0 Þ

p ðJj0l00jJK 0j0 � K 0Þ
( )

� jJ;K 0;M; pi	j0K 0 ðyÞwv0j0 ðrÞ ðA:21Þ
An extra summation over p has been added as Eq. (A.5) contains a summation

over both parities (i.e.,
P

l0j0 Þ. We need to transform the radial functions

F
ðJvjlÞ
v0j0l0 ðRÞ to the body-fixed basis (i.e., from using l to KÞ. To accomplish this, we

insert XJ
l00¼0

dl;l00 ¼ 1 ðA:22Þ

to the left of F
ðJvjlÞ
v0j0l0 ðRÞ in Eq. (A.21):

c�vjmj
ðr;R; k̂k;EÞ ¼ mkvj

�h2ð2pÞ3
 !1=2

4p
X
JM

X
lml

Y�lml
ðk̂kÞð jlJMj jmjlmlÞ

X
v0j0

XJ
l00¼0

dl;l00

�
X
l0p

il
F
ðJvjl00Þ
v0j0l0 ðRÞ

R

XJ
K 0¼l

2ð�1Þj0�K 0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ d0;K0 Þ

p ðJj0l00jJK 0j0 � K 0Þ
( )

� jJ;K 0;M; pi	j0K 0 ðyÞwv0j0 ðrÞ ðA:23Þ

Substituting Eq. (A.20) into Eq. (A.23), we obtain

c�vjmj
ðr;R; k̂k;EÞ ¼ mkvj

�h2ð2pÞ3
 !1=2

4p
X
JM

X
lmlp

Y�lml
ðk̂kÞð jlJMj jmjlmlÞ

X
v0j0

XJ
K¼l

XJ
K0¼l

� 2ð�1Þj�Kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ d0;KÞ

p ðJjl0jJKj� KÞ
( )

1

R

�
XJ
l00¼0

XJ
l0¼0

2ð�1Þj�Kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ d0;KÞ

p ðJjl000jJKj� KÞ
( )"

�ilFðJvjl00Þv0j0l0 ðRÞ
2ð�1Þj0�K 0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ d0;K0 Þ

p ðJj0l00jJK 0j0 � K 0Þ
( )#

� jJ;K 0;M; pi	j0K 0 ðyÞwv0j0 ðrÞ ðA:24Þ
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The term in square brackets is the body-fixed radial wavefunction and has been

discussed previously (see Ref. 80, Appendix B). Defining this body-fixed radial

wavefunction as

�
ðJvjKpÞ
v0j0K0 ðRÞ ¼

XJ
l00¼0

XJ
l0¼0

2ð�1Þj�Kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ d0;KÞ

p ðJjl000jJKj� KÞ
( )

� ilF
ðJvjl00Þ
v0j0l0 ðRÞ

2ð�1Þj0�K 0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ d0;K 0 Þ

p ðJj0l00jJK 0j0 � K 0Þ
( )

ðA:25Þ

Inserting this into Eq. (A.24), we obtain

c�vjmj
ðr;R; k̂k;EÞ ¼ mkvj

�h2ð2pÞ3
 !1=2

4p
X
JM

X
lmlp

Y�lml
ðk̂kÞð jlJMj jmjlmlÞ

X
v0j0

XJ
K¼l

� 2ð�1Þj�Kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ d0;KÞ

p ðJjl0jJKj� KÞ
( )XJ

K 0¼l

�
ðJvjKpÞ
v0j0K0 ðRÞ

R

� jJ;K 0;M; pi	j0K 0 ðyÞwv0j0 ðrÞ ðA:26Þ

B. Detailed Definition of the Initial Wavepacket for

Photodissociation of a Triatomic Molecule

The results presented here follow the analysis presented in Ref. 84. It is

possible to define the functions �J0K
i ðr;R; y; t ¼ 0Þ only when we have specified

whether the electronic transition involved is perpendicular or parallel (i.e.,

whether the transition dipole moment is perpendicular to or lies in the molecular

plane).

For the case of a perpendicular transition when the transition dipole is in the

body-fixed y direction (perpendicular to molecular plane), we obtain the

following:

�J0K
i ðr;R; y; t ¼ 0Þ ¼ ið2Ji þ 1Þ1=2ð2J0 þ 1Þ1=2mydp;p0cJi;Ki;pðr;R; yÞ

� ð�1Þ�Kffiffiffi
2
p 1 Ji J0

1 ðK � 1Þ �K

� �
dK;Kiþ1ð1� dKi;0Þ

(

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ d0;KÞ

2

r
ð�1Þ�KþJiþJ0þ1 1 Ji J0

1 �ðK þ 1Þ K

� �
� dK;Ki�1ð1� dKi;0Þ �

1 Ji J0

1 0 �1

� �
dK;1dKi;0dl;0

�
ðA:27Þ
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For the case of a parallel transition when the transition dipole lies in the

molecular plane xz, we obtain

�J0K
i ðr;R; y; t ¼ 0Þ ¼ ð2Ji þ 1Þ1=2ð2J0 þ 1Þ1=2dp;p0þ1cJi ;Ki;pðr;R; yÞ

�
(
ð�1Þ�Kþ1ffiffiffi

2
p mx

1 Ji J0

1 ðK � 1Þ �K

 !
dK;Kiþ1ð1� dKi;0Þ

"

þð�1ÞJiþJ0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ d0;K

p 1 Ji J0

1 �ðK þ 1Þ K

 !
dK;Ki�1ð1� dKi ;0Þ

#

þ
1 Ji J0

1 K �K

 !
mzdK;Ki

ð1� dKi;0Þ

þ
1 Ji J0

1 0 �1

 !
mxdK;1dKi;0dl;0 þ

1 Ji J0

0 0 0

 !

� mzdK;0dKi;0dl;0

)
ðA:28Þ

C. Time-Dependent Theory of the Partial Differential Cross Section

The time-independent expression for the partial differential cross section is

given in Eq. (4.15):

svjmj
ðE; k̂kÞ ¼ 2p2n

c E0

1

4p

����X
JM

X
KK 0p

ð2J þ 1Þ1=2DJ
K;Mðfk; yk; 0ÞDj

�K;�mj
ðfk; yk; 0Þ

� hJ;K 0;M; pj��JvjKpK 0 ðr;R; y;EÞj~EE �~mmjcii
����2 ðA:29Þ

We now expand ~EE �~mmjcii in terms of the initial body-fixed wavepacket [see

Ref. 84 and Eq. (4.26):

~EE �~mmjcii ¼ �iðr;R; t ¼ 0Þ

¼
XJiþ1

J0¼Ji�1
ð�1ÞmþMi

1 Ji J0

m Mi �ðmþMiÞ

 !

�
XJ0
K 00¼l0

�J0K 00
i ðr;R; y; t ¼ 0ÞjJ0;K 00;Mi þ m; p0i ðA:30Þ
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and obtain

svjmj
ðE; k̂kÞ ¼ 2p2n

c E0

1

4p

����X
JM

X
KK 0p

2J þ 1ð Þ1=2DJ
K;Mðfk; yk; 0ÞDj

�K;�mj
ðfk; yk; 0Þ

�
XJiþ1

J0¼Ji�1
ð�1ÞmþMi

1 Ji J0

m Mi �ðmþMiÞ

� � XJ0
K00¼l0

� hJ;K 0;M; pj��JvjKpK 0 ðr;R; y;EÞj�J0K 00
i ðr;R; y; t ¼ 0Þj

� J0;K 00;Mi þ m; p0i��2 ðA:31Þ

Performing the integrations over the Euler angles and using the orthogonality of

the jJ0;K 00;Mi þ m; p0i functions, we then obtain

svjmj
ðE; k̂kÞ ¼ 2p2n

c E0

1

4p

����X
JM

X
KK 0p

2J þ 1ð Þ1=2DJ
K;Mðfk; yk; 0ÞDj

�K;�mj
ðfk; yk; 0Þ

�
XJiþ1

J0¼Ji�1

XJ0
K 00¼l0
h��JvjKpK 0 ðr;R; y;EÞj�J0K 00

i ðr;R; y; t ¼ 0Þi

� ð�1ÞmþMi
1 Ji J0

m Mi �ðmþMiÞ

� �
dJ;J0dK 0;K00dM;Miþmdpp0

����2
¼ 2p2n

c E0

1

4p

���� XJiþ1
J¼Ji�1

X
K

2J þ 1ð Þ1=2DJ
K;Miþmðfk; yk; 0ÞDj

�K;�mj
ðfk; yk; 0Þ

� 1 Ji J

m Mi �ðmþMiÞ

� ��X
K 0
h��JvjKp0K 0 ðr;R; y;EÞj�JK 0

i

� ðr;R; y; t ¼ 0Þi
�����2 ðA:32Þ

We may now define the quantities
P

K 0 h��JvjKp
0

K 0 ðr;R; y;EÞj�JK 0
i

n
ðr;R; y; t ¼

0Þig as ‘‘photofragmentation T matrix elements’’:

T
JKp0
vj ¼

X
K 0
h��JvjKp0K 0 ðr;R; y;EÞj�JK 0

i ðr;R; y; t ¼ 0Þi ðA:33Þ

These ‘‘photofragmentation T matrix elements’’ contain all the information

about the photofragmentation dynamics. We will now discuss how they may be

extracted from the time-dependent wavepacket calculations.

Following Ref. 75, we define an analysis line at a large fixed value of the

dissociation or scattering coordinate R ¼ R1, which should lie in the asymptotic

292 gabriel g. balint-kurti



region where the interaction potential is nearly zero and where Eq. (4.8) is valid.

Let us then consider the integral

CJK
vj ðtÞ ¼ 	jKðyÞwvjðrÞ

X
K 0

�JK 0
i ðr;R ¼ R1; y; tÞ

( )�����
+*

ðA:34Þ

where the angular brackets hi indicate integration over the variables r and y and

it is implied that 	jKðyÞ on the left of the integral must be associated only with

the same value of K on the right. The sum over all the radial wavepackets

corresponding to the various different values of K are kept together in Eq. (A.34)

because the wavepackets corresponding to these different values interact and

amplitude or flux is exchanged between them as time progresses. We now take

the half–Fourier transform of this integral over time to give us an energy

dependent quantity:

AJK
vj ðEÞ ¼

1

2p

ð1
t¼0

exp
iEt

�h
CJK
vj ðtÞdt

¼ 1

2p

ð1
t¼0

exp
iEt

�h
	jKðyÞwvjðrÞ

X
K 0

�JK 0
i ðr;R ¼ R1; y; tÞ

( )�����
+
dt

*
ðA:35Þ

We now introduce an integration over R combined with a Dirac delta function

[94,95]:

AJK
vj ðEÞ ¼

1

2p

ð1
t¼0

ð1
R¼0

exp
iEt

�h
dðR� R1Þ 	jKðyÞwvjðrÞ

X
K 0

�JK 0
i ðr;R; y; tÞ

( )�����
+
dt dR

*
ðA:36Þ

We now replace the time-dependent wavepacket
P

K 0 �
JK 0
i ðr;R; y; tÞ

� �
by

X
K0

�JK 0
i ðr;R; y; tÞ ¼ exp

�iĤHt

�h

X
K 0

�JK 0
i ðr;R; y; t ¼ 0Þ ðA:37Þ

to obtain

AJK
vj ðEÞ ¼

1

2p

ð1
t¼0

ð1
R¼0

exp
iEt

�h
dðR� R1Þ

� 	jKðyÞwvjðrÞ exp
�iĤHt

�h

X
K0

�JK 0
i ðr;R; y; t ¼ 0Þ

( )�����
+
dt dR

*
ðA:38Þ
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The identity operator within the space of functions with a fixed value of

J and the parity (denoted by p), and that are associated assymptotically with

a quantum number �KK of the body-fixed z component of the total angular

momentum, is

ÎI ¼
ð1
E0¼�1

X
v0j0

X
�KK

X
K 00K 000
jK 00ij��Jv0j0 �KKpK 00 ðr;R; y;E0Þi

� h��Jv0j0 �KKpK 000 ðr;R; y;E0ÞjhK 000jdE0 ðA:39Þ

where the term jK 00ihK 000j indicates that the angular functions on either side of

the identity operator must be associated with a body-fixed z component of

K ¼ K 00 and with K ¼ K 000, respectively.
Inserting this identity operator between exp �iĤHt=�h

	 

and �JK 0

i ðr;R; y; t ¼ 0Þ
in Eq. (A.38), we obtain

AJK
vj ðEÞ ¼

X
K 0

X
�KK

1

2p

ð1
t¼0

ð1
R¼0

ð1
E0¼�1

X
v0j0

dðR� R1Þ

� 	jKðyÞwvjðrÞ
� ��exp iðE � ĤHÞt=�h� �j��Jv0j0 �KKpK ðr;R; y;E0Þiry
� h��Jv0j0 �KKpK 0 ðr;R; y;E0Þj�JK 0

i ðr;R; y; t ¼ 0Þialldt dR dE0 ðA:40Þ

where h iry indicates integration over the variables r and y only, while h iall
indicates integration also over R.

As the continuum functions ��JvjKpK 0 ðr;R; y;E0Þ are energy eigenfunctions, we
may act on them with the Hamiltonian operator to obtain

AJK
vj ðEÞ ¼

X
K 0

X
�KK

1

2p

ð1
t¼0

ð1
R¼0

ð1
E0¼�1

X
v0j0

dðR� R1Þexp iðE � E0Þt
�h

� 	jKðyÞwvjðrÞ
� ����Jv0j0 �KKpK ðr;R; y;E0Þiry
� h��Jv0j0 �KKpK 0 ðr;R; y;E0Þj�JK 0

i ðr;R; y; t ¼ 0Þiall dt dR dE0 ðA:41Þ

Performing the integaration over R now yields

AJK
vj ðEÞ ¼

X
K 0

X
�KK

1

2p

ð1
t¼0

ð1
E0¼�1

X
v0j0

exp
iðE � E0Þt

�h

� 	jKðyÞwvjðrÞ
� ������Jv0j0 �KKpK ðr;R ¼ R1; y;E0Þiry
� h��Jv0j0 �KKpK0 ðr;R; y;E0Þj�JK 0

i ðr;R; y; t ¼ 0Þiall dt dE0 ðA:42Þ
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We now utilize the analysis presented in the appendix and in Eqs. 17–23 of

Ref. 75. This analysis proves that if we choose R1 to be in the asymptotic

region, where there is no longer any interaction potential, centrifugal repulsion

potential, or centrifigal coupling, then performing the integration over time and

energy in Eq. (A.42) permits us to substitute the outgoing radial wave part of the

asymptotic form of the radial wavefunction [see Eq. (4.8)] multiplied by �h for

the radial wavefunction itself. Using Eqs. (4.5) and (4.8) to effect these

substitutions, we obtain

AJK
vj ðEÞ ¼

m
2pkvj

� �1=2
1

i

2ð�1Þj�Kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ d0;KÞ

p( )
eikvjR1

�
X
K 0
h��JvjKpK 0 ðr;R; y;EÞj�JK0

i ðr;R; y; t ¼ 0Þiall
( )

ðA:43Þ

Comparing this with Eq. (A.33), we see that the photofragmentation T matrix

can be related to the energy-dependent AvjKðEÞ coefficients by

AJK
vj ðEÞ ¼

m
2pkvj

� �1=2
1

i

2ð�1Þj�Kffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ d0;KÞ

p( )
eikvjR1T

JKp0
vj ðA:44Þ

or

T
JKp0
vj ¼ ið�1ÞK�j AJK

vj ðEÞ
2pkvj
m

� �1=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1þ d0;KÞ

p
2

( )
e�ikvjR1 ðA:45Þ

The partial differential photofragmentation cross section is therefore given by

(see Eqs. (A.32) and (A.33))

svjmj
ðE; k̂kÞ ¼ 2p2n

c E0

1

4p

���� XJiþ1
J¼Ji�1

X
K

2J þ 1ð Þ1=2DJ
K;Miþmðfk; yk; 0ÞDj

�K;�mj
ðfk; yk; 0Þ

� 1 Ji J

m Mi �ðmþMiÞ

� �
T
JKp0
vj

����2 ðA:46Þ
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91. K. Weide, K. Kühl, and R. Schinke, J. Chem. Phys. 91, 3999 (1989).

92. J. C. Light, I. P. Hamilton, and V. J. Lill, J. Chem. Phys. 82, 1400 (1985).

93. A. J. H. M. Meijer and E. M. Goldfield, Phys. Chem., Chem. Phys. 3, 2811 (2001).

94. P. A. M. Dirac, The Principes of Quantum Mechanics, 4th ed. (Clarendon, Oxford, 1958).

95. C. Cohen-Tanouji, B. Diu, and F. Laloe,QuantumMechanics, 2nd ed. (Wiley, NewYork, 1977).

96. P. M. Regan, D. Ascenzi, A. Brown, G. G. Balint-Kurti, and A. J. Orr-Ewing, Phys. Chem.,

Chem. Phys. 112, 10259 (2000).

97. A. Brown and G. G. Balint-Kurti, J. Chem. Phys. 113, 1879 (2000).

98. G. G. Balint-Kurti, A. J. Orr-Ewing, J. A. Beswick, A. Brown, and O. S. Vasyutenskii, J. Chem.

Phys. 116, 10760 (2002).

99. E. R. Wouters, M. Ahmed, D. S. Peterska, A. S. Bracker, A. G. Suits, and O. S. Vasyutinskii, in

Imaging in Chemical Dynamics, A. G. Suits and R. E. Continetti, eds. (American Chemical

Society, Washington, DC, 2000), p. 238.

100. M. Karplus and K. T. Tang, Disc. Faraday Soc. 44, 56 (1967).

101. W. H. Miller, J. Chem. Phys. 49, 2373 (1968).

102. G. Wolken, Jr. and M. Karplus, J. Chem. Phys. 60, 351 (1974).

103. G. C. Schatz and A. Kuppermann, J. Chem. Phys. 65, 4642 (1976); ibid. 65, 4668 (1976).

104. A. Kuppermann, in Theoretical Chemistry, Vol. 6, Part A, Theory of Scattering: Papers in

Honour of Henry Eyring, D. Henderson, ed. (Academic Press, New York, 1981), p. 79.

105. J. C. Light and R. B. Walker, J. Chem. Phys. 65, 4272 (1976).

106. U. Halavee and M. Shapiro, J. Chem. Phys. 64, 2826 (1976).

107. M. Baer, Chem. Phys. 15, 49 (1976).

298 gabriel g. balint-kurti



108. D. J. Kouri, in Theory of Chemical Reaction Dynamics, Vol. I, M. Baer, ed. (CRC Press,

Boca Raton, FL, 1985), p. 163.

109. M. S. Child, Mol. Phys. 12, 401 (1967).

110. J. N. L. Connor, Mol. Phys. 15, 37 (1968).

111. M. D’Mello, D. E. Manolopoulos, and R. E. Wyatt, J. Chem. Phys. 94, 5985 (1991).

112. J. M. Launay and M. le Dourneuf, Chem. Phys. Lett. 163, 178 (1989).

113. D. C. Clary, J. Phys. Chem. 98, 10678 (1994).

114. R. T Pack and G. A. Parker, J. Chem. Phys. 87, 3888 (1987).

115. D. G. Truhlar, C. A. Mead, and M. A. Brandt, Adv. Chem. Phys. 33, 295 (1975).

116. G. C. Schatz, Annu. Rev. Phys. Chem. 39, 317 (1988).

117. D. E. Manolopoulos and D. C. Clary, Annu. Rep. C, Roy. Soc. Chem. 86, 95 (1989).

118. W. H. Miller, Annu. Rev. Phys. Chem. 41, 245 (1990).

119. J. M. Bowman, ed., Advances in Molecular Vibrations and Collision Dynamics, Vols. 2A and

2B (JAI Press, Greenwich, CT, 1994).
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I. INTRODUCTION

Electronic structure is often visualized with the help of the electron density rð~rrÞ,
which tells us where the electrons are likely to be found. A different perspective

of electronic structure is provided by the electron momentum density Pð~ppÞ
because Pð~ppÞ d~pp is proportional to the probability of finding an electron with

linear momentum ~pp.
Density functional theory purists are apt to argue that the Hohenberg–Kohn

theorem [1] ensures that the ground-state electron density rð~rrÞ determines all

the properties of the ground state. In particular, the electron momentum density

Pð~ppÞ is determined by the electron density. Although this is true in principle,

there is no known direct route from r to P. Thus, in practice, the electron

density and momentum density offer complementary approaches to a qualitative

understanding of electronic structure.

The possibility that the momentum density viewpoint may bring novel

chemical insights was first explored in the 1940s by Coulson and Duncanson

[2–8], who recognized that the rð~rrÞ and Pð~ppÞ densities are reciprocal in the

sense that the valence region corresponds to large distances r ¼ ~rrj j and small

momenta p ¼ ~ppj j, whereas the core region corresponds to small r and large p.

Several review articles on the theoretical aspects of electron momentum

densities of atoms and molecules were written in the 1970s by Benesch and

Smith [9], Epstein [10,11], Mendelsohn and Smith [12], Epstein and Tanner

[13], Lindner [14], and Kaijser and Smith [15]. Since that time (e,2e)

spectroscopy and the momentum densities of Dyson orbitals have been

reviewed very often [16–28]. However, to my knowledge, a review article on

molecular electron momentum densities has not been written recently apart

from one [29] devoted solely to the zero-momentum critical point. The purpose

of this chapter is to survey what is known about the electron momentum density

of atoms and molecules, and to provide an extensive, but not exhaustive,

bibliography that should be sufficient to give a head start to a nonspecialist who

wishes to enter the field.

Since momentum densities are unfamiliar to many, Section II outlines the

connection between the position and momentum space representations of

wavefunctions and reduced-density matrices, and the connections among one-

electron density matrices, densities, and other functions such as the reciprocal

form factor. General properties of momentum densities, including symmetry,

expansion methods, asymptotic behavior, and moments, are described in
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Section III. Methods for obtaining momentum densities, both experimental and

computational, are reviewed in Section IV. Only a sample of representative

work on the electron momentum densities of atoms and molecules is sum-

marized in Sections V and VI because the topic is now too vast for

comprehensive coverage. Electron momentum densities in solids and other

condensed phases are not considered at all. The literature on electron

momentum spectroscopy and Dyson orbital momentum densities is not

surveyed, either. Hartree atomic units are used throughout.

II. QUANTITIES IN r AND p SPACES

A. Wavefunctions

We restrict ourselves to the clamped-nucleus or Born–Oppenheimer approx-

imation [30,31] because essentially all the work done to date on electron

momentum densities has relied on it. Therefore we focus on purely electronic

wavefunctions and the electron densities that they lead to.

Suppose that 
ð~xx1;~xx2; . . . ;~xxNÞ is the position–space representation of the N-

electron wavefunction. It is a function of the space–spin coordinates

~xxk ¼ ð~rrk;skÞ in which ~rrk is the position vector of the kth electron and sk is

its spin coordinate. The position–space wavefunction 
 is obtained by solving

the usual position- or r-space Schrödinger equation by one of the many well-

developed approximate methods [32–34].

The counterpart wavefunction in momentum–space, �ð~yy1;~yy2; . . . ;~yyNÞ, is a

function of momentum–spin coordinates~yyk ¼ ð~ppk;skÞ in which~ppk is the linear

momentum of the kth electron. There are three approaches to obtaining the

momentum–space wavefunction, two direct and one indirect. The wavefunction

� can be obtained directly by solving either a differential or an integral equation

in momentum– or p space. It can also be obtained indirectly by transformation of

the position–space wavefunction.

The differential equation for � results from a replacement of each coordinate

x in the Hamiltonian operator by iq=qpx. This approach is not at all simple

because of the Coulomb potentials, which involve r�1. Nevertheless, Hylleraas
did succeed in solving this equation for the hydrogen atom [35].

The other direct method is to Fourier-transform the Schrödinger equation to

obtain an integral equation for �. This equation was solved for the hydrogen

atom by Fock [36,37]. An iterative method of Svartholm [38,39] for solving the

integral equation was first applied to He and Hþ2 by McWeeny and Coulson

[40,41], and later to He by Henderson and Scherr [42]. Shibuya and Wulfman

[43], Novosadov [44,45], Monkhorst and Jeziorski [46], and Duchon et al. [47]

tackled polyatomic one-electron systems. The integral equation approach has

been developed and tested by several groups since then, but the amount of effort
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devoted to this pales in comparison with the stupendous amount of work done

on solving the position–space Schrödinger equation. Although the focus of this

review is not the direct solution of the Schrödinger equation in momentum–

space, a list of the relatively few references [48–107] is given in hopes of

encouraging further work. The momentum–space Schrödinger equation has also

been used to derive conditions [108–117] to check and possibly improve the

accuracy of approximate wavefunctions obtained by position–space methods.

The technology for solving the Schrödinger equation is so much farther

advanced in r space than in p space that it is most practical to obtain the

momentum–space � from its position–space counterpart 
. The transformation

theories of Dirac [118,119] and Jordan [120,121] provide the link between these

representations:

� ¼ ð2pÞ�3N=2
ð

 exp �i

XN
k¼1

~ppk �~rrk
" #

d~rr1 d~rr2 � � � d~rrN ð5:1Þ

In short, 
 and � are related by a 3N-dimensional, norm-preserving, Fourier

transform. If the r-space wavefunction is constructed from one-electron

functions, then there is an isomorphism [2] between 
 and �. In particular, if

the wavefunction 
 can be written in terms of spin–orbitals cjð~xxÞ as a single

Slater determinant


ð~xx1;~xx2; . . . ;~xxNÞ ¼ 1ffiffiffiffiffi
N!
p detjc1ð~xx1Þc2ð~xx2Þ � � �cNð~xxNÞj ð5:2Þ

then the corresponding p-space wavefunction is also a Slater determinant

�ð~yy1;~yy2; . . . ;~yyNÞ ¼ 1ffiffiffiffiffi
N!
p detjf1ð~yy1Þf2ð~yy2Þ � � �fNð~yyNÞj ð5:3Þ

in which the spin–momentals,1 or p-space spin–orbitals, fjð~yyÞ are obtained from

the r-space spin–orbitals by the one-electron version of Eq. (5.1):

fjð~pp;sÞ ¼ ð2pÞ�3=2
ð
cjð~rr;sÞe�i~pp�~rr d~rr ð5:4Þ

If the r-space wavefunction is a linear combination of Slater determinants

constructed from a set of spin–orbitals cj

� �
, then its p-space counterpart is the

1In a private letter to me dated August 1, 1986, Robert S. Mulliken suggested the name momental for

the momentum–space counterpart of an orbital. I have tried to keep this nomenclature alive in his

honor.
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same linear combination of Slater determinants constructed from the spin–

momentals fj

� �
obtained as Fourier transforms (5.4) of the spin–orbitals. The

overwhelming majority of contemporary r-space wavefunctions can be

expressed as a linear combination of Slater determinants, and hence only

three-dimensional Fourier transforms (5.4) of the spin–orbitals are necessary to

obtain the corresponding N-electron wavefunction in p space. Use of Eq. (5.1)

becomes necessary only for wavefunctions, such as Hylleraas- or Jastrow-type

wavefunctions, that are not built from a one-electron basis set.

B. Density Matrices

If we are interested only in properties that can be expressed in terms of q-

electron operators, then it is sufficient to work with the qth-order reduced-

density matrix rather than the N-electron wavefunction [122–126]. In this

section, we consider links between the r- and p-space representations of

reduced-density matrices. In particular, we show that if we need the qth-order

density matrix in p space, then it can be obtained from its counterpart in r space

without reference to the N-electron wavefunction in p space.

The r-space, qth-order, reduced-density matrix [123] is defined by

�ðqÞð~xx1; . . . ;~xxq j ~xx 01; . . . ;~xx 0qÞ ¼
N

q

� � ð
d~xxqþ1 � � � d~xxN 
�ð~xx 01; . . . ;~xx 0q;~xxqþ1; . . . ;~xxNÞ
ð~xx1; . . . ;~xxNÞ ð5:5Þ

where the multiplicative binomial factor leads to the so-called Löwdin

normalization. Replacement of this factor by N!=ðN � qÞ! leads to statistical

normalization [124] that is appropriate in the limit as N !1, whereas omission

of the factor leads to unit normalization preferred by mathematicians [125].

If electronic spin is not a focus of attention, then spin can be traced out. The

r-space, spin-traced, qth-order, reduced density matrix is

�ðqÞð~rr1; . . . ;~rrq j ~rr 01; . . . ;~rr 0qÞ ¼
ð
ds1 ds01 � � � dsq ds0q�

ðqÞð~xx1; . . . ;~xxq j ~xx 01; . . . ;~xx 0qÞ
� dðs1 � s01Þ � � � dðsq � s0qÞ ð5:6Þ

where d is Dirac’s delta function [118,119]. The reduced-density matrices form a

hierarchy as the qth-order density matrix can be obtained from the ðqþ 1Þst-
order density matrix as follows

�ðqÞ ¼ ðqþ 1Þ
ðN � qÞ

ð
d~xxqþ1 �ðqþ1Þð~xx1; . . . ;~xxq;~xxqþ1 j ~xx 01; . . . ;~xx 0q;~xxqþ1Þ ð5:7Þ

and an analogous equation can be written for the spin-free case.
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In a similar manner, the p-space, qth-order, reduced-density matrix

[29,127,128] is defined by

PðqÞð~yy1; . . . ;~yyq j ~yy 01; . . . ;~yy 0qÞ ¼
N

q

� � ð
d~yyqþ1 . . . d~yyN ��ð~yy 01; . . . ;~yy 0q;~yyqþ1; . . . ;~yyNÞ�ð~yy1; . . . ;~yyNÞ ð5:8Þ

and its spin-traced counterpart by

PðqÞð~pp1; . . . ;~ppq j ~pp 01; . . . ; ~pp 0qÞ ¼
ð
ds1 ds01 � � � dsq ds0q

�PðqÞð~yy1; . . . ;~yyq j ~yy 01; . . . ;~yy 0qÞdðs1 � s01Þ � � � dðsq � s0qÞ ð5:9Þ

The p-space density matrices form a hierarchy related through the analog of

Eq. (5.7).

The r-space and p-space representations of the qth-order density matrices,

whether spin-traced or not, are related [127] by a 6q-dimensional Fourier

transform because the parent wavefunctions are related by a 3N-dimensional

Fourier transform. Substitution of Eq. (5.1) in Eq. (5.8), and integration over the

momentum variables, leads to the following explicit spin-traced relationship:

PðqÞð~pp1; . . . ;~ppq j ~pp 01; . . . ;~pp 0qÞ ¼ ð2pÞ�3q
ð
d~rr1 � � � d~rrq d~rr 01 � � � d~rr 0q

� �ðqÞð~rr1; . . . ;~rrq j ~rr 01; . . . ;~rr 0qÞ exp �i
Xq
k¼1
ð~ppk �~rrk �~pp 0k �~rr 0kÞ

" #
ð5:10Þ

The corresponding relation including spin is simply Eq. (5.10) with the spin-

traced density matrices replaced by their counterparts, including spin.

The relationships of this section are summarized in Figure 5.1, which makes

it clear that the reduced density matrices form a hierarchy in each space with

Φ

Ψ Γ(q) Γ(2) Γ(1)

Π(q) Π(2) Π(1)

Figure 5.1. The hierarchy of ~rr- and ~pp-space wavefunctions (
 and �) and density matrices

(�ðqÞ andPðqÞ) and the connections between them. Two-headed arrows with aF beside them signify

reversible Fourier transformations, whereas normal arrows signify irreversible contractions.

308 ajit j. thakkar



increasing removal of undesired information as q is stepped down from N to 1.

Moreover, at any step in this reduction process a Fourier transform enables us to

move from r to p space or vice versa. Since the usual Hamiltonian contains only

one- and two-electron operators, and most other properties of interest can also

be expressed in this manner, the most physically interesting density matrices are

the one- and two-electron cases with q ¼ 1 and q ¼ 2.

C. One-Electron Densities

In this chapter, the primary focus is on the one-electron case. Dropping the

q ¼ 1 labels, we can write the r-space, first-order, density matrix as

�ð~xx j ~xx 0Þ ¼ N

ð

�ð~xx 0;~xx2; . . . ;~xxNÞ
ð~xx;~xx2; . . . ;~xxNÞ d~xx2 � � � d~xxN ð5:11Þ

and the p-space, first-order, density matrix as

Pð~yy j ~yy 0Þ ¼ N

ð
��ð~yy 0;~yy2; . . . ;~yyNÞ�ð~yy;~yy2; . . . ;~yyNÞ d~yy2 � � � d~yyN ð5:12Þ

If electronic spin is not a focus of attention, then the spin-traced versions of these

density matrices can be used. The r-space, spin-traced, first-order, reduced-

density matrix is

�ð~rr j ~rr 0Þ ¼
ð
�ð~xx j ~xx 0Þdðs� s0Þ ds ds0 ð5:13Þ

and the p-space, spin-traced, first-order, reduced-density matrix is

Pð~pp j ~pp 0Þ ¼
ð
Pð~yy j ~yy 0Þdðs� s0Þ ds ds0 ð5:14Þ

Setting q ¼ 1 in Eq. (5.10) shows that the first-order r- and p-space density

matrices (whether spin-traced or not) are related by a six-dimensional Fourier

transform [127,129]:

Pð~pp j ~pp 0Þ ¼ ð2pÞ�3
ð
�ð~rr j ~rr 0Þ exp½�ið~pp �~rr �~pp 0 �~rr 0Þ� d~rr d~rr 0 ð5:15Þ

and its inverse

�ð~rr j ~rr 0Þ ¼ ð2pÞ�3
ð
Pð~pp j ~pp 0Þ exp½þið~pp �~rr �~pp0 �~rr 0Þ� d~pp d~pp 0 ð5:16Þ
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The physically meaningful quantities are the densities—the diagonal

elements of the density matrices. For q ¼ 1, we have the usual one-electron

position density

rð~rrÞ ¼ �ð~rr j~rrÞ ¼ N

ð
j
j2dð~rr �~rr1Þ d~xx1 d~xx2 � � � d~xxN ð5:17Þ

and the one-electron momentum density

Pð~ppÞ ¼ Pð~pp j~ppÞ ¼ N

ð
�j j2dð~pp�~pp1Þ d~yy1 d~yy2 � � � d~yyN ð5:18Þ

Letting ~pp 0 ¼~pp in Eq. (5.15) yields

Pð~ppÞ ¼ ð2pÞ�3
ð
�ð~rr j ~rr 0Þ exp½þi~pp � ~rr 0 �~rrð Þ� d~rr d~rr 0 ð5:19Þ

and letting ~rr 0 ¼~rr in Eq. (5.16) gives

rð~rrÞ ¼ ð2pÞ�3
ð
Pð~pp j ~pp 0Þ exp½�i~rr � ~pp 0 �~ppð Þ� d~pp d~pp 0 ð5:20Þ

If the system is in a pure spin state, that is, ŜS2
 ¼ SðSþ 1Þ
 and

ŜSz
 ¼ Ms
, then the electron density can be decomposed into spin components

as follows

rð~rrÞ ¼ rað~rrÞ þ rbð~rrÞ ð5:21Þ

and it is then conventional to introduce the spin density defined by

rsð~rrÞ ¼
rað~rrÞ � rbð~rrÞ

2Ms

ð5:22Þ

The corresponding decomposition of the momentum density is

Pð~ppÞ ¼ Pað~ppÞ þPbð~ppÞ ð5:23Þ

and the spin momentum density is

Psð~ppÞ ¼ Pað~ppÞ �Pbð~ppÞ
2Ms

ð5:24Þ
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The rest of this section is a brief digression that is too interesting to resist.

Equations (5.19) and (5.20) suggest that sum and difference transformations in

both~rr space

~RR ¼ ~rr 0 þ~rr
2

; ~ss ¼ ~rr 0 �~rr ð5:25Þ

and~pp space

~PP ¼ ~pp 0 þ~pp

2
; ~mm ¼ ~pp 0 �~pp ð5:26Þ

may prove interesting. This is indeed so. The Jacobians of these transformations

are unity, so that

d~rr d~rr 0 ¼ d~RRd~ss; d~pp d~pp 0 ¼ d~PP d~mm ð5:27Þ

Then, instead of performing the six-dimensional integral in Eq. (5.19) all at once,

we perform successive three-dimensional integrals over~ss and ~RR. The first step

takes us to Wð~RR;~PPÞ, the Wigner representation [130,131] of the density matrix,

and the second step to the p-space density matrix, Pð~PP�~mm=2j~PPþ~mm=2Þ. The
reverse transformation of Eq. (5.20) can also be performed stepwise over~PP and~mm
to obtain Að~ss;~mmÞ, the Moyal mixed representation [132], and then the r-space

representation �ð~RR�~ss=2j~RRþ~ss=2Þ. These steps are shown schematically in

Figure 5.2.

The electron and momentum densities are just marginal probability functions

of the density matrix in the Wigner representation even though the latter, by the

Heisenberg uncertainty principle, cannot be and is not a true joint position–

momentum probability density. However, it is possible to project the Wigner

density matrix onto a set of physically realizable states that optimally fulfill the

uncertainty condition. One such representation is the Husimi function [122,133–

135]. This seductive line of thought takes us too far away from the focus of this

A(s, µ)

W(R, P )

Π(P –µ /2|P + µ /2)

Γ(R –s /2|R + s /2)

Figure 5.2. The relationships among the r-space density matrix �, the p-space density matrix

P, the Wigner representation W , and the Moyal representation A. Two-headed arrows with a F
beside them signify reversible, three-dimensional, Fourier transformations.
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short chapter, and so we merely refer the reader to the literature [136–144] for

applications of the Wigner, Husimi, and Moyal functions to the electronic

structure of molecules.

D. Connections with Other Functions

Although the r- and p-space representations of wavefunctions and density

matrices are related by Fourier transformation, Eqs. (5.19) and (5.20) show that

the densities are not so related. This is easily understood for a one-electron

system where the r-space density is just the squared magnitude of the orbital

and the p-space density is the squared magnitude of the Fourier transform of the

orbital. The operations of Fourier transformation and taking the absolute value

squared do not commute, and so the p-space density is not the Fourier transform

of its r-space counterpart. In this section, we examine exactly what the Fourier

transforms of these densities are.

Since Pð~ppÞ cannot be obtained by Fourier transformation of rð~rrÞ, we may

ask what the function from which Pð~ppÞ can be obtained by Fourier

transformation is. Or, to put it the other way around, if Fourier transformation

of a density in one space does not yield the density in the other space, what does

it give? This question has been considered [127] in some generality and detail.

Here we merely summarize the outcome for the one-electron densities.

The substitution~ss ¼ ~rr 0 �~rr allows Eq. (5.19) to be written as

Pð~ppÞ ¼ ð2pÞ�3
ð
ei~ss�~pp �ð~rr j~rr þ~ssÞ d~rr d~ss ð5:28Þ

Performing the~rr integration, we can write

Pð~ppÞ ¼ ð2pÞ�3
ð
ei~ss�~ppBð~ssÞ d~ss ð5:29Þ

and see that Pð~ppÞ is the Fourier transform of the function Bð~ssÞ defined by

Bð~ssÞ ¼
ð
�ð~rr j~rr þ~ssÞ d~rr ð5:30Þ

Bð~ssÞ is variously called the reciprocal form factor, the p-space form factor, and

the internally folded density. Bð~ssÞ is the basis of a method for reconstructing

momentum densities from experimental data [145,146], and it is useful for the r-

space analysis of Compton profiles [147–151]. The Bð~ssÞ function probably first

arose in an examination of the connection between form factors and the electron

momentum density [129]. The Bð~ssÞ function has been rediscovered by Howard

et al. [152].
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We now ask analogous questions about the electron density. The Fourier

transform of rð~rrÞ is the form factor of X-ray crystallography:

Fð~mmÞ ¼
ð
ei~mm�~rr rð~rrÞ d~rr ð5:31Þ

How is the form factor related to the p-space density matrix? Substitution of

Eq. (5.20) into Eq. (5.31) and integration over~rr and ~pp 0 yields [127,129]

Fð~mmÞ ¼
ð
Pð~pp j~ppþ~mmÞ d~pp ð5:32Þ

Figure 5.3 provides a concise summary of these relationships. A more elaborate

figure that combines Figures 5.2 and 5.3 and adds some further detail can be

found elsewhere [153].

III. PROPERTIES OF THE MOMENTUM DENSITY

A. Symmetry

The principle of microreversibility [154,155] applies to all bound states

corresponding to real Hamiltonian operators. Hence the N-electron momentum

density before and after time reversal are related by

PðNÞð~pp1; . . . ;~ppN ; tÞ ¼ PðNÞð�~pp1; . . . ;�~ppN ;�tÞ ð5:33Þ
from which it follows that for bound states of atoms and molecules, the exact

one-electron momentum density has inversion symmetry:

Pð~ppÞ ¼ Pð�~ppÞ ð5:34Þ
All real-valued wavefunctions and the overwhelming majority of other

approximate wavefunctions also produce [156] momentum densities that satisfy

ρ(r )

Eq. (5.32)

Eq. (5.30)r ′ = r

F(µ ) Π(p )Π(p |p )

Γ(r |r ′)

p ′ = p

B(s )

′

Figure 5.3. Connections among~rr- and ~pp-space densities, density matrices, and form factors.

Two-headed arrows signify reversible transformations; single-barbed arrows signify irreversible

transformations. A Fourier transform is denoted by F.
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Eq. (5.34). However, it is possible to construct approximate wavefunctions that

lead to electron momentum densities that do not have inversion symmetry.

Within the Born–Oppenheimer approximation, the total electronic system must

be at rest; the at-rest condition ð
~ppPð~ppÞ d~pp ¼ 0 ð5:35Þ

is automatically satisfied because of inversion symmetry [156]. Another

immediate consequence of inversion symmetry is that the gradient of Pð~ppÞ
vanishes at~pp ¼~00, and~pp ¼~00 is always a critical point of Pð~ppÞ.

Quite apart from the inversion symmetry described above, within the Born–

Oppenheimer approximation, there is symmetry that results from the symmetry

of the nuclear configuration. Suppose that the latter has the symmetry described

by the point group Gn. In the absence of degeneracies, this ensures that both the

exact number density rð~rrÞ and the exact momentum density Pð~ppÞ transform as

the totally symmetric irreducible representation of Gn. The densities obtained

from approximate wavefunctions will also have this symmetry provided that the

underlying basis set is closed under the symmetry operations of Gn, and that

there are no methodological artifacts that break the symmetry. If there are

degeneracies, these arguments remain valid provided that we take averages of

the densities over the ensemble of degenerate states.

Taking both the symmetry of the nuclear configuration and the inversion

symmetry described above into account, it follows that the symmetry of the

momentum density Pð~ppÞ is Gn � Ci. If Gn contains the inversion operation îi,

then Gn � Ci ¼ Gn. However, if Gn does not contain îi, then the symmetry of the

momentum density is higher than Gn. For example, a heteronuclear diatomic

molecule like HF has C1v symmetry, as does its electron density rð~rrÞ, but
its momentum density Pð~ppÞ has C1v � Ci ¼ D1h symmetry, as seen graphi-

cally in the work of Thakkar et al. [157]. Rawlings and Davidson [158] gave

other graphical examples: pyrrole for which rð~rrÞ has C2v symmetry but Pð~ppÞ
has D2h symmetry, and the cyclopentadiene anion for which rð~rrÞ has D5h sym-

metry but Pð~ppÞ has D10h symmetry. Further discussions of the increased sym-

metry in p space, including tables of Gn � Ci, can be found elsewhere [159–161].

B. Expansions

Within the Born–Oppenheimer approximation, the nuclei are at rest and have

zero momentum. So the electron momentum density is an intrinsically one-

center function that can be expressed usefully in spherical polar coordinates and

expanded as follows [162,163]

Pð~ppÞ ¼
X1
‘¼0

X‘
m¼�‘

P2‘;mðpÞY2‘;mðyp;jpÞ ð5:36Þ
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where the Y2‘;mðyp;jpÞ are the spherical harmonic functions [155,164]. Only

terms with even ‘ contribute because of inversion symmetry. This expansion is

commonly used in the reconstruction of momentum densities from experimental

data [162] and has been used for the analysis of momentum densities [163]. It is

often convenient to use real-valued harmonics S2‘;mðyp;jpÞ instead of the

complex-valued Y2‘;mðyp;jpÞ in Eq. (5.36).

Molecular symmetry leads to further restrictions on the expansion (5.36). A

discussion, with many references, of symmetry-adapted expansions was given

by Heuser-Hofmann and Weyrich [165]. A particularly simple case occurs in

linear molecules where cylindrical symmetry ensures that there is no jp

dependence. Hence only the m ¼ 0 terms survive, and the expansion (5.36)

becomes simply [157]

Pð~ppÞ ¼
X1
‘¼0

P2‘ðpÞP2‘ðcos ypÞ ð5:37Þ

where P2‘ðpÞ ¼ ð4‘þ 1Þ=ð4pÞ½ �1=2P2‘;0ðpÞ and P2‘ðcos ypÞ is a Legendre

polynomial [155,166]. The expansion is rapidly convergent in the chemically

important small-p region where it is dominated [157] by the spherical termP0ðpÞ
and the first three anisotropic terms involving P2ðpÞ, P4ðpÞ, and P6ðpÞ.

Special importance is attached to the leading term

P0ð pÞ ¼ P00ðpÞ
ð4pÞ1=2

ð5:38Þ

of the expansions of Eqs. (5.36) and (5.37). This term is simply the spherical

average of the electron momentum density:

P0ð pÞ ¼ ð4pÞ�1
ð
Pð~ppÞ d�~pp ¼ ð4pÞ�1

ð2p
0

ðp
0

Pð~ppÞ dyp djp ð5:39Þ

For S-state atoms, the momentum density is spherically symmetric and therefore

Pð ~ppÞ ¼ P0ð pÞ. Nonspherical Pð ~ppÞ can occur in atomic states of higher

angular momentum. However, these states are degenerate, and an ensemble

average is required. This is equivalent to a spherical average for any one of the

states in the degenerate manifold. The spherically averaged momentum density

P0ð pÞ is also of interest for molecules because it is a quantity that can be

obtained from gas-phase experiments.

C. Asymptotic Behavior

The asymptotic behavior of the spherically averaged momentum density P0ð pÞ
is well understood. The small-p behavior is most easily treated with the
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MacLaurin expansion of P0ð pÞ given by [167,168]

P0ð pÞ ¼ P0ð0Þ þP000ð0Þp2
2!

þPðivÞ0 ð0Þp4
4!

þ � � � ð5:40Þ

in which P0ð0Þ ¼ Pð~00Þ ¼ Pð0Þ is the electron momentum density at zero

momentum, P000ð0Þ is its curvature at that point, and PðivÞ0 ð0Þ is its fourth

derivative at p ¼ 0. The coefficients of pk in Eq. (5.40) have, in some previous

work, been denoted by Ak; for example, A2 ¼ P000ð0Þ=2. Only even powers of p

appear in the expansion because of inversion symmetry. Combining Eqs. (5.29)

and (5.30) and taking the limit as~pp!~00 leads to the relationships [127]

P0ð0Þ ¼ Pð~00Þ ¼ ð2pÞ�3
ð
Bð~ssÞ d~ss ¼ ð2pÞ�3

ð
�ð~rr j~rr þ~ssÞ d~rr d~ss ð5:41Þ

which show the link between the momentum density at zero-momentum and

r-space functions.

The asymptotic expansion for large p is given [9,12,168,169] by

P0ð pÞ ¼ b8p
�8 þ b10p

�10 þ b12p
�12 þ � � � ð5:42Þ

In atoms, the coefficient of the leading term in Eq. (5.42) can be expressed in

terms of r-space densities as [12,168,169]

b8 ¼ 2

p
�2Z dr0

dr

� �
r¼0
þ dI0

du

� �
u¼0

� �
ð5:43Þ

in which

r0ðrÞ ¼ ð4pÞ�1
ð
rð~rrÞ d�~rr ð5:44Þ

is the spherical average of the electron density and

I0ðuÞ ¼ ð4pÞ�1
ð
Ið~uuÞ d�~uu ð5:45Þ

is the spherical average of the intracule, or interelectronic vector, density defined

[128,170] by

Ið~uuÞ ¼
ð
�ð2Þð~rr1;~rr2Þ dð~uu�~rr1 þ~rr2Þ d~rr1 d~rr2 ð5:46Þ

If the electron–nucleus cusp condition for the electron density [171,172]

dr0
dr

� �
r¼0
¼ �2Zr0ð0Þ ð5:47Þ
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and the electron–electron cusp condition for the intracule density [171,173]

dI0

du

� �
u¼0
¼ I0ð0Þ ð5:48Þ

are satisfied, as they must be for the exact wavefunction, then the leading

coefficient of the asymptotic expansion of Eq. (5.42) can be rewritten simply as

b8 ¼ 2

p
4Z 2r0ð0Þ þ I0ð0Þ
� � ð5:49Þ

This equation connects the large-p behavior of the momentum density with

the small-r behavior of the electron density and small-u behavior of the intracule

density. Hence, Eq. (5.49) is a quantitative manifestation of the reciprocal nature

of r and p space.

D. Moments

Some simple characteristics of the momentum density are its moments defined

by

h pki ¼
ð
pkPð~ppÞ d~pp ð5:50Þ

Integration over the spherical polar angles leads to

h pki ¼ 4p
ð1
0

pkþ2P0ð pÞ dp ¼
ð1
0

pkIð pÞ dp ð5:51Þ

in which the radial momentum density Ið pÞ is defined by

Ið pÞ ¼ 4pp2P0ð pÞ ð5:52Þ

In view of the asymptotic behavior ofP0ð pÞ shown in Eqs. (5.40) and (5.42), it is
apparent that the moments h pki are finite only for �3 < k < 5. The k ¼ 0

moment is simply the number of electrons because of the normalization

condition

h p0i ¼
ð
Pð~ppÞ d~pp ¼ N ð5:53Þ

The second moment h p2i is twice the electronic kinetic energy, and the fourth

moment h p4i is proportional to the correction to the kinetic energy due to the

relativistic ‘‘variation of mass with velocity’’ [174–178].
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Since the momentum density is related to the reciprocal form factor or

internally folded density by a Fourier transform, Eq. (5.29), there are sum rules

that connect moments of momentum with the spherical average of Bð~rrÞ defined
by

B0ðrÞ ¼ ð4pÞ�1
ð
Bð~rrÞ d�~rr ð5:54Þ

¼ 4p
ð1
0

P0ðpÞ j0ðprÞ p2 dp ð5:55Þ

in which j0ðxÞ ¼ x�1 sin x is the zeroth-order spherical Bessel function [166].

Specifically [127,179,180], there are the following integral relations

ph p3i
8
¼
ð1
0

r�1
d3B0

dr3
dr ð5:56Þ

ph pi
4
¼
ð1
0

r�2 N � B0ðrÞ½ � dr ð5:57Þ

ph p�1i
2
¼
ð1
0

B0ðrÞ dr ð5:58Þ

h p�2i ¼
ð1
0

rB0ðrÞ dr ð5:59Þ

2p2P0ð0Þ ¼
ð1
0

r2B0ðrÞ dr ð5:60Þ

the differential relationships

h p2i ¼ �3 d2B0

dr2

� �
r¼0

ð5:61Þ

h p4i ¼ 5
d4B0

dr4

� �
r¼0

ð5:62Þ

and the normalization condition B0ð0Þ ¼ N.

IV. OBTAINING MOMENTUM DENSITIES

A. Isotropic Compton Profiles

There are well-exploited connections between experimental phenomena and

electron momentum densities. Inelastic scattering [167,181–184] of high-energy

electrons, X rays, or g rays by electrons in a molecule allows us to measure

the electron momentum density of the molecule. The observable is the intensity

of the Compton scattering at wavelengths shifted, by a Doppler broadening–like
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mechanism, from the wavelength at which Compton scattering by a motionless

electron would be predicted. This intensity yields the probability of an electron

having a certain momentum or, in other words, the electron momentum density

provided that the experiment can be analyzed within the impulse approximation.

The latter assumption is valid only when the energy of the incident photon is

much larger than the target electron’s binding energy. In that case, the

momentum transfer between the photon and the electron can be assumed to take

place instantaneously, allowing the target electron to be treated as a free electron

with the same momentum. We can imagine that under these circumstances the

target electron has been ‘‘caught’’ between collisions with other particles in the

system, and the main effect of the other electrons and nuclei in the molecule is

to smear out the probability of finding the target electron with a given

momentum ~pp.
Within the impulse approximation, the gas-phase Compton profile J0ðqÞ is

related [185,186] to the isotropic momentum density by

J0ðqÞ ¼ 1

2

ð1
qj j
p�1IðpÞ dp ¼ 2p

ð1
qj j
pP0ð pÞ dp ð5:63Þ

where q is the momentum transfer. Clearly, Eq. (5.63) can be inverted to give

P0ð pÞ ¼ �1
2pp

dJ0ðqÞ
dq

� �
p

ð5:64Þ

Since P0ð pÞ > 0, it follows from Eq. (5.64) that the isotropic Compton profile

J0ðqÞ is a monotonically decreasing function of q. Letting q ¼ 0 in Eq. (5.63) and

comparing with Eq. (5.51), it is apparent that the peak of the isotropic Compton

profile is half of the k ¼ �1 moment:

J0ð0Þ ¼ 1
2
hp�1i ð5:65Þ

The Compton profile satisfies the normalization condition:

2

ð1
0

J0ðqÞ dq ¼ N ð5:66Þ

Typically the experimental measurements are most accurate at small q.

Inserting the MacLaurin expansion, Eq. (5.40), of P0ðpÞ into Eq. (5.63) leads to

the MacLaurin expansion [167,187] for the isotropic Compton profile:

J0ðqÞ ¼ J0ð0Þ � pP0ð0Þ½ �q2 � pP000ð0Þ
4

q4 þ Oðq6Þ ð5:67Þ
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and hence fitting the measured profile at small momentum transfers q to a

polynomial in q2 yields values ofP0ð0Þ andP000ð0Þ. These coefficients have been
extracted from experimental Compton profiles for both atoms and molecules

[167]. Insertion of the asymptotic expansion of the momentum density,

Eq. (5.42), into Eq. (5.63) leads to the large-q expansion [187]

J0ðqÞ ¼ pb8
3

q�6 þ pb10
4

q�8 þ pb12
5

q�10 þ � � � ð5:68Þ

Other moments of momentum can also be obtained directly from the

Compton profile without first going through the numerical differentiation of

Eq. (5.64), which is prone to roundoff and truncation errors. In particular,

several groups [9,188–191] independently reported one or more of the sum rules

h pki ¼ 2ðk þ 1Þ
ð1
0

qkJ0ðqÞ dq; 0 � k � 4 ð5:69Þ

which can be derived by integrating by parts, using Eqs. (5.51) and (5.64), and

the expansions of Eqs. (5.67) and (5.68) to eliminate the surface terms. The k ¼ 0

case of Eq. (5.69) is just the normalization condition, Eq. (5.66). Equations

(5.65) and (5.69) provide a direct route from the Compton profile to the moments

h pki,�1 � k � 4. The remaining integral moment h p�2i can be obtained from a

sum rule [192]

h p�2i ¼ 2

ð1
0

q�2 J0ð0Þ � J0ðqÞ½ � dq ð5:70Þ

which seems to be less widely known than Eqs. (5.65) and (5.69). Connections

between the nuclear geometry dependence of the Compton profile of a poly-

atomic molecule and its potential energy surface along a uniform scaling path

have been derived and explored [193]. A relationship between the Compton

profile and the stopping power is also known [194].

B. Directional Compton Profiles

No directional information is obtained from gas-phase experiments because the

molecules are freely rotating. In the solid state, the rotational motion can be

frozen, and the directional Compton profile can be written as

J q;
~qq

q

� �
¼
ð
S

Pð~ppÞ dS ð5:71Þ

where S is the plane surface defined by~pp �~qq ¼ q2. In other words, the Compton

profile is given by the momentum density integrated over a plane perpendicular
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to the scattering vector. An equivalent expression is [15,195]

J q;
~qq

q

� �
¼
ð
Pð~ppÞ d ~pp �~qq

q
� q

� �
d~pp ð5:72Þ

In the special case that the scattering vector is parallel to one of the coordinate

axes, these expressions look much simpler. For example, if ~qq is parallel to the

z axis, the directional Compton profile, expressed in Cartesian coordinates, is

simply the marginal momentum density along the pz axis:

Jð0; 0; pzÞ ¼
ð
Pðpx; py; pzÞ dpx dpy ð5:73Þ

There are two main methods [145] for the reconstruction of Pð ~ppÞ from the

directional Compton profile. In the Fourier–Hankel method [145,162], the

directional Compton profile is expanded as

Jð~qqÞ ¼
X1
‘¼0

X‘
m¼�‘

J2‘;mðqÞY2‘;mðyq;jqÞ ð5:74Þ

Then the radial terms of this expansion can be connected to those of the

momentum density expansion of Eq. (5.36) by

J‘;mðqÞ ¼ 2p
ð1
qj j
P‘;mð pÞP‘ðq=pÞp dp ð5:75Þ

in which P‘ðxÞ is a Legendre polynomial [166]. This allows term-by-term

reconstruction of Pð ~ppÞ from Jð~qqÞ. The reciprocal form factor can also be

expanded in like manner

Bð~rrÞ ¼
X1
‘¼0

X‘
m¼�‘

B2‘;mðrÞY2‘;mðy;jÞ ð5:76Þ

and related to the expansion of Eq. (5.36) through

B‘;mðrÞ ¼ 4pð�iÞ‘
ð1
0

P‘;mðpÞ j‘ð prÞp2 dp ð5:77Þ

in which j‘ð prÞ is a spherical Bessel function [166]. Note that the ‘ ¼ 0;m ¼ 0

terms in Eqs. (5.74) and (5.76) are proportional to the spherically averaged

quantities introduced earlier in Eqs. (5.54) and (5.63) as follows:

B0ðrÞ ¼ B0;0ðrÞ
ð4pÞ1=2

ð5:78Þ
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and

J0ðqÞ ¼ ð4pÞ�1
ð
Jð~qqÞ d�q ¼ J0;0ðqÞ

ð4pÞ1=2
ð5:79Þ

Thus the ‘ ¼ 0;m ¼ 0 cases of Eqs. (5.75) and (5.77) reduce to Eqs. (5.63) and

(5.55), respectively.

The inverse of Eq. (5.29) allows us to write

Bð0; 0; zÞ ¼
ð
e�izpz Pðpx; py; pzÞ dpx dpy dpz ð5:80Þ

and combine Eq. (5.80) with Eq. (5.73) to find

Bð0; 0; zÞ ¼
ð1
�1

e�izpz Jð0; 0; pzÞ dpz ð5:81Þ

Thus Fourier transformation of Jð~qqÞ along a single direction yields Bð~rrÞ along a

single direction. This recognition is the basis of the Fourier reconstruction

method [145,146] for Pð ~ppÞ.
A vast number of directional Compton profiles have been measured for ionic

and metallic solids, but none for free molecules. Nevertheless, several

calculations of directional Compton profiles for molecules have been performed

as another means of analyzing the momentum density.

C. (e,2e) Spectroscopy

In binary (e,2e) or electron momentum spectroscopy, an incoming electron

collides with a molecule and two electrons leave the molecule. The measured

differential cross section is proportional to the spherically averaged momentum

density of the pertinent Dyson orbital within the plane-wave impulse

approximation. A Dyson orbital ck is defined by

Sck ¼
ð

�kþð~xx1; . . . ;~xxN�1Þ
ð~xx1; . . . ;~xxN�1;~xxNÞ d~xx1 d~xx2 � � � d~xxN�1 ð5:82Þ

where S is a normalization constant, 
 is the ground-state wavefunction of the

target molecule, and 
kþ is the wavefunction for some state of the resulting

cation. If the neutral molecule is described within the Hartree–Fock model, then

the Dyson orbital is a linear combination of the occupied Hartree–Fock orbitals.

If the cation is further approximated using Koopmans’ theorem, the Dyson

orbital is just a canonical Hartree–Fock orbital of the target molecule. When all

these approximations are valid, we may talk about ‘‘looking at orbitals in the

laboratory.’’ The vast literature on this method and its applications will not

be examined here since there are many excellent review articles available

[16–28,196].
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D. Computational Methods

Given a wavefunction built from a one-particle basis set, it is convenient

[9,197,198] to proceed with the computation of the six-dimensional Fourier

transform in Eq. (5.15) by inserting the spectral expansion [123,126]

�ð~rr j ~rr 0Þ ¼
X
k

lkc
�
kð~rr 0Þckð~rrÞ ð5:83Þ

in which the lk are the occupation numbers of the natural orbitals ckð~rrÞ.
Provided that the number of natural orbitals with nonzero occupation number, in

other words, the one-rank, is finite, interchanging the order of integration and

summation leads to

Pð~pp j ~pp 0Þ ¼
X
k

lkf
�
kð~pp 0Þfkð~ppÞ ð5:84Þ

Here, the p-space natural momentals fkð~ppÞ are Fourier transforms of the r-space

natural orbitals:

fkð~ppÞ ¼ ð2pÞ�3=2
ð
ckð~rrÞ expð�i~pp �~rrÞ d~rr ð5:85Þ

Thus there is an isomorphism between the first-order, r-space density matrix �
and its p-space counterpart P, just as there is an isomorphism between a r-space

wavefunction built from a one-particle basis set and the corresponding p-space

wavefunction as described in Section II.

Since the overwhelming majority of wavefunctions are constructed from a

one-particle basis set fwjð~rrÞ; j ¼ 1; . . . ; ng, the natural orbitals can be expressed
in that basis set as

ckð~rrÞ ¼
Xn
j¼1

wjð~rrÞcjk ð5:86Þ

Fourier transformation is a linear operation, and hence the natural momentals

have the analogous expansion

fkð~ppÞ ¼
Xn
j¼1

ojð~ppÞcjk ð5:87Þ

where fojð~ppÞ; j ¼ 1; . . . ; ng is the p-space basis set constructed from the

Fourier transforms of the r-space basis functions:

ojð~ppÞ ¼ ð2pÞ�3=2
ð
wjð~rrÞ expð�i~pp �~rrÞ d~rr ð5:88Þ

Thus the momentum density can be written as

Pð~ppÞ ¼
Xn
i¼1

Xn
j¼1

Pijo�j ð~ppÞoið~ppÞ ð5:89Þ
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where Pij is an element of the p-space density matrix in the o basis and of the

r-space density matrix in the w basis:

Pij ¼
Xn
k¼1

lkcikc�jk ð5:90Þ

A point that initially surprises some is that many of the off-diagonal terms in

Eq. (5.89) are complex-valued, even when the r-space basis functions and

expansion coefficients are all real. However, the momentum density is always

real because each off-diagonal ij term in Eq. (5.89) is the complex conjugate of

the corresponding ji term. The electron density can be written as

rð~rrÞ ¼
Xn
i¼1

Xn
j¼1

Pijw�j ð~rrÞwið~rrÞ ð5:91Þ

illustrating once again the isomorphism of the densities in r and p space.

The transforms of Eq. (5.88) can be performed in closed form for most basis

functions of interest including Gaussian- and Slater-type functions. Moreover,

formulas for the computation of the spherically averaged momentum density

and isotropic Compton profile have been worked out for most of the commonly

used basis sets. The methods and formulas have been summarized in a review

article by Kaijser and Smith [15]. Advantages and disadvantages of various

types of basis sets, including many unconventional ones, have been analyzed

from a momentum–space perspective [199–201]. Most methodological work on

integrals relevant to momentum–space properties that is more recent than the

review of Kaijser and Smith [15] has focused on basis sets of Gaussian-type

functions. Expressions for momentum moments [202,203], spherically averaged

Compton profiles and reciprocal form factors [204], spherically averaged

momentum densities [202,205] and directional Compton profiles [206] from

Gaussian-type functions have been reported more recently. Moreover, formulas

for one-center integrals over Slater-type functions were published [207].

V. ATOMS

In atoms, the natural orbitals can be written as products of radial functions and

spherical harmonics

cn‘mðr; y;jÞ ¼ r‘ f n‘ðrÞ Y‘mðy;jÞ ð5:92Þ
and, as a consequence, so can the natural momentals [9,208]:

fn‘mðr; yp;jpÞ ¼ un‘ð pÞ Y‘mðyp;jpÞ ð5:93Þ

The radial momental un‘ð pÞ is related to the radial orbital r‘ f n‘ðrÞ by a Hankel
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transformation

un‘ð pÞ ¼ ð�iÞ‘p�1=2
ð1
0

J‘þ1=2ð prÞ f n‘ðrÞ r‘þ3=2 dr ð5:94Þ

in which J‘þ1=2ðprÞ is a Bessel function of half-integer order [166]. The

spherically averaged momentum density is then

P0ð pÞ ¼ ð4pÞ�1
X
n‘m

ln‘m un‘ð pÞj j2 ð5:95Þ

The momentals for the hydrogen atom were first worked out by Podolsky and

Pauling [208]. Results for the hydrogen atom are worth recording since they are

a good hook for one’s intuition. In the ground state of a hydrogenlike ion with

nuclear charge Z, the momentum density is given by

P0ð pÞ ¼ 8

p2Z3 1þ p2=Z2ð Þ4 ð5:96Þ

the isotropic Compton profile by

J0ðqÞ ¼ 8

3pZð1þ q2=Z2Þ3 ð5:97Þ

the momentum moments by

h p�2i ¼ 5

Z2
; h p�1i ¼ 16

3pZ

h pi ¼ 8Z

3p
; h p2i ¼ Z2

h p3i ¼ 16Z3

3p
; h p4i ¼ 5Z4

ð5:98Þ

and the reciprocal form factor by

B0ðrÞ ¼ e�Zr 1þ Zr þ Z2r2

3

� �
ð5:99Þ

Observe from Eq. (5.96) that the momentum density becomes more and more

diffuse as the nuclear charge is increased whereas precisely the opposite trend is

observed for the electron density

r0ðrÞ ¼ Z3p�1e�2Zr ð5:100Þ
This is a manifestation of the reciprocal nature of r- and p-space densities.

A. Momentum Densities

Another vivid illustration of the reciprocity of densities in r and p spaces

is provided by Figure 5.4, which shows the radial electron density
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DðrÞ ¼ 4pr2r0ðrÞ and radial momentum density IðpÞ ¼ 4pp2P0ðpÞ for the 11S

ground state of the beryllium atom computed from a high-quality Hartree–

Fock–Roothaan wavefunction [209]. Both densities show two peaks, one arising

from the K-shell (1s) electrons and the other from the L-shell (2s) electrons.

However, the origin of the peaks is inverted. The DðrÞ function has a sharp, high
K-shell peak at small r and a broad, low L-shell maximum at large r whereas

Ið pÞ has a sharp, high L-shell peak at small p and a broad, low K-shell

maximum at large p.

A fair amount of effort has been devoted to the manifestations of atomic shell

structure in the momentum density and related functions [210–215]. The

number of maxima observed in Ið pÞ varies from one to four, with 35 and 48

atoms exhibiting two and three local maxima [215]. No maxima in Ið pÞ
corresponding to the most corelike shells are found in heavy atoms. Correlations

have been found between 1=pmax, where pmax is the location of the innermost

maximum of Ið pÞ, and the relative size of the atom [215].

Computational data suggest that the electron density r0ðrÞ is a monotonically

decreasing function of r in all atoms [216–218] and all examined single-charged

ions [219]. This is definitely not the case for the momentum density P0ð pÞ, as
was evident from early work [127,151,220]. Smith et al. [221] showed that,

within the bare Coulomb approximation [222], P0ð pÞ is a monotonically

decreasing function of p for an atom with an arbitrary number of closed shells.

Since the bare Coulomb model provides the leading term in the Z�1

perturbation theory expansion [223] of P0ð pÞ, the momentum density of

highly charged ions must be monotonically decreasing [221,224]. Moreover, the

observed nonmonotonic behavior must be due to higher-order terms in the Z�1

perturbation theory expansion [223] of P0ð pÞ.
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Figure 5.4. The radial electron density DðrÞ (left) and radial momentum density IðpÞ (right)
for 11S Be: 1s contribution (dotted), 2s contribution (dashed), and total (solid).
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Many computations were made to classify the various types of behavior that

P0ð pÞ can have in atoms and atomic ions [210,211,225–229], but some

confusion persisted because different authors obtained different results in a few

problematic cases. Purely numerical Hartree–Fock calculations, free from basis

set artifacts, were then used to establish that the ground-state momentum

densities of all the atoms and their ions can be classified into just three types

[230,231] as illustrated in Figure 5.5.

Type I momentum densities, characteristic of He, N, Mn, all atoms from

groups 1–6, 13, and 14 except Ge, and the lanthanides and actinides, are

unimodal and have a maximum at p ¼ 0. A density of this type is shown in

Figure 5.5 for the potassium atom. The maximum at p ¼ 0 comes mainly from
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Figure 5.5. Types of electron momentum densities P0ðpÞ in atoms. Solid lines are used for the

total density, whereas dotted lines and crosses indicate the contribution from the outermost s and p

orbitals, respectively. Top left: a type I density for the potassium atom. Top right: a typical type II

density for the argon atom. Bottom left: a typical type III density for the silver atom. Bottom right: a

closeup of P0ðpÞ for the silver atom showing the minimum and secondary maximum. Adapted from

Thakkar [29].
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the outermost s subshell, 4s in this case. Type II densities, the norm for

nonmetal atoms, are found in Ge, Pd and all atoms from groups 15–18 except

He and N. They are unimodal, have a local minimum at p ¼ 0 and a global

maximum at pmax > 0. A representative density of this type is shown in

Figure 5.5 for the argon atom. The maximum comes from the outermost p

subshell, 3p in this case. Type III momentum densities, found for all atoms from

groups 7–12 except Mn and Pd, are bimodal with a global maximum at p ¼ 0

and a secondary maximum at pmax > 0 separated by a local minimum. A

typical density of this type is shown in Figure 5.5 for the silver atom. At first

glance, P0ð pÞ for the silver atom appears to be of type I. However, the closeup

view in Figure 5.5 reveals the local minimum and secondary maximum. The

global maximum comes from the outermost s subshell (5s), whereas the

secondary maximum originates from the outermost p and d subshells (4p and 4d

in this case).

B. Small-p Behavior

At small p, the momentals have the MacLaurin expansion [168]

un‘ð pÞ ¼ ð�iÞ‘
Xm
k¼0

an‘kp
‘þ2k þ Oð p‘þ2mþ1Þ ð5:101Þ

where

an‘k ¼ ð2=pÞ1=2ð�1ÞkFn‘k

ð2kÞ!ð2k þ 1Þð2k þ 3Þ � � � ð2k þ 2‘þ 1Þ ð5:102Þ

in which

Fn‘k ¼
ð1
0

f n‘ðrÞ r2kþ2‘þ2 dr ð5:103Þ

Then the momental densitiesPn‘ð pÞ ¼ ð4pÞ�1 un‘ð pÞj j2 for various values of the
angular momentum quantum number ‘ have the following expansions [187]:

Pn0ð pÞ ¼ ð360p2Þ�1 180F2
n00 � 60Fn00Fn01p

2
� �

þ ð360p2Þ�1ð3Fn00Fn02 þ 5F2
n01Þp4 þ Oð p6Þ ð5:104Þ

Pn1ð pÞ ¼ ð90p2Þ�1 5F2
n10p

2 � Fn10Fn11p
4

� �þ Oð p6Þ ð5:105Þ

Pn2ð pÞ ¼ F2
n20

450p2
p4 þ Oð p6Þ ð5:106Þ

Pn3ð pÞ ¼ Oð p6Þ ð5:107Þ
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Clearly, only s orbitals contribute to P0ð0Þ, only s and p orbitals to P000ð0Þ, and
so on.

Hartree–Fock calculations of the three leading coefficients in the MacLaurin

expansion, Eq. (5.40), have been made [187,232] for all atoms in the periodic

table. The calculations [187] showed that 93% of P0ð0Þ comes from the

outermost s orbital, and that P0ð0Þ behaves as a measure of atomic size.

Similarly, 95% of P000ð0Þ comes from the outermost s and p orbitals. The sign of

P000ð0Þ depends on the relative number of electrons in the outermost s and p

orbitals, which make negative and positive contributions, respectively. Clearly,

the coefficients of the MacLaurin expansion are excellent probes of the valence

orbitals. The curvature P000ð0Þ is a surprisingly powerful predictor of the global

behavior of P0ðpÞ. A positive P000ð0Þ indicates a type II momentum density,

whereas a negative P000ð0Þ indicates that P0ð0Þ is of either type I or III

[187,230]. MacDougall has speculated on the connection between P000ð0Þ and
superconductivity [233].

Calculations of P000ð0Þ are very sensitive to the basis set. The venerable

Clementi–Roetti wavefunctions [234], often considered to be of Hartree–Fock

quality, get the sign of P000ð0Þ wrong for the silicon atom. Purely numerical,

basis-set-free, calculations [232,235] have been performed to establish Hartree–

Fock limits for the MacLaurin expansion coefficients of P0ðpÞ. The effects of

electron correlation on P0ð0Þ, and in a few cases P000ð0Þ, have been examined

for the helium atom [236], the hydride anion [236], the isoelectronic series of the

lithium [237], beryllium [238], and neon [239] atoms, the second-period atoms

from boron to fluorine [127], the atoms from helium to neon [240], and the neon

and argon atoms [241]. Electron correlation has only moderate effects onP0ð0Þ.
C. Compton Profiles and Moments

Duncanson and Coulson [242,243] carried out early work on atoms. Since then,

the momentum densities of all the atoms in the periodic table have been studied

within the framework of the Hartree–Fock model, and for some smaller atoms

with electron-correlated wavefunctions. There have been several tabulations of

J0ðqÞ, hpki, and asymptotic expansion coefficients for atoms [187,244–251] with

Hartree–Fock-Roothaan wavefunctions. These tables have been superseded by

purely numerical Hartree–Fock calculations that do not depend on basis sets

[232,235,252,253]. There have also been several reports of electron-correlated

calculations of momentum densities, Compton profiles, and momentum

moments for He [236,240,254–257], Li [197,237,240,258], Be [238,240,258,

259], B through F [240,258,260], Ne [239,240,258,261], and Na through Ar

[258]. Schmider et al. [262] studied the spin momentum density in the lithium

atom. A review of Mendelsohn and Smith [12] remains a good source of

information on comparison of the Compton profiles of the rare-gas atoms with

experiment, and on relativistic effects.
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The h pki moments for all the neutral atoms can be fit to simple functions of

the number of electrons [232,263]. These functions are heuristic extensions of

expressions [264–266] derived on the basis of the Thomas–Fermi model [267–

271], with the Scott-Schwinger correction [272,273] for strongly bound

electrons. Thus, the Hartree–Fock h pki for the neutral atoms from hydrogen

(N ¼ 1) through lawrencium (N ¼ 103) can be fit [232] as follows:

h p4i � 5p2N4

3
1� 1:0574

N1=3
þ 0:496

N2=3
� 0:134

N

� �
ð5:108Þ

h p3i � 32N3 logN

9p
þ N3 0:492þ 0:97

N1=3
þ 0:26

N2=3

� �
ð5:109Þ

h p2i � 1:53749N7=3 1� 0:675

N1=3
þ 0:507

N2=3
� 0:18

N

� �
ð5:110Þ

h pi � 0:693747N5=3 1þ 0:024

N1=3
þ 0:2

N2=3

� �
ð5:111Þ

These fits incur average errors of only 0.3, 0.3, 0.2, and 0.8%, respectively. It is

possible [263] to fit the h p�1i and h p�2i moments by using measures of the

numbers of electrons in the various subshells, but the fits are not as accurate,

particularly for h p�2i, because these moments exhibit strongly periodic

behavior. The Hartree–Fock values of b8, the coefficient of the leading term in

the large-p asymptotic expansion Eq. (5.42) for the 103 neutral atoms, can be fit

with an average error of 0.1% to the simple expression [187,232]

b8 � N5 2:0134� 0:676

N1=3
� 0:527

N2=3

� �
ð5:112Þ

The fits given above are not meant to replace more accurate tabulations. Instead,

they serve to bring out the essential dependence of these complex quantities

on the atomic number.

D. Inequalities

Many inequalities involving P0ð pÞ and its moments h pki, and sometimes also

moments hr ki of the electron density r0ðrÞ, have been found. Much work of this

type has been done by Gadre and coworkers [274–277]; the Granada group of

Dehesa, Gálvez, Porras, Angulo, Antolı́n, Zarzo, and Romera [278–288]; and

Li, Tao, and Wang [289–292]. The list of references given here is representative

and not exhaustive. The most interesting of these inequalities are those that

interconnect properties of p- and r-space densities. All these inequalities rely on

some mathematical constraints on the momentum density. These conditions are
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usually verified numerically at the Hartree–Fock level for several, if not all,

atoms. However, in most cases, the conditions on P0ðpÞ cannot be proved in

general. Therefore, a prospective user should bear in mind that it is likely but

not guaranteed that the inequalities are satisfied in other cases such as electron-

correlated or experimental values for atoms, or for molecules. There are also

empirical inequalities that are motivated by semiclassical considerations. They

are discussed in the next section because they have been tested for many

molecules as well.

A closely related area is the problem of reconstructing the momentum

density from a few of its moments and possibly its values at a few points.

Representative work along these lines was reported by Gadre [293], Koga [294–

297], and Antolı́n, Angulo, and coworkers [298–301].

VI. MOLECULES

A. Mapping Pð ~ppÞ and Jð~qqÞ
The qualitative study of electronic structure through the electron (number)

density rð~rrÞ relies heavily on linecut diagrams, contour plots, perspective plots,

and other representations of the density and density differences. There is a

review article by Smith and coworkers [302] devoted entirely to classifying and

explaining the different techniques available for the pictorial representation of

electron densities. Beautiful examples of this type of analysis can be seen in the

work of Bader, Coppens, and others [303,304].

Obviously, graphical techniques are equally important in the study of

electron momentum densities. Coulson [2,4] made the pioneering effort in this

direction. Other early work was published by Henneker and Cade [305]; Epstein

and Lipscomb [306–308]; Kaijser, Lindner, and coworkers [309–311]; Tanner

and Epstein [312]; and Tawil and Langhoff [313,314]. A synthesis of these

studies was made by Epstein and Tanner [13], who abstracted some principles

that they hoped would be generally applicable to chemical bonding. One of their

abstractions pinned down an observation about the anisotropy of Pð~ppÞ that had
been made in several of the earlier studies. Epstein and Tanner called it the

‘‘bond directional principle,’’ and they stated it as follows [13]:

The momentum of an electron in a chemical bond is more likely to be directed

perpendicular to than along the bond axis. Furthermore, in the chemical bond there

is greater density at low momentum along the bond and greater density at high

momentum perpendicular to the bond than was the case in the isolated atoms.

Although the principle has turned out to have many exceptions [315], as

discussed later, it has served as an inspiration for many researchers interested in

uncovering the links between the reorganization of electron momentum densities

and chemical bonding.
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Subsequent work on graphical analysis of anisotropic momentum densities,

directional Compton profiles, and their differences in diatomic molecules

was reported by several groups, including Kaijser and Smith [195,316], Ramirez

[317–319], Matcha, Pettit, Ramirez, and McIntire [320–328], Leung and Brion

[329,330], Simas et al. [331], Rozendaal and Baerends [332,333], Cooper and

Allan [334], Anchell and Harriman [138], and Rérat et al. [335,336].

The expansions, Eqs. (5.36) and (5.37), of Pð~ppÞ can be used to reduce

dimensionality by focusing on the radial coefficients [157]. Thakkar and

coworkers [157] formulated empirical rules to help understand the small-p

behavior of Pð ~ppÞ for linear molecules using only the first four P2‘ð pÞ terms.

This technique was subsequently used to analyze bonding in 14-electron

diatomics [337], strong hydrogen bonding [338], substituent effects in alkynes

and cyanides [339], and bonding in alkaline-earth oxides [340,341].

Koga [342] greatly extended Coulson’s analysis [4] of electron momentum

densities for planar, conjugated hydrocarbons by providing a definitive analysis

of momentum distributions of Hückel p electrons. Momentum densities and

directional Compton profiles were studied for benzene and H2O by Janis et al.

[343,344]; cyclopentadiene anion, pyrrole, N2, C2H2, C2H4, CH2O, and Hþ49, by
Rawlings and Davidson [158]; CH4, by Kaijser et al. [345]; large polyenes, by

Cooper et al. [346]; and C2H2 and C2H4, by Tripathi et al. [347]. Janis, Kaijser,

Smith, and Whangbo [195,343] introduced the Jð0;~qq=qÞ [or Jð~00Þ for short]

surface to measure the zero-momentum Compton profile anisotropy. Staroverov

and Davidson [206] present Compton maps, two-dimensional contour plots of

the directional Compton profile in a selected plane, for Hþ2 , water, ammonia,

ethylene and singlet methylene.

In view of the many exceptions to the bond directional principle [13] found

in the work cited in the last three paragraphs, Tanner carefully reassessed it in a

thoughtful paper [315]. He then formulated a new version as follows

In a chemical bond in a bound molecule at its equilibrium configuration, there are

values of ~ppm of momentum which are more probable, i.e., which correspond to

local maxima of Pð~ppÞ. Those values are determined by both the geometric and

electronic symmetries of the molecule. For momenta, ~pp ¼~ppm þ d~pp, near a

maximum it is more likely that d~pp is perpendicular rather than parallel to the bond axis.

Tanner pointed out that a few exceptions to the revised bond directional principle

were already known. He emphasized that the principle is a qualitative one, and

attempts to makes it more precise would defeat the purpose of giving a feel for

what Pð~ppÞ is like.

B. Topographic Analysis

The topography of rð~rrÞ is often studied [303] in terms of the Hessian of rð~rrÞ at
its critical points, that is, the set of points f~rrcg for which rrð~rrcÞ ¼~00. In an
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analogous fashion, the topography of Pð~ppÞ can be discussed [160,212] in terms

of the Hessian of Pð ~ppÞ at its critical points, that is, the set of points f~ppcg for
which rPð~ppcÞ ¼~00. A critical point is characterized by the rank r and signature

s of the Hessian matrix at ~ppc. The rank is the number of nonzero eigenvalues,

and the signature is the number of positive eigenvalues minus the number of

negative ones. The point ~pp ¼~00 or p ¼ 0 is always a critical point of Pð ~ppÞ
because of the inversion symmetry of the latter.

Topographic studies [160,348] of Pð ~ppÞ find that the p ¼ 0 critical point

is perhaps the most important one because it is a harbinger of the other critical

points [349] in the sense that the nature of the other critical points can be

predicted from the type of critical point found at p ¼ 0. Connections between

the zero-momentum critical point and the bond-directional principle [13,315]

have been explored [349,350]. Unfortunately, simple rules are hard to find, and

all allowed types of topographies are found even in linear molecules [351]. The

value of P0ð0Þ has been found useful [352,353] as a measure for following a

chemical reaction in p space. Schmider and Hô [143] considered molecular

networks, defined as a system of local maxima connected by gradient paths,

in position, momentum, and phase space for methane, ethane, neopentane,

cyclohexane, ethylene, butadiene, cyclopentadiene, benzene, and acetylene.

They found that, in momentum–space, complex networks were found only for

molecules with high symmetry and bonds only in a few distinct directions. Only

a few critical points of Pð ~ppÞ were found in molecules with lower symmetry.

The high sensitivity of the topography of Pð ~ppÞ to computational details has

been examined. Even the signature of a critical point can vary with the basis set

and amount of electronic correlation included in a calculation [143,241, 350,354].

A taste of topographies [351] ofPð~ppÞ with a maximum at zero momentum is

provided by Figure 5.6. N2 has a ðr ¼ 3; s ¼ �3Þ global maximum at p ¼ 0.
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Figure 5.6. Surface plots of the electron momentum density of N2 illustrating a ð3;�3Þ
maximum at ~pp ¼~00. Left: Pð px; 0; pzÞ. Right: Pð px; py; 0Þ. Adapted from Thakkar [29,351].
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The surface plot of Pð ~ppÞ in the pxpz plane is simply a hill. Symmetry ensures

that an identical plot would be obtained for all other vertical planes of

symmetry. A similar plot is seen for the horizontal pxpy plane of symmetry.

C2 has a ð3; 3Þ minimum at p ¼ 0. Figure 5.7 shows that the plot in the pxpz
plane has the structure of a caldera. The local minimum at p ¼ 0 is surrounded

by a ring of critical points including two local maxima located at 
0:42 a.u.

along the pz axis. Critical points along the px axis must also appear in all other

directions perpendicular to the pz axis. This is seen in the plot for the horizontal

pxpy plane of symmetry. The plot looks like a volcano. The zero-momentum

minimum is surrounded by a ring of critical points in the pxpy plane.

Topographies of Pð~ppÞ with a saddle point at zero momentum are illustrated

in Figure 5.8, which shows a perspective plot for a typical momentum density
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Figure 5.7. Surface plots of the electron momentum density of C2 illustrating a ð3; 3Þ
minimum at ~pp ¼~00. Left: Pð px; 0; pzÞ. Right: Pð px; py; 0Þ. Adapted from Thakkar [29,351].
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Figure 5.8. Surface plots of the electron momentum density of F2 illustrating a ð3; 1Þ saddle
point at ~pp ¼~00. Left: Pð px; 0; pzÞ. Right: Pð px; py; 0Þ. Adapted from Thakkar [29,351].
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with a zero-momentum ð3;þ1Þ critical point using the example of F2. The plot

in the ð pxpzÞ plane has a complicated structure. The zero-momentum critical

point is a pass between two peaks located along the px axis at px ¼ 
0:52 a.u.,

and is a barrier separating two troughs centered along the pz axis at pz ¼

0:52 a.u. Critical points along the px axis must also appear in all other

directions perpendicular to the pz axis. The plot of Pð ~ppÞ in the horizontal pxpy
plane resembles a volcano.

A ð3;�1Þ critical point indicates a saddle point at p ¼ 0. A typical

momentum density with a zero momentum ð3;�1Þ critical point is shown for

Be2 in Figure 5.9. The surface plot in the vertical plane of symmetry has two

local (and global) maxima located symmetrically along the pz axis at

pz ¼ 
0:26 a.u. The plot has the structure of two hills separated by a ridge

or col. The plot in the horizontal pxpy plane has the structure of a hill.

C. Zero-Momentum Behavior

For most molecules, the small momentum expansion of the momentum density

requires the full 3� 3 Hessian matrix A of Pð ~ppÞ at ~pp ¼~00. In Cartesian

coordinates, this matrix has elements

Aab ¼ Pabð0Þ ¼ lim
~pp!~00

q2Pð~ppÞ
qpaqpb

for a; b 2 fx; y; zg ð5:113Þ

Choosing a coordinate system that diagonalizes the Hessian matrix, the

MacLaurin expansion of the three-dimensional momentum density Pð ~ppÞ can
be written as [241]

Pð~ppÞ ¼ Pð~00Þ þ 1

2
Pxxð0Þp2x þPyyð0Þp2y þPzzð0Þp2z
h i

þ � � � ð5:114Þ
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Figure 5.9. Surface plots of the electron momentum density of Be2 illustrating a ð3;�1Þ saddle
point at ~pp ¼~00. Left: Pð px; 0; pzÞ. Right: Pð px; py; 0Þ. Adapted from Thakkar [29,351].
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Observe that P0ð0Þ ¼ Pð~00Þ and

P000ð0Þ ¼
1

3
lim
~pp!~00

TrðAÞ ð5:115Þ

provide the connections [241] between the coefficients of Eqs. (5.40) and

(5.114).

For linear molecules, convention dictates that the high-symmetry axis be the

z axis and then the Hessian of Pð~ppÞ is diagonal in this coordinate system.

Moreover, the expansion of Eq. (5.114) can be reduced to a two-dimensional

one by using spherical polar coordinates to exploit the cylindrical symmetry.

The expansion can be written as [355]

Pð~ppÞ ¼ A0 þ A2 þ A22P2ðcos ypÞ
� �

p2 þ A4 þ A42P2ðcos ypÞ
�

þA44P4ðcos ypÞ
�
p4 þ � � � ð5:116Þ

in which the P2‘ðcos ypÞ are Legendre polynomials, A0 ¼ P0ð0Þ, A2 ¼ P000ð0Þ=2,
and A4 ¼ PðivÞ0 ð0Þ=24. The connections between the coefficients of Eqs. (5.116)

and (5.114) are given [351] by

P000ð0Þ ¼ 2A2 ¼ Pzzð0Þ þ 2Pxxð0Þ
3

ð5:117Þ

and

A22 ¼ Pzzð0Þ �Pxxð0Þ
3

ð5:118Þ

Values of the MacLaurin coefficients computed from good, self-consistent-

field wavefunctions have been reported [355] for 125 linear molecules and

molecular ions. Only type I and II momentum densities were found for these

molecules, and they corresponded to negative and positive values of P000ð0Þ,
respectively. An analysis in terms of molecular orbital contributions was made,

and periodic trends were examined [355]. The qualitative results of that work

[355] are correct but recent, purely numerical, Hartree–Fock calculations [356]

for 78 diatomic molecules have demonstrated that the highly regarded

wavefunctions of Cade, Huo, and Wahl [357–359] are not accurate for P0ð0Þ
and especially P000ð0Þ. These problems can be traced to a lack of sufficiently

diffuse functions in their large basis sets of Slater-type functions.

The coefficients of the small-p expansion of P0ðpÞ, Eq. (5.40), have been

extracted by fitting to experimental Compton profiles for both atoms and

molecules [167]. Table V.1 gives a flavor of the tense confrontation between
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theory and experiment that can occur over the values of P0ð0Þ and P000ð0Þ. It
lists many measurements and calculations for N2—the most widely studied

molecule in this respect. Notice the rather large error bars on the measured

values of P000ð0Þ. Agreement between the latest theory and experiment is close

but not perfect. The new generation of synchrotrons will provide fresh

opportunities for fruitful confrontation between computation and experiment.

Calculations of P000ð0Þ will be challenging because it is highly sensitive to both

basis set and electron correlation effects as seen above, and in work [241] on 14

small species.

D. Other Work

There has been much quantitative work aimed at achieving agreement between

theory and experimental isotropic Compton profiles. Particularly elaborate

TABLE V.1

Comparison of Theoretical and Experimental Values of P0ð0Þ and P000ð0Þ for N2
a

Method/Basis R P0ð0Þ P000ð0Þ
SCF/R [361] 2.068 1.2984 �2:073
SCF/L [362] 2.068 1.4075 �2.469
SCF/C [363] 2.068 1.4079 �2.772
SCF/T [363] 2.068 1.4485 �3.765
SCF/aug-cc-pVDZ [241] 2.0743 1.458 �3.70
SCF/aug-cc-pVTZ [241] 2.0743 1.434 �3.22
Numerical HF [356] 2.068 1.436 �3.066
MCSCF-FOCI/R [361] 2.068 1.3206 �2.839
MP2/aug-cc-pVDZ [241] 2.0743 1.640 �6.82
MP2/aug-cc-pVTZ [241] 2.0743 1.584 �5.98
MRCI2E/L [362] 2.068 1.4319 �3.013
MRCI2/T [363] 2.068 1.5237 �5.506
MRCI4/T [363] 2.068 1.5284 �5.600
MRCI4/Tþzero point vibration [363] 2.068 1.5277 �5.552
SDQMP4/aug-cc-pVDZ [241] 2.0743 1.597 �6.24
SDQMP4/aug-cc-pVTZ [241] 2.0743 1.534 �5.28
160-keV g rays [364] 1:39
 0:04 �2:9
 1:5

160-keV g rays [365] 1:40
 0:09 �2:8
 1:0

60-keV g rays [366] 1:40
 0:17 �2:7
 1:4

Ag Ka and Mo Ka X rays [364,367] 1:51
 0:20 �3:1
 1:3

25-keV electron impact [368] 1:56
 0:31 �4:0
 2:0

a The calculations are not all at exactly the same bond length R. The basis set is indicated after the

slash in the method. R, L, C, and T are basis sets of Slater-type functions. The aug-cc-pVDZ and

aug-cc-pVTZ basis sets [360] are composed of Gaussian functions. SCF stands for self-consistent-

field; MC, for multiconfiguration; FO, for first-order; CI, for configuration interaction; MR, for

multireference; MPn, for nth-order Møller–Plesset perturbation theory; and SDQ, for singles,

doubles, and quadruples.
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efforts have been made for molecular hydrogen [369–373], water [374–376],

ammonia [376], methane [345,376], nitrogen [361–363], and ethylene and

acetylene [347].

Bond additivity [377] has been studied with localized molecular orbitals by

Epstein [308], Smith et al. [378,379], and Measures et al. [380], and with

phenomenological analysis of theoretical Compton profiles by Hirst and

Liebmann [381–383], Reed et al. [384], and by Cade et al. [385]. Hybridization

has been examined from a momentum space viewpoint by Cooper et al. [386]

and Clark et al. [387].

Indices of molecular similarity and dissimilarity based on the electron

momentum density have been found useful by Allan, Cooper and coworkers

[388–393] and Hô et al. [394].

E. Moments

Semiclassical phase space arguments by Burkhardt [395], Kónya [396], and

Coulson and March [397,398] have led to the following approximate

relationships

h pki � Ik; �1 � k � 2 ð5:119Þ

in which

Ik ¼ ð3p
2Þk=3

1þ k=3

ð
rð~rrÞ½ �1þk=3 d~rr ð5:120Þ

The limits on k are more restrictive in Eq. (5.119) than in Eq. (5.51) because the

incorrect asymptotic behavior of the quasiclassical densities leads to divergent

moments for k ¼ �2; 3; 4. Of course

I0 ¼
ð
rð~rrÞ d~rr ¼ N ð5:121Þ

is just the normalization condition, and so the k ¼ 0 case of Eq. (5.119) is

trivially exact: hp0i ¼ I0. The relationships in Eq. (5.119) are interesting because

they give a direct route from the electron number density to moments of the

electron momentum density. The k ¼ 1 and k ¼ 2 cases are of particular interest

in density functional theory [399] because I1=p is the Dirac approximation to the

exchange energy [400], and I2=2 is the venerable approximation for the kinetic

energy introduced by Thomas [267] and Fermi [268–270].

Several studies [401–408] found that the approximations of Eq. (5.119) were

moderately accurate at the Hartree–Fock level for many atoms and a few

diatomic molecules. Pathak et al. [409] suggested extending the same
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relationship [Eq. (5.119)] to the remaining allowable values of k ¼ �2; 3; 4.
They examined the approximation (5.119) for the extended range �2 � k � 4

for 35 diatomic molecules at the Hartree–Fock level. They conjectured the

bounds

h pki � Ik; k ¼ �2;�1 ð5:122Þ
and

h pki � Ik; k ¼ 1; 2; 3; 4 ð5:123Þ
on the basis of their molecular data, and previously published data.

Thakkar and Pedersen [410] continued this study by computing data for 122

linear molecules at the Hartree–Fock level. The bounds of Eqs. (5.122)–(5.123)

were satisfied in all cases. Figure 5.10 shows the ratios Rk ¼ h pki=Ik computed

by them [410] for k ¼ �1; 1; 2. It shows that Eq. (5.119) is reasonably accurate

with median errors of 2.2% in the k ¼ 1 case, but less so with median errors of

9.3 and 12% in the k ¼ 2 and k ¼ �1 cases, respectively. The bounds of Eqs.

(5.122) and (5.123) were found to be quite loose for k ¼ �2; 3; 4. Thakkar and
Pedersen [410] also proposed some simple heuristic models relating h pki and Ik
more closely. The best of these was

h pki � Ik 1þ bkN
�1=3 þ gkN

�2=3
� �

ð5:124Þ
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Figure 5.10. Ratios R�1 ¼ h p�1i=I�1 (�), R1 ¼ h p1i=I1 (þ), and R2 ¼ h p2i=I2 (4) as a

function of the number of electrons N for 122 linear molecules. Based on the data of Thakkar and

Pedersen [410].
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in which the bk and gk are empirical parameters obtained by fitting to their

Hartree–Fock data. This model approaches the quasi-classical results for large N.

It leads to median errors of 11, 1.8, 0.5, 0.6, 1.3, and 2.6% for the k ¼ �2;�1;
1; 2; 3; 4 cases, respectively, for the database of 122 linear molecules to which it

was fitted.

F. Concluding Remarks

It is apparent that only a trickle of work has been, and is currently being, done

on momentum densities in comparison with the torrent of effort devoted to the

position space electron density. Moreover, much of the early work on Pð ~ppÞ has
suffered from an undue emphasis on linear molecules. Nevertheless, some

useful insights into the electronic structure of molecules have been achieved by

taking the electron momentum density viewpoint. The most recent phenomenal

developments in computer hardware, quantum chemical methods and software

for generating wavefunctions, and visualization software suggest that the time is

ripe to mount a sustained effort to understand momentum densities from a

chemical perspective. Readers of this chapter are urged to take part in this

endeavor.
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123. P. O. Löwdin, Phys. Rev. 97, 1474–1489 (1955).

124. R. McWeeny, Rev. Mod. Phys. 32, 335–369 (1960).

125. A. J. Coleman, Rev. Mod. Phys. 35, 668–686 (1963).

126. E. R. Davidson, Reduced Density Matrices in Quantum Chemistry (Academic Press, NewYork,

1976).

127. A. J. Thakkar, A. M. Simas, and V. H. Smith, Jr., Chem. Phys. 63, 175–183 (1981).

128. A. J. Thakkar, Extracules, intracules, correlation holes, potentials, coefficients and all that, in

Density Matrices and Density Functionals, R. M. Erdahl and V. H. Smith, Jr., eds. (Reidel,

Dordrecht, Holland, 1987), pp. 553–581.

129. R. Benesch, S. R. Singh, and V. H. Smith, Jr., Chem. Phys. Lett. 10, 151–153 (1971).

130. E. P. Wigner, Phys. Rev. 40, 749–759 (1932).

131. M. Hillery, R. F. O’Connell, M. O. Scully, and E. P. Wigner, Phys. Rep. 106, 121–167 (1984).

132. J. E. Moyal, Proc. Camb. Phil. Soc. 45, 99–124 (1949).

133. M. E. Casida, J. E. Harriman, and J. L. Anchell, Int. J. Quantum Chem. Symp. 21, 435–456

(1987).

134. J. E. Harriman, J. Chem. Phys. 88, 6399–6408 (1988).

135. J. E. Harriman and M. E. Casida, Int. J. Quantum Chem. 45, 263–294 (1993).

136. M. Springborg, Theor. Chim. Acta 63, 349–356 (1983).

137. J. P. Dahl and M. Springborg, J. Chem. Phys. 88, 4535–4547 (1988).

138. J. L. Anchell and J. E. Harriman, J. Chem. Phys. 89, 6860–6869 (1988).

139. J. L. Anchell and J. E. Harriman, J. Chem. Phys. 92, 2943–2952 (1990).

140. J. E. Harriman, J. Mol. Struct. (THEOCHEM) 91, 141–154 (1992).

141. H. Schmider, J. Chem. Phys. 105, 3627–3635 (1996).

142. H. Schmider and J. P. Dahl, Int. J. Quantum Chem. 60, 439–452 (1996).
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336. M. Merawa, M. Rérat, and A. Lichanot, Int. J. Quantum Chem. 71, 63–74 (1999).

337. A. M. Simas, V. H. Smith, Jr., and A. J. Thakkar, Int. J. Quantum Chem. Symp. 18, 385–392

(1984).

338. A. M. Simas, V. H. Smith, Jr., and A. J. Thakkar, J. Mol. Struct. (THEOCHEM) 123, 221–229

(1985).

339. A. M. Simas, V. H. Smith, Jr., and A. J. Thakkar, Can. J. Chem. 63, 1412–1417 (1985).

340. B. S. Sharma, A. N. Tripathi, and A. J. Thakkar, J. Chem. Phys. 79, 3164–3165 (1983).

341. A. Jain, A. N. Tripathi, and V. H. Smith, Jr., Can. J. Chem. 67, 1886–1891 (1989).

342. T. Koga, Chem. Phys. 87, 31–41 (1984).

343. W. J. Janis, P. Kaijser, M. H. Whangbo, and V. H. Smith, Jr.,Mol. Phys. 35, 1237–1245 (1978).

344. W. Janis, P. Kaijser, J. Sabin, and V. H. Smith, Jr., Mol. Phys. 37, 463–472 (1978).

345. P. Kaijser, A. N. Tripathi, V. H. Smith, Jr., and G. H. F. Dierksen, Phys. Rev. A 35, 4074–4084

(1987).

346. D. L. Cooper, N. L. Allan, and P. J. Grout, J. Chem. Soc. Faraday Trans. II 85, 1519–1529

(1989).

347. A. N. Tripathi, V. H. Smith, Jr., P. Kaijser, and G. H. F. Diercksen, Phys. Rev. A 41, 2468–2481

(1990).

348. S. A. Kulkarni, S. R. Gadre, and R. K. Pathak, Phys. Rev. A 45, 4399–4406 (1992).

349. S. A. Kulkarni and S. R. Gadre, Z. Naturforsch. Sect. A 48, 145–150 (1993).

350. J. Wang, B. Clark, H. Schmider, and V. H. Smith, Jr., Can. J. Chem. 74, 1187–1191 (1996).

351. A. J. Thakkar, Z. Phys. Chemie 215, 1265–1275 (2001).

352. S. R. Gadre and S. A. Kulkarni, Proc. Ind. Acad. Sci. 105, 149–153 (1993).

353. S. A. Kulkarni and S. R. Gadre, J. Am. Chem. Soc. 115, 7434–7438 (1993).

354. S. A. Kulkarni and S. R. Gadre, Chem. Phys. Lett. 274, 255–263 (1997).

355. A. J. Thakkar and W. A. Pedersen, Int. J. Quantum Chem. Symp. 23, 245–253 (1989).

356. A. K. Roy and A. J. Thakkar, Chem. Phys. Lett. 362, 428–434 (2002).

357. P. E. Cade and W. Huo, Atom. Data Nucl. Data Tables 12, 415–466 (1973).

358. P. E. Cade and A. C. Wahl, Atom. Data Nucl. Data Tables 13, 339–389 (1974).

359. P. E. Cade and W. Huo, Atom. Data Nucl. Data Tables 15, 1–39 (1975).

360. T. H. Dunning, Jr., J. Chem. Phys. 90, 1007–1023 (1989).

361. A. J. Thakkar, J. W. Liu, and W. J. Stevens, Phys. Rev. A 34, 4695–4703 (1986).

362. A. J. Thakkar, J. W. Liu, and G. C. Lie, Phys. Rev. A 36, 5111–5117 (1987).

363. A. J. Thakkar and H. Tatewaki, Phys. Rev. A 42, 1336–1345 (1990).

364. P. Eisenberger and W. A. Reed, Phys. Rev. A 5, 2085–2094 (1972).

365. P. Eisenberger and W. A. Reed, Phys. Rev. B 9, 3237–3241 (1974).

366. T. Paakkari and M. Merisalo, Chem. Phys. Lett. 33, 432–435 (1975).

350 ajit j. thakkar



367. P. Eisenberger, Phys. Rev. A 5, 628–635 (1972).

368. T. C.Wong, J. S. Lee, H. F.Wellenstein, and R. A. Bonham,Phys. Rev. A 12, 1846–1858 (1975).

369. R. E. Brown and V. H. Smith, Jr., Phys. Rev. A 5, 140–143 (1972).

370. V. H. Smith, Jr., A. J. Thakkar, W. H. Henneker, J. W. Liu, B. Liu, and R. E. Brown, J. Chem.

Phys. 67, 3676–3682 (1977). Erratum: 73, 4150 (1980).

371. J. W. Liu and V. H. Smith, Jr., Mol. Phys. 35, 145–154 (1978).

372. B. Jeziorski and K. Szalewicz, Phys. Rev. A 19, 2360–2365 (1979).

373. J. N. Migdall, M. A. Coplan, D. S. Hench, J. H. Moore, J. A. Tossell, V. H. Smith, Jr., and J.-W.

Liu, Chem. Phys. 57, 141–146 (1981).

374. M. H. Whangbo, E. Clementi, G. H. Diercksen, W. von Niessen, and V. H. Smith, Jr., J. Phys.

B (Atom. Mol. Phys.) 7, L427–430 (1974).

375. G. H. F. Diercksen, W. Kraemer, and V. H. Smith, Jr., Phys. Lett. 54A, 319–320 (1975).

376. T. Ahlenius and P. Lindner, Chem. Phys. Lett. 34, 123–127 (1975).

377. C. A. Coulson, Mol. Phys. 26, 507–508 (1973).

378. V. H. Smith, Jr. and M. H. Whangbo, Chem. Phys. 5, 234–243 (1974).

379. M. H. Whangbo, W. von Niessen, and V. H. Smith, Jr., Chem. Phys. 6, 282–290 (1974).

380. P. T. Measures, N. L. Allan, and D. L. Cooper, Int. J. Quantum Chem. 60, 579–592 (1996).

381. D. M. Hirst and S. P. Liebmann, Mol. Phys. 30, 597–607 (1975).

382. D. M. Hirst and S. P. Liebmann, Mol. Phys. 30, 1693–1699 (1975).

383. D. M. Hirst and S. P. Liebmann, Chem. Phys. Lett. 42, 403–406 (1976).

384. W. A. Reed, L. C. Snyder, P. Eisenberger, X. J. Pinder, T. Weber, and Z. Wasserman, J. Chem.

Phys. 67, 143–146 (1977).

385. P. E. Cade, W. H. Henneker, and A. Kostyla, J. Chem. Phys. 70, 3715–3725 (1979).

386. D. L. Cooper, S. D. Loades, and N. L. Allan, J. Mol. Struct. (THEOCHEM) 75, 189–196 (1991).

387. B. J. Clark, H. L. Schmider, and V. H. Smith, Jr., On hybrid orbitals in momentum space, in

Pauling’s Legacy: Modern Modelling of the Chemical Bond, Z. B. Maksic and W. J. Orville-

Thomas, eds. (Elsevier, Amsterdam, 1999), pp. 213–229.

388. D. L. Cooper and N. L. Allan, J. Am. Chem. Soc. 114, 4773–4776 (1992).

389. N. L. Allan and D. L. Cooper, J. Chem. Inform. Comput. Sci. 32, 587–590 (1992).

390. N. L. Allan and D. L. Cooper, Top. Curr. Chem. 173, 85–111 (1995).

391. P. T. Measures, K. A. Mort, N. L. Allan, and D. L. Cooper, J. Comput.-Aided Mol. Design

9, 331–340 (1995).

392. N. L. Allan and D. L. Cooper, J. Math. Chem. 23, 51–60 (1998).

393. L. Amat, R. Carbo-Dorca, D. L. Cooper, and N. L. Allan, Chem. Phys. Lett. 367, 207–213

(2003).
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Gögtas, F., 251(47), 265(47), 269(47,148),

275(47), 297, 300

Goldbeck-Wood, G., 3-4(8), 36-37(8), 62

Goldfield, E. M., 260(93), 264(93,134,137-138),

266(149), 270(149,151-152),

271(149,152), 272(149,151), 273(152),

275(151), 282(152), 284(137-138),

270(93), 298–300

356 author index



Gonzalez, M., 270-271(152), 273(152),

273(152), 282(152), 300

Gorn, N. L., 194(13), 208(13), 212(13), 214(13),

237(13), 245

Gottlieb, M., 68(5), 189

Grabensteller, J. E., 251(31), 296

Granberg, P., 220(95), 222(109), 247

Grassia, P. S., 152(19-20), 155(19-20),

164(19-20), 166(19-20), 189

Gray, S. K., 251(48-49), 261(90),

264(133,137-138),

266(133,144,146-147,149-150), 269(133),

270(144,149-152), 271(149-150,152),

272(133,149,151), 273(133,150,152),

275(133,151), 279(48,90), 280(133),

281(133,185-186), 282(133,152),

283(133), 284(137-138), 297–301

Griffiths, R. B., 204(32-33), 245

Gross, R., 220(94), 247

Grossi, G., 306(103), 343

Grout, P. J., 332(346), 338(405), 350, 352

Guldberg, A., 251(18), 276(18), 296

Gunnarsson, K., 233(132), 248

Gunton, J. D., 22(39), 63

Guo, H., 251(50-51,69-74), 283(51), 288(50),

297

Halavee, U., 264(106), 298

Halvick, P., 279(168-169), 300

Hamilton, I. P., 261(92), 276(92), 278(92), 298

Hammann, J., 220(101-102), 222(148),

224(102), 229(129), 247–248

Hammerich, A., 251(18), 276(18), 296

Han, J., 40(46), 63

Hankel, M., 266(144,146-147), 270(144),

273(160), 275(160), 299–300

Hansen, M. F., 213(55), 215(63-65), 217(64),

223(114), 225(63-65,114,120-121,124),

233(64-65), 236(121), 246, 248

Hansen, T. B., 306(102), 343

Hanson, M., 199(24), 225(122-123), 245, 248

Harich, S. A., 251(56,58-60), 266(150),

270-271(150), 273(150), 297, 300

Harmalkar, A., 326(224), 347

Harriman, J. E., 311(133-135), 312(138-140),

332(138), 344

Harvey, A., 329(244), 347

Hashitsume, N., 208(45), 210(45), 246

Hassager, O., 68(3-4), 74(3-4), 78(3-4), 86(3),

98(3-4), 101(4), 160(4), 163(4), 179(4), 188

Hasselbach, K., 194(6), 245

Hayashi, M., 331(296), 349

Helfand, E., 68(7), 189

Helgaker, T., 305(34), 341

Heller, E. J., 250(1-3), 251(1-3,36), 257(1),

261(1-3,36), 283(1-3), 295–296

Hench, D. S., 338(373), 351

Henderson, M. G., 305(42), 342

Henneker, W. H., 331(305), 338(370,385), 349,

351

Hernández, J. M., 199(25), 245

Hertz, J. A., 215(68), 218(68), 246

Herzberg, G., 252(78), 259(78), 298

Heuser-Hofmann, E., 315(165), 345

Hicks, B. L., 320(188), 329(254), 346, 348

Hikosaka, M., 36(43), 63

Hillery, M., 311(131), 344

Hinch, E. J., 68(10), 96(10), 115(10), 117(10),

137-138(10), 141(10), 151(10),

152(19-20), 155(19-20), 164(19-20),

166(19-20), 189

Hirst, D. M., 338(381-383), 351
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Kühl, K., 261(91), 298

Kulander, K. C., 250(2), 251(2,25), 257(2),

261(2), 283(2), 295–296

Kulkarni, S. A., 314(160),

333(160,348-349,352-354), 345, 350

Kupperman, A., 264(103-104), 273(103), 298

Labarta, A., 194(9), 245
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Öttinger’s algorithm, constrained Brownian

motion

Cartesian simulation, 155–159

linear approximation, 156–157

second-order approximation, 157–159

drift velocity and diffusivities, 109

dynamical projection, 114–115

Parallel unidirectional anisotropy, strongly-

interacting nanoparticle systems,

spin glasses, 216

Partial differential cross section

time-dependent theory, 291–295

wavepacket photodissociation, 255–257

product state distributions, 261–264

Partial integral cross section, wavepacket

photodissociation, 255

Phase space kinetic theory, constrained

Brownian motion, 86–96

rigid systems, 86–91

hydrodynamic drag, 91

momenta local equilibration, 90–91

momentum density evolution, 88–89

probability density evolution, 87–88

stiff systems, 91–96

hard coordinate local equilibration,

93–95

hydrodynamic drag, 95–96

probability density evolution, 91–93

unconstrained force balance, 93

Phase transition, FeC nanoparticle systems,

spin-glass-like behavior, 228–236

Photodissociation, wavepacket theory

cross section definition, 252–257

continuum wavefunction, 252–255

partial differential cross section, 255–257

partial integral cross section, 255

total integral cross section, 252

initial wavepacket, 259–261

triatomic molecule, 290–291

partial cross sections, product state

distributions, and differential cross

sections, 261–264

research background, 251–252

time-dependent formulation, total integral

photodissociation cross section,

257–259

triatomic molecule, initial wave packet

definition, 290–291

Photofragmentation matrix elements, partial

differential cross section, 292–295

Polymer crystallization, nucleation

basic principles, 2–3

cylindrical nucleus, 19–21

elongational flow, 55–60

flow effects, 4, 9

growth front kinetics, 4, 6–9, 53–55, 61

initial crystals, 60

lamellae characteristics, 4–5

lamellar thickness selection, 3, 5–6, 48–53

finite thicknesses, 60–61

free-energy landscape, 49

quantization, 48–49

quench depth, 49

simulations, 48–49

theoretical model, 49–53

molecular modeling, 40–41

nuclei equilibrium distribution, 21–22

phenomenology, 4–9

rate, 22–26

secondary growth and nucleation, Lauritzen-

Hoffman theory, 26–37

extensions and criticisms, 36–37

model characteristics, 27–29

regime I, 32–33

regime II, 33–35

regime III, 35–36

steady state parameters, 29–32

shish-kebab morphology, molecular

origins, 61

378 subject index



spherical nucleus, 18–19

spinodal mode, 37–40

thermodynamics, 9–17

equilibrium crystal shape, 14–15

Hoffman-Weeks thickening plot, 17

melting point depression, 11–14

melting temperature and supercooling,

9–11

minimum lamellar thickness, 16

temperature dependence, lamellar

thickness, 15–16

very early stages, 4, 41–48

density fluctuation growth, 47–48

qmax origin, 45–46

simulations, 42–45

smectic pearl growth kinetics,

46–47

Probability densities, constrained Brownian

motion, phase space kinetic theory

rigid systems, 87–88

stiff systems, 91–93

Probability flux, constrained Brownian motion,

diffusion equation, 84–86

Product coordinates

reactive scattering, wavepacket theory,

264–266

wavepacket computation, reactive scattering,

269–275

Projected tensors, constrained Brownian motion,

111–112

determinants, 171–172, 171–174

divergence of diffusity, 150–151

geometric projection, 115

geometry and notation, 73–74

inertialess Langevin equation, Cartesian

coordinates, 137–138

inertial projection, 116

inversion, 172–173

reciprocal vectors, 114–115

system parameters, 113–116

Pseudoforce, constrained Brownian motion

geometric projection, 115

inertialess Langevin equation, generalized

coordinates, 140–141

inertial projection, 116

kinetic stochastic differential equations, 144

reciprocal vectors and projection tensors, 113

stochastic differential equations, 151

p-space density

atomic inequalities, 330–331

form factor, one-electron momentum density,

312–313

qmax simulation, polymer crystal nucleation

origin of, 45–46

very early stage nucleation, 43–45

Quantized thickening, polymer crystal

nucleation, lamellar thickness, 6, 48–49

Quantum mechanics, constrained Brownian

motion, thermal equilibrium, stiff

quantum systems, 76–79

Quench depth, polymer crystal nucleation,

lamellar thickness and, 49

Radial differential operator, reactive scattering,

time-dependent wavepacket theory,

277–279

Random elastic stress, constrained Brownian

motion, Grassia and Hinch algorithm,

164–167

Random forces, constrained Brownian motion

Cartesian simulation algorithms, Fixman’s

algorithm, 152–155

inertialess Langevin equation, 132–134

kinetic stochastic differential equations,

142–146, 147–148

projected vs. unprojected, 186–187

stochastic differential equations, 149–151

Random unidirectional anisotropy, strongly-

interacting nanoparticle systems, spin

glasses, 216

r and p space quantities

atoms, inequalities, 330–331

momentum density, 305–313

density matrices, 307–309

Fourier transforms, 312–313

one-electron density, 309–312

wavefunctions, 305–307

Rate of nucleation, polymer crystal nucleation,

22–26

Reactant coordinates, reactive scattering,

wavepacket theory, 264–266

total reactive cross sections, 270

Reactive scattering, wavepacket theory

first angular term, 278–279

grid and absorbing potential, 279–280

initial wavepacket, 266–267

integral cross section wavepacket and

computation, 267–275

backward propagation, 272–273

subject index 379



Reactive scattering, wavepacket

theory (Continued)

differential reactive cross sections, 273–275

total reactive cross sections

capture model, 270–272

reactant coordinate calculations, 270

reactant and product coordinates, 264–266

real wavepacket method, 280–283

research background, 264

time-base wavepacket propagation, 275–279

radial terms, 277

Real wavepacket method, propagation

principles, 280–283

Reciprocal basis vectors, constrained Brownian

motion, 110–111

derivatives, 182–184

dynamical projection, 114–115

geometric projection, 115

inertial projection, 116

system parameters, 113–116

Reciprocal form factor

momentum density

atoms, 325

moments, 318

one-electron momentum density, 312–313

Rejuvenation, strongly-interacting nanoparticle

systems, spin glasses, 222–224

Relaxation time, single-domain magnetic

nanoparticles

weak arbitrary field, 211–212

weakly interacting nanoparticles, 212–214

Riemannian representations, constrained

Brownian motion

drift velocity and diffusivities, Cartesian

coordinates, 106

mobility, mass, and metric tensors, 72–73

projected tensors, 171–174

Rigid bonds, constrained Brownian motion,

linear polymers, 81–82

Rigid classical systems, constrained Brownian

motion

phase space kinetic theory, 86–91

hydrodynamic drag, 91

momenta local equilibration, 90–91

momentum density evolution, 88–89

probability density evolution, 87–88

thermal equilibrium, 74–75

Rotne-Prager-Yamakawa tensor, constrained

Brownian motion

Ito stochastic differential equations, 123
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